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PREFACE 


This book is designed primarily for undergraduate use. However, it can be 
also used as an intensive review at the beginning graduate level. 

The text presumes that the students have a satisfactory background in 
calculus and in sophomore physics. In particular, it presumes that they have 
become acquainted with the basic concepts of energy, force, momentum, and 
power and of electric charge, electric current, and electric and magnetic fields. 
Furthermore, it presumes that, in their basic physics courses, the students 
have adequately covered the historical evolution of subject matter through the 
inductive process of piecing experimental results together to form a coherent 
theory. 

Based on this premise, the presentation begins with Maxwell’s equations, 
the Lorentz force law, and some subsidiary information, which together form 
a well-established and complete statement of electromagnetic theory in its 
most general (nonrelativistic) form. The behavior of electromagnetic fields 
in special cases is deduced from the general formulation. For example, in 
the electrostatic case all time derivatives and current densities are set equal to 
zero. This approach has the advantage of requiring an explicit statement 
at the beginning of the restrictions under which the special case is valid. 
Any other approach obscures the limits of validity and, furthermore, fre- 
quently leads to erroneous generalization. 

Aside from the deductive approach, this text treats most of the classical 
topics of electromagnetic theory in approximately the traditional sequence. 
However, several topics which are new and several presentations which are not 
traditional are given. Many topics are treated in somewhat greater depth 
and from a somewhat more sophisticated point of view than is customary in 
an undergraduate text. This is deliberate, and is based on the belief that 
both the student and the curriculum are moving in this direction. 

We gratefully acknowledge our appreciation to those who have made 
significant contributions to the successful completion of this text. Prominent 
among them is Professor B. J. Dasher, Director of the School of Electrical 
Engineering at the Georgia Institute of Technology, whose encouragement 
and full support in adjusting work schedules has been invaluable. On the 
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basis of extensive classroom testing, several of our colleagues, in particular. 
Professors A. M. Bush, H. A. Ecker, R. D. Hayes, R. W. Larson, and D. 
C. Ray, provided meaningful critiques of the manuscript. Professor D. C. 
Fielder allowed the use of numerous excellent problems. Several graduate 
students, including D. G. Bodnar, D. A. Conner, W. T. Mayo, and R. P. 
Wharton were helpful in eliminating errors from the original manuscript. 

We are indebted to Mrs. Betty R. Sims for her skillful typing of the 
manuscript. 

Demetrius T. Paris 
F. Kenneth Hurd 
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CHAPTER 1 


VECTOR ANALYSIS 


1.1 Introduction. The language of electromagnetic field theory is 
primarily mathematical, and, in particular, it relies heavily on vector analysis. 
It is presumed that the students using this book will have had a thorough 
course in calculus and at least an elementary introduction to differential 
equations. It is also presumed that the student will have had an introduction 
to vector analysis. However, since in many cases a mathematician’s presen- 
tation of vector analysis is rather abstract, and since certain aspects of vector 
analysis are particularly essential to the study of electromagnetic field theory, 
this chapter is devoted to a brief presentation of the essential aspects of the 
subject. For the well-prepared student this chapter will serve as a review and 
summary. In classes where the student’s knowledge of the subject is 
minimal, it will be desirable for the instructor to supplement the material of 
this chapter with additional examples, explanations, proofs, and exercises. 


1.2 Fields: Vector and Scalar. For our purposes, a scalar quantity is 
one which is completely described by giving its magnitude, and a vector 
quantity is one which requires a magnitude, a direction, and a location for its 
complete description. (These definitions might not be completely satis- 
factory from a mathematically rigorous point of view, but they are sufficiently 
precise and general for our purposes.) Thus, if we say that a certain box is 
20 in. high, we have completely specified its height. On the other hand, if we 
wish to describe a force applied to the box, we need to know its magnitude, 
its direction, and where it is applied. A little reflection will show that the 
last two aspects of this vector quantity imply the existence of a reference 
point and a reference direction. Thus a prescribed coordinate system is 
implied in the description. This is true for all vector-quantity descriptions. 
It is a subtlety of vector analysis that vector operations are independent of 
the coordinate system used but that the existence of a suitable coordinate 
system is always implied. 

The concept of a field requires the concept of a region. We shall not 
try to give a precise definition of a region. The usual intuitive concept of a 
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region as that part of all space inside (or outside) of a closed boundary 
surface is usually sulhciently precise. (This is a three-dimensional region. 
One can extend the concept to two-dimensional, one dimensional, and //- 
dimensional regions.) It is important to realize that the boundary can be at 
infinity, and thus the region occupies all space, and is then described as an 
iinboiindeci region. 

Unfortunately, the word held, as an English-language term, is ambigu- 
ous. for example, one commonly used dictionary lists nineteen definitions 
for the word. Generally, these definitions divide into two major classes. 
One of these classes defines a field as a region of space devoted to some 
particular use or having some distinguishing character. Examples are a 
football field and a gold field. 1 he other major class defines a field as the 
influence of some agent in a region. Examples here arc a gravitational field, 
an electric field, and a temperature field. Our speeiali/ed definition of a 
field belongs to this class. For our purposes, a field is defined as the sfK'etfi- 
eation of a parlienlar quantity everywhere iti a region. If the cjuantily 
specified IS a scalar quantitv, we have a sealar field. If the quantily specified 
is a vector cjuantily, we have a reetor field, fhe particular c|uanlity which is 
specified is properly called a field (juantity . However, it is somewhat uncon- 
ventional to make an explicit distinction between a field and a field quantity. 

Most field quantities of interest in electromagnetic field theory are con- 
tinuous, and have continuous derivatives of all orders in the regions of 
interest, although they are frequenllv discontinuous on the boundarv ol' the 
region. The ccmtmuity of these field quantities allows us to deduce manv 
general properties of the fields, which can then be applied to specific problems. 


1.3 Vectors as Directed Line Segments. The mathematics of vector 
manipulations relies heavily, at least in a conceptual sense, upon the fact that 
a vector quantity can be mapped in a ihree-dimcnsiiutal space as a directed 
line segment whose length is prc^portional to the magnitude of the vector 
quantity, whose direction is the direction of the vector quantity and whose 
beginning point is the location of the vector quantity, fhus a vector field 
has a directed line segment associated with ever) point in the field region. 
If we now assign a specific coordinate system to our field region and use the 
same coordinate system tor our directed-Iine-scgment representation of' the 
vector field, we can write expressions in terms of the cot>rdinale system which 
give the direction and magnitude of directed line segments at every point in 
the mapping region. Since we have chosen a one-to-one correspondence 
between the actual vector field and its mapping, we usually discuss the 
mapping as though it were the actual field. In any event, since the directed 
line segments and the actual vectors behave mathematically in the same 
manner, we at least temporarily forget the distinction between them, and 
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call the directed line segments vectors, and the manipulations which we 
perform with them vector analysis. Some of the operations of vector analysis 
deal with vector fields, some deal with the individual vectors, and some are 
applicable to both. The distinction is sometimes subtle and is, fortunately, 
seldom necessary, for this reason it is customary not to make the distinction 
implicitly, and to simply use the term vector to mean either. 

In this book we use boldface type to denote a vector. Ordinary type 
is used, normally, to denote its magnitude. That is, we say a given vector A 
has a magnitude A (or |A|). If it is essential to emphasize that we mean a 
vector held, or that it is a vector field of nonconstant value, we indicate this 
fact by specifying the chosen coordinate system and saying, for instance, 
given a vector A( v,r,::) of magnitude /t(.\, v,c). 


1.4 Vector Addition. All vector manipulations arc cJcfinal operations. 
'fhe dclinitions are chosen so as to correspond to the behavior of actual 
physical vector qiianlities. It is frequently helpful to interpret the results in 
terms of a specitic physical example. 

Consider the two vectors A and B shown in Fig. 1-la. The dashed lines 
shown in the figure, logethcr with A and B, form a parallelogram. The 
veclor sum A B is defined as the diagonal vector of this parallelogram, as 
showm The delinilion of \eclor addition slates that any number of vectors 
can be added together bv sequential application of the addition rule in any 
order. Thus 

A B C I) [(A B) CJ D (A B) (C D) 

A (B C) D [(A I D) C] B 

Also implied in this concept is the possibility of considering any given 
vector as the sum of Iwo or more other vectors. In particular, consider the 
veclor A show n in Fig. 1-1/^. The figure illustrates the concept of considering 
the vector A as the sum of three orthogonal components, A^, A„, and A,. 
J'his concept is equally applicable in any other orthogonal coordinate 
system. We shall be concerned only with the three more common orthog- 
onal LHiordmate systems, namely, rectangular (v,r,c), cylindrical, (r,ij,z), 
and spherical {r,0,<i ). f igure 1-2 shows these coordinate systems. 

A more useful component representation ol a vector is obtained by 
showing each component as the product ol its magnitude times a vector ol 
unit magnitude a, in the direction of increasing coordinate. In this repre- 
sentation, we should write 

A i -I A^a, 

A/d, i ! Am. 

A^a, i Af,aff | A^a^ 
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\b) 


I iciURr l-i. Vector addition, (a) Addition of two vectors; 
(/j) adding the components of a vector to obtain the vector 
itself. 


depending upon the coordinate system we were using. 

This component form of vector representation is the basic representation 
for all vector manipulations. For example, it can be readily shown that the 
sum of two vectors, A and B, is given by 

A [ B (A, I ! (A, + ! (A, | 

--- (A, 1 -i (A^ H H (A, -| B,)a, 

- (A, + + (A, h £,)st, -[ (A^ -| 

Similarly, the difference is given by 

A - B - (A, - BJa, 4- (A^ - I (A, - • 
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z 





FiciURE 1-2. The three more common 
coordinate systems, (a) Rectangular 
coordinates; ib) cylindrical coordi- 
nates; (c) spherical coordinates. 
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1.5 The Dot, or Scalar, Product. The dot product oi“ two vectors A and 
B is written A • B. It is defined geometrically as the projection of A onto B 
multiplied by B (or vice versa), which is just the scalar quantity 

A . B - ABco^ 0 (1-1) 

Here A and B denote magnitudes, and 0 is the smaller angle between A and 
B. The dot product is defined operationally as 

A-B A,B, \ A, B,, i A.B^^ (1-2) 

which in cylindrical and spherical coordinates becomes 

A-B A,B, A^B^ : T,/T A^B, \ A,B, A^^B,^, (1-3) 

The two delinilions arc, of course, equivalent. 

't he dot product obeys the commutative and distributive laws; thus 

A • B B A A • (B ; C) ABAC 

It is worth emphasizing that A • B 0 says that A and B are perpen- 
dicular to each other, and that A • B AB savs that A and B are parallel to 
each other. The special case A B yields 

A. A A^ |A|- A/ i A,r AJ 


1.6 The Cross, or Vector, Product. The cross product of two vectors 
A and B is written A x B. It is defined geometrically as the vector quantity 

A X B AB sin 0 n (1-4) 

where n is a unit vector normal to the plane formed b\ A and B and whose 
sense is positive in the direction of advance of a right-hand screw when A is 
rotated into B, through the smaller angle 0, as indicated in I ig. 1-3. Ntile 
that tliis makes the ordering ol'thc terms in the cross product significant In 
particular, 

A X B B X A (1-5) 

Operationally, the cross product is 

AxB- iA,^B. - A,B,)sl^ iA B^ iA,B,, (1-6) 

which may also be written, in determinant form, 



K a, a. 


^(P 



AxB 

Aj. A„ A. 


A f A ^ ~ 

- 

A r A fj A,p 


Bs B„ B, 


Br /C bJ 


Br B„ B„ 


Like the dot product, the cross product obeys the distributive law 
A X (B j C) A X B i A X C 
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It IS '\orth mentioning that A x B 0 says that A and B arc parallel to each 
other, and that |A x B| AB says that A and B arc perpendicular to each 
other. 


1.7 Vector Coordinate Transformations. Occasionally, we have need 
Id transform vectors from one coordinate system to another coordinate 
system. The problem is similar tt) scalar-ctvordinate-system translormations, 
with the additnmal necessity of transforming the individual component 
vectors. The vector part of the transformation is handled by transforming 
the unit vectors. 

As a specilic example, we shall transform from a rectangular system 
(A',F,r) to an associated cylindrical system (/‘,v where the coordinate 
transformations are 

.V r cos (/ 

y r sin (p (1-8) 


We wish to transform A given in the form 


A -- A^sl^ 1- Ay'Hy 1 A.2i, 
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FrciUar 1-4. The geometry of the unit 
vector transformations from rectangular to 
cylindrical coordinates (a) I'hc cylindrical 
components of a^, (h) the cylindrical com- 
ponents of a„. 


to the form 

A -- i 

Since the z axis is common to both, we need only deal with a^., a,,, a^, and 
a^. The relationship between a^ and a,, and a^ and a^ may be obtained 
geometrically by inspection of Fig. 1-4, where it will be seen that 


and 


a^ - cos f/’ a^ - sin (f a^^ 
dy sin q> + cos a^^ 
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Substituting these results into the expression for A in rectangular coordinates 
and collecting terms gives 

A -- cos I- Ay sin r/')a^ I (—A^ sin + Ay cos + A^^^ (1-9) 
or Aj. — A^ cos (p I Ay sin gp 

A^ — —A^ sin <p Ay cos (p ( 1 - 10 ) 

A, =- A„^ 

The inverse transformation can be obtained from the above relationships: 

A_^ A^ cos 7 - Ay, sin 7 

Ay A^^'ing ! cos 7 (1-11) 

For the spherical coordinate system, the coordinate transformations are 
A' -- r sin 0 cos 7 

V’ r sin 0 sin g (1-12) 

r r cos 0 

Wc should similarly lind the vector component transformations to be 

A^ A^ cos 7 sin 0 ; sin 7 sin 0 \ A^ cos 0 

Aq A^ cos 7' cos 0 i Ay sin 7 cos 0 A. sin 0 (1-13) 

Ay - A^sin 7 ^ Ay cos 7 

and 

A^ -- A, sin 0 cos 7 ^ A^, cos 0 cos 7 A,^ sin 7 

Ay A, sin 0 sin 7- | A(, cos sin 7 i cos 7 (1-14) 

cos (J Af, sin 19 

As an exercise, the student should show that these transformations can 
be obtained by use of geometry and the definition of dot product. For 
instance, the first expression in Eq. (1-10) can be obtained by noting that 

(/t,a, -I A^y^y, ! A^st^) - a^- (^4/a^. F | A,^,) 

or since a^ ■ a^ - 1 and a^ ■ a^ - a^ • a, 0, 

A^ - - Aj.sij. • a^. - r AySi^ • a„ |- A^a^. • a. 

Now a^ • a, — 0, and from Fig. 1-5, 

a^ • a^. cos g) a^ • Uy ----- sin 7^ 

Therefore Aj. - ^la-cos g^ F Ay sin 7 


which is the desired result. 
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TrciURt 1-5 Unit vector transformations. 


1.8 Line Integrals. Before we discuss a line integral, it is proper to 
examine Ihc concept ol'a line. A line is tlie path in space along a curve IVom 
a beginning point to an ending point. Notice that this interpretation gives 
a line a defined positive direction. In view of the other connotations of the 
term line, a more acceptable name for the concept given above is a contour. 
We shall use the terms hne, contour, along the path, and along the curve, 
interchangeably. Sometimes the path followed by our line is along a closed 
curve, and if we l\)Ilow such a curve all the way, we get back to the point 
where we started. This line is usually called a closed contour. 

A curve in space can be specified parametrically by specifying any two 
of the coordinates as functions of the third. That is, a curve is spccilied by 
equations such as 

.w,(.v)) = m] " «/,(,)] 

This means that, along the curve, any arbitrary continuous function of 
position, such as /(.(.v, r,z), can be expressed as a function of any one of the 
three coordinates. We could write this out explicitly as 

faCx,y,z) F,ix) - Griv) - 

Now, if we arc given a piecewise continuous function of position, 
f{x,y,z), a continuous curve C, and two points on C, ^ arid 

A define the integral 

j fc(x,y,:)dx - j Ff,{x)dx 
as the line integral o{f(x,y,z) along C with respect to x. 


(1-15) 
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Similar integrals with respect to i’ and with respect to z are defined as 



1^ iJv -J 

1 (iy 

(1-16) 

and 

J:: - J 

2l 

(1-17) 

Example 1-1 

Line Integrals. Given /"(.v,v,r) 

2.V ' V 

and the curve specified by 


y - 2x, z — Let the contour be that part of C beginning at the point (0,0,0) and 
ending at the point (2 4,2), and calculate the line integral of J{.\,)\z) along this 
contour (i/) with respect to .v; {b) with respect to y\ (c) with respect to z. 


SOIAJTIONS 


(^0 


(/>) 


(O 


I" /U\,y,:)d’ 

"l 


dx 

/(.V, v,z) dy 
f{x,)\z)dz 



32 

y 

64 

"T 


32 

y 


A line integral of similar nature to the preceding is the line integral of a 
function with respect to displacement along the path. The defining process 
is very similar. 

With the beginning point of the path (or some other convenient point of 
the path) as the origin, define a coordinate / which measures arc length along 
the path. Now using / as a parameter, write the equations defining the curve 
in parametric form, and use these equations to express y.(.v,i’,r) in parametric 
form. That is, write 

A.(A-,r,r) L,.U) 

and define j f{\\\\z)c/l j L(^{l)(ll (1-18) 

Jr Jii 

as the line integral of the function/ with respect to displacement along the 
path from the beginning point to the ending point L,. 

One specific form of Eq. (1-18) in rectangular coordinates is 

' (s-J ' 

For most paths, the parametric form is not easy to obtain. There is a 
special class of line integrals of the type described above which are of extreme 
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FiciUrl 1-6. 1'he geometry of the directional derivative of an 
arbitrary radial vector in the direction of a curve 


importance in electromagnetics. As shown below, they can be evaluated 
without using the parametric form. These line integrals are those for which 
IS the component of some vector field F( \ , r,z) in the direction of the 
tangent to the line. 

Consider the contour C, shown in Fig. 1-6. Define t as the unit vector 
tangent to C. Let F(.v,r,z) be a vector field which is defined at every point 
along the path. Then 

I ¥{x,y,z)-l{x,y,z)dl (1-20) 


is defined as the line integral ol' the tangential component of F" along C. 

To sec how this integral can be evaluated, consider the radial vector r 
from an arbitrary origin to a point on C, as shown in Fig. 1-6. Now form 
the directional derivative ofr in the direction of/. That is, form 


dr .. Ar 
— Iim 

dl M 


( 1 - 21 ) 


and examine its significance. Its direction is obviously that of the tangent to 
the curve C. Its magnitude is, obviously, unity. Thus we have 



( 1 - 22 ) 


If we make this substitution for t in our integrand, we obtain 




¥ -dr 


(1-23) 


The final form shows that we have succeeded in changing from the scalar 
parameter / to the vector parameter r. That this results in a simplification of 
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the problem can be seen by examination of lii. Recall that, in rectangular 
coordinates, the radial vector r is given by 

T + .va„ -f za, 

and hence dr — dxz^ -\- | dz^^ 

Since F -- />„ + 

we have 

V • cIt - {F^ dx 4 dy t F. dz) 

r ’ Jr 

f„dy I l~'F,dz (1-24) 

Jz^ 



In other words, we have transformed our original line-integral problem into 
three much simpler problems. 

From the form of the integral (1-23) it will be readily seen that, in 
cylindrical coordinates, the result will be of the form 

f F • Jr I "X + f i r dz ( 1-25) 

J(! J n J</»i z\ 


and in spherical coordinates. 


f F-f/r 

r i 

r^ordO 1 

rv>2 

F'r sin 0 d(/> 

Jr' 

J n 

Joj 

1 ' 

J f/»i 


(1-26) 


where, of course, the integrands will have to be evaluated on the curve as 
functions of the variables of integration. 

If the path of integration is completely around a closed curve, we use the 
notation 

(1-27) 


and the terminology closed-contour integration; we frequently call the result 
Ihe circulation of¥ around C. 


Example 1-2 Line Integral of the Tangential Component of a Vector. 

vector field 


F — xysL^ + y-a^ 


Given the 


and the closed (triangular) contour in tlie v)’ plane shown in Lig. 1-7, which begins 
at the origin and goes along the line jc 0 to the point y - - 2, and then along the line 
V -- 2 to the point x — 2, and back to the origin along the line x y. Calculate 


F-^/l 
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The sludent should fill in the details, and he should verify that the contributions 
from the separate parts of the contour are the same in both coordinate systems. This 
property is frequently useful. It means that each part of the contour intci^ral may he 
expressed in terms of the coordinate system which makes that part easiest to handle. 
See Prob. 1-23 for an example of the application of this property. 


1.9 Surface Integrals. The definition of a surface integral is as follows: 
Consider a surface S in three-dimensional space, as shown in Fig. 1-8, and 
let be a scalar point function defined al every point on S. Lei S be sub- 
divided into N contiguous elements of area Art,, Art_,, . . . , Art^, and let 
be any point in the Ath element of area. Denote the value of tf at pf. by 
l^ipiX H the sum 

.V 

4 1 

has a limiting value as N > x and the greatest of the Art/ \s approaches zero, 
define this limiting value as the sitrjacc integral of the function g over the 
surface S. We emphasize the fact that tf is a function of position by writing 
<,'(v,r,r) and denote the surface integral by 

g( v, v,r) (la (1-28) 

If the surface is closed, we use the notation 

f (1-29) 

In most of our work, g is the normal component of some vector field G. 


n 



Fr.uke 1-8. The geometry for a 
surface integral. 
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Fk.dre 1-9. The flux of a vector through a 
surface. 


Thus, if n IS a unit vector normal to S, we shall be dealing; with a function 

- Ci(.v, v,r) • n(.v, r,z) 

and we shall denote our surface integral by 

I C • n ila (1-30) 

or, for closed surfaces, 

^ G • n (1-31) 

We call this surface integral the Jliix of G fljrou^li S, or, if n is the outward 
normal fo’* a closed surface, we call the result the net outward Jinx of Ci throni^h 
S (Fig- 1-9). Notice that, for an open surface, we have [o make an arbitrary 
choice for the positive direction of n, and that the sign of the result depends 
upon this choice. 

The evaluation of the surface integrals (1-30) and (1-31) is relatively 
straightforward in those special cases where the surface S is (at least piece- 
wise) specified by constant coordinate surfaces. In these cases, the normal 
to the surface is parallel to a coordinate unit vector. 

The following example is given to illustrate the evaluation procedure. 


Example 1-3 Surface Integrals. Given the vector field 

G -- 1- (y -f z)a„ i A va^ 

We wish, first, to hnd the Hux of G through the rectangular surface in the xy plane 
bounded by the lines a - 0, a - 3, y — 1 , j — 2, as shown in Fig. I-IO. 



See. 1.9 SURFACE INTEGRALS 
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I Kil 'Ki 1-10 1 he i^eomclry of I xaniplc 1-3. 


I lom the rij^Liie il will be seen | that n a, and that da J.\ d\\ Hence 
(i ■ n da (/- d\ dv \ I d\ dy 


and 


( i • n da 


w ii\ dy 


1(11 this iniei^ial, ihe didei of inle^ialKin is innnaleiial The sUidenl will icadily 
\ei il'v lhal the lesuli is 

27 

i t ' n da - 
4 


Next, we cakulaie the flux ol (i Ihioii^h ihe liiangular siirfaLC in the plane 
boinuled h\ (he \ tixis, the axis, and the line v r 1 , as sliovsn in I ig 1-10. 
I idin ihe li^Liie it will be seen lhal ii a„ and ihat ihi d\ dz lienee 


Hui r 0 , so 


(; ■ n da G,j d\ dz (\ , z) d\ dz 

G • II i/a z d\ dz 


Once ai;ain Ihe oider ol inlegi alion is innnaleiial, bill foi eithei older the first 
inle^ialion has a \ariable limit. Ihe lesiill is 


f’ ( 

I </vT/r 

1 

or 

1« ' 


6 




1 

6 


t A general formiila for determining ii is given in Prob. 1-44. 
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Generally, Ihe surface S is defined by an equation of the form z -f(x,y), 
where .v and v range over a region R in the .vv plane. Then 


if(A, r,z) da 



) sec y dx dy 


(1-32) 


where, in I he integral on the right, z /( v, r), and y is the acute angle between 
the normal to S at (a, i',z) and the positive z axis. Specitically, 


sec y 



Note that once sec y is determined, the double integration 
proceed as in hxample 1-3. 


0 - 33 ) 

\ 

in \iq. (1-32) can 


1.10 Differential Vector Operations. There are four differential opera- 
tions which arc extremely usel'ul in vector anaKsis. 1 hese are also defined 
operations. Although it is not the sophisticated approach, we shall define 
them as manipulations in rectangular com'dinales and then indicate what the 
results mean. The results for other coordinate s\ stems are summari/ed in 
Sec. 1. 1 2. 


as 


The del operator L.et us first define a dilTerential operator called del 


V 


d d 



(1-34) 


The ffradient of a scalar function (iiven a scalar function of pcxsition 
/(a , ]',z), define the yradieiit off a.s 





dv 



(I -35) 


Thus y/ is a vector whose rectangular components are dfjdx, dfjdw and 
dfidz. 

The term gradient is used because a geometrical interpretation of V/ 
shows that it is a vector perpendicular to the constant surface 

and has a magnitude equal to the directional derivative of /(A',)’,z) in a 
direction normal to the /( v,v,z) constant surface. As a matter of fact, 
an equally suitable definition of V/is 



See. 1.10 DIFHEREN'l lAL VHC:T0R OPERATIONS 
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I KiURi 1-11. The gconictiy 
assoLKilcd with llic discussion 
of the gradient. 


where n is a unil \eclor in the rnM'mal direction defined above. This geo- 
metrical interpretation ol' V/ is important enough that we shem a proof. 

Consider the surlace / ( \ , t’,r) r, as in I'lg. 1-11, together with the 
surface fiwwz) c dc\ where c is a constant and dc is an infinitesimal 
change in c. neline ds as an inlimtesiir al displacement \ector fjH)m an 
arhilrarv pennt on the surface /( v, i .r) c to an arbitrary point on /( 

( dc Next, form the scalar product 

Vj-ds !V/'| h/s| cos (1-37) 


where 0 is the angle between V/ and ils (.)b\ loiisK . this quanlit) has its 
maximum \alue when 0 0, that is, when V/ is in the direction ol' ds. 

Written exphcill) in rectangular coordinates. Iaj. (1-37) becomes 


V/ . </s ( 


3 / 


d\ 


d\ 








a, : ^/ra. 



dz a,) 


wdieie d/ld.s is the directional deri\ati\e of/ in the direclion of r/s. Now, in 
passing from the surface / tt) the surface / , dj, the change m /is the same, 
namely, dc\ whatexer surface points are chosen. However, the distance 
ds Will be least, and hence djjds greatest, when ds has the direction of dn. 
\ he re fore we have 




¥ 

ds 


ds 


% cln - V/- (Jn 
dn 


(1-38) 


where the last ccjuahty follows from the definition of the dot product. 
Hence the vector V/coincidcs with the local surface normal, in the direction 
in which the derivative of/ has its maximum value. 
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From Eq. (1-35) il will be seen also that each component of V/is equal 
to the maximum rale of increase of the function /in the local direction of 
increasing coordinate. 


The divergence of a vector Given a vector field A, we then define 
the divergence c^f A as the scalar field 


y . A 


dAj. dA„ dA, 


( 1 - 39 ) 


It can be shown that this dclinition is equivalent to 

\ 

(1) A • n da \ 

V-A lim (1-40) 

' I dr 
Jr 

where f ' is the vc4ume contained inside the closed surface Recalling that 
the closed-surface integral in Fq. (1-40) is the net outward flux of A through 
the surface X, this delinition savs that, at any point (given by lim F >0), 
V • A IS the net outward flux of A per unit volume. Therefore, if V • A 
IS nonzero, the implication is that the vector quantity A originated (has a 
source) inside of the intinilesimal vc'ilume and that this source density is given 
by V • A. This interpretation of V • A is frequently taken as its definition. 


The curl of a vector Given a vector field A, we then define the curl 
of A as the vector field 

idA, dA„\ , idA, dAA ^ idA,, 3 / 1 ^ 

(“a,, ( a.- a.v / **" ' \ a.v ' a7 ) “" ‘ ^ 

It is advantageous to note that the right-hand side of this equation can be 
written as the expansion ol the determinant 


V X A 


a^. a„ a. 
d d d 

dx 9t’ dz 
A^ A,. A. 


(1-42) 


It can be shown that the defining equation (1-41) is such that the com- 
ponent of V X A in any arbitrary direction n is given by 


A-dl 


(V X A) ■ n lim — 


where cia^ is an element of area perpendicular to n. 


( 1 - 43 ) 



See. I 11 INTEGRAL VECTOR ^I'HEOREMS 
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Recall that the contour integral in (1-43) is called the circulation of A 
around the contour C. In hydrodynamic lluid flow, if A is the vector 
velocity field, |V x A| is the magnitude of the circulation of the fluid per 
unit area, and the direction of V x A is the axis of this circulation. For 
other physical vector fields it is rather difficult to visualize the physical 
meaning of V x A. Flowever, its interpretation as the vector whose direction 
is the axis of circulation and whose magnitude is the circulation per unit area 
perpendicular to the axis of circulation is still useful. In particular, this 
concept is frequently given as the definition of the curl. 


The J^aplacian of a scalar field Several second-order differential 
vector operations are defined. A particularly important one is called the 
Laplacian, defined as 


vy 


v-v/ 


a.v- 


BY , BY 
By^ ' Bz^ 


(1-44) 


From its definition we see that the Laplacian of/( v,v,z) is just the divergence 
of the gradient of/ From the interpretation of the divergence we see that 
V ■ y/ gJves the source density of V/. 


1.11 Integral Vector Theorems. Several integral vector relations which 
are useful in electromagnetic theory are given in the following paragraphs. 
Extensive rigorous prool's of the theorems have been omitted deliberately. 
The proofs may be found in any of several vector-analysist (or field-theory) 
texts. 

Divergence, or Caiiss\ theorem Given a vector field A, a volume K, 
and the closed surface enclosing l\ Gauss’ theorem states that 

1"^ V- Arfr-/ A-nJf/ (1-45) 

This can be seen intuitively to follow from the definition of the V ■ A 
as the net outward flux per unit volume for infinitesimal volumes. As a 
matter of fact, a rigorous proof of the theorem can be built on this definition. 

Stokes^ theorem Given a vector field A and an open surface S whose 
periphery is the contour C, Stokes’ theorem states 

(V X A) • n da ^ A • d\ (1-46) 

t H. B. Phillips, “Vector Analysis,” John Wiley & Sons, Inc., New York, 1933. R. B. 
McQuistan, “Scalar and Vector I'iclds,” John Wiley & Sons, Inc., New York, 1965. 
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This Iheorem can be seen to be an extension of the definition of the 
V X A as a vector whose component in any direction n is given by the circu- 
lation of A around an infinitesimal area da normal to n. 

Green''s theorem Given two continuous scalar functions of position 
f{x,]\z) and ^(.\\ v,r), each of which has continuous derivatives at least to the 
second order, then for any volume V enclosed by the closed surface X, 
Green’s theorem states 

( /^cs “ " y/ ) ■ " u-47) 


Green’s theorem follows readily from the divergence theorem and the vector 
identity 

V - /A -- Vf- A f /(V ■ A) 

GreetVs first identity To be complete, we should note that the result 
obtained by applying the divergence theorem to the vectors 

A-/Vi^ B gVf 
is known as Green s first identity: 


dv 


(1-48) 


fVg • n da (V/- Vg r/Vy) 
Symmetry yields for B 

^ gVf-n da 1*^ ( • V/ i- g Vy ) di 


Other identities If <j) and A are continuous functions with at least 
piecewise continuous first derivatives within a volume V and on the surface 
X enclosing it, and if n denotes the outward unit normal to then 


I 


J V</> dv ^ cf)n da 

(1-49) 

V X A dv ^ n X A da 

(1-50) 


Iff) and A are continuous functions with at least piecewise continuous first 
derivatives on a surface S and the contour C bounding S, and if dl is a 
differential vector tangent to C and related to the unit vector n normal to S 
according to the right-hand-screw rule, then 


n X da ^ j </> d\ 
JSy JC 


(1-51) 
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Helmholtz' theorem This theorem states in essence that every vector 
field can be considered to be Ihe sum of two other vector fields, one of which 
has a zero divergence and the other a zero curl. 


1.12 Useful Formulas 

Rectangular coordinates 


. , ^ , def) d(f> 9 </> 

+ I j-.. 

dA dA dA^ 

divA-- V. A- ^-1 -i- — 

d.v 9 v’ oz 


( 1 - 52 ) 

( 1 - 53 ) 


(dA, 


(dA,, 


(dA„ 

dAA 

V 77 ‘ ■ 

■ dZ) ^ 

\ dz 

^ av/**" ' 

U-V 

dv) 


curl A - y X A -- 


d-cb 

Laplacian of (/» V - V</> V-ci - b I — 

9.V- dv“ oz- 

Vector Laplacian of A — V^A - V-zf^a^ ( -f 

Cylindrical coordinates 


_ , 9(/) 1 90 90 

3^“' ' 7^;"' ' 87“= 


V- A 


I a \ dA^ dA. 


(1-54) 

(1-55) 

(1-56) 

(1-57) 

(1-58) 


V X A 


n dA, dA\ 

(dA, 


"1 d(r^^) 1 

V d<r dz) ^ ' 

\ dz 

5/- / ” ' 

_r dr r d<i'_ 


V 


1 a / a<^\ 1 , d-<f, 

7 ^ra 7 ,/ ' 7^d<,'^ ' 'dz- 

V“A V(V - A) V X V X A 


(1-59) 

( 1 - 60 ) 

(1-61) 


Note that V-A ;/= I VM.a. since V%A^ / etc., 

because the orientation of the unit vectors a^., varies with the coordinates 
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/', (p. In fact, 

X7^A _ , 1 A \ dU, 

\ 3r“ ^ r dr r^ r“ 0f/'“ 

. 1 
r‘ 


2 0/1 (f d‘^A 



i_i^ 

, dr^ 

' r dr 

d~A. 

1 

1 0/4, 

, 3r“ ■’ 

r dr 


- 1 - 


Spherical coordinates 

defy 

~dr ^ 

1 0 

A - — 

r- or 


dr 


/*“ 07*^ 

0‘‘^yl , 


3f/' ' 3z“ ) '^ 

2 ^ 

07> 0z“ / 






1 3.^ 

^ 7 ^ 


1 39^ 


r sin 0 dq' 


1 


V X A 


a. 


do 


(A^ sin 0) 


r sin 0 do 
dAg 


— (sin 0 Ag) ^ 

r sm 0 Of/' 


(1-62) 

I 

\ 

\ 

(1-63) 

(1-64) 


d</ _ ' r 


■ I 3/1, 3 

-r—7. ^ ^ (r A 

sin 0 d</ dr 


•! 

/• L3/‘ 


3A, 

W 


(l-6-‘5) 


, 1 5 / ,. 1 5 / , 39i\ I d^d, 

' 7^7nOdoh^^To) %-W37-“ 


V^A 


id-A^ ,2 3/1, 2 

\ 0r“ ' r 0r r- 


i -> 


I 0M. 


0ry“ 


col (9 0/1^ ^ 1 d“A^ 2 dAff 

r- do ' sin- 0 d(f)“ r‘^ dO 

2 cot 0 _ 2 0/I^\ 

/■“ ^ sin 6/ 0^ / 

,2^. Aq 1 

\ 0A-- ‘ r 0r r- sin- r- 00''^ 


cot 0/^0 1 0‘M^, 2 0/4, 

^ r- 0^/ ^ r- sin'-^ 07 - ^ 00 

2 cot 0 dA^p \ 
sin 0 d(j‘ / ® 

i 1 A 

\ dr‘^ ^ r dr r^ sin*^ 0 r^ dO'^ 

, ^ot 0 dA ,p ^ 1 0M^ 2 0/1^ 

^ r- 00 ‘ sin^ 0 07 r‘^ sin 0 d(p 

2 cot 0 0/4o\ 

^ sm 0 07 > / 


(1-67) 
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Vector identities If r — Aa^. h va^ \ ra, is the radius vector drawn 


from the origin to the point ( then 

V-r 3 Vxr 0 (1-68) 

V ■ (V X A) 0 (1-69) 

V X V<fy - 0 (J-70) 

ABxC B CxA C AxB (1-71) 

A X (B X C) - (A . C)B (A - B)C (1-72) 

(A X B) - (C X D) A • B X (C X D) 

A (B DC B CD) 

(A.C)(B.D) (A.D)(B.C) (1-73) 

(A X B) X (C X D) (A X B • D)C (A x B - C)D (1-74) 

y(</> i »/') V(f) ; (1-75) 

y ((/>?/') - (/)S/ i/f ; (1-76) 

y • (A : B) y • A i y • B (1-77) 

y X (A ; B) y X A : y X B (i-78) 

y • f/)A A . (/. y • A (1-79) 

y X c/;A - V 6 X A ; (/> y X A (1-80) 

y(A-B) (A.y)B ; (B-y)A ; a x (y x b) i b x (y x a) (1-81) 

y • (A X B) B • y X A A • y X B (1 82) 

y X (A X B) A y ■ B B y . A (B • y)A (A • y)B (1-83) 

y X y X A y(y ■ A) - y-A (i-^4) 


1.13 Summary. This chapter has stated, defined, and discussed the 
various aspccls ot‘ vector analysis which arc important and useful in the study 
ol' electromagnetic theory. I he objective has been mostly to review, 
summarize, and explain, rather than to give a rigorous treatment of the 
subject. 


Problems 

1-1 Vector Addition, Dot and Cross Products. Given lv\() vector lields A and B, 
where 

A -- .vaj. -f -t 3 /a, 

B -- yax I - y“a» j- r/a, 

{a) Delerniine A and B at .v I , v 2, ~ - 3, / 4. 

(h) Determine A I B at .v l,y - 2, z — 3, t — 0. 

(c) Determine A • B. 
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(d) Determine A ■ B at .\ I, r 2, r 3, / I. 

({') Determine the equation foi A • B foi all points in the r - 3 plane. 
if) Using results of pail (r), lework pait (^/)aLx)ve. 

( <0 Determine A x B. 

(//) r^elermine A x B at .v 1 , i’ 2, r 3, / 1. 

(/) Determine A x B lor all points m the v 2 plane. 

1-2 Vector Addition, Dol and Cross Products. Cn\en 

A -- 3a, I .\a„ H ra, 

B A -a, -I- 4a^ I 

C’ ra, ; Aa,, 1 4a^ 

\ 

(a) Determine \ ■ (B I (’) at the point a 2, y 3 

(/)) Deleimme \ ■ (B x ('), C’-(AxB), B ■ (C X A), B ■ ( \ X C). (BxA)-(, 

A ■ (( X B). 

C an \ou mlerpiet these pioducts geomeli leally ’ 

(c) Detei mine A x (B ( ') 

1-3 Vector Addition, Dot and Cross Products. Lismg I qs (1-1) and (1-4). lind 
A X B il; 

ia) \ • B 0 
(/)) A-B ifi 

1-4 Transformation of Coordinates. 

(a) C\piess the veclois \ and B of Prob. 1-1 m L)lindiiLal eooidmales 
(h) L\alualc \ and B at the point i \ .S, 7 tan ' 2, r 3, at the lime / 4. 

Compaie yuir results with Prob 1-h/. 

1-5 Dot Product. Using the results of Prob 1-4* 
id) I \press \ ■ B m eylmdiieal coordinates 
(/?) Lx'ahiaie this lesult at the point gi\en in Piob 1-h/. 

1-6 Cross Product. L'sing the results of Pi oh 1-4 
id) I \piess A X B m eylindiisal coordinates. 

(/;) I valuate \ x B at the point gi\en in I- 1//. 

1-7 Transformation of Coordinates. Cil\cn 

A cos 7 a,. ! sin 73 ,^ 1 ra 
B /a, ' : 2 a, 

With 7 expressed in radians The oiigin of the cylindrical ctioidinales coincides with the 
A rr-coordmate origin, and the v axis ccuncides with the 7 0 axis Deleimme A • B at 

the point A' 2, r 3. 

1-8 Transformation of Coordinates. T xpress the vector 
A r cos 7 a, ! r"sin 7 a,^ 1 16ra,, 

in rectangular coordinates. 

1-9 Transformation of Coordinates. A vector lies in the a v plane, and is given by 
the following equation. 

B - A-a^ I 
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(a) What is the expression for B in cylindrical coordinates'? 

(h) What are the magnitude and direction of B at the point .v 3, v 4'’ 

1-10 Transformation of Coordinates. Derive the vector component transformations 
from spherical to rectangular coordinates, and vice versa. 

1-11 Vectors and Analytic Geometry. Two vectors A and D arc given by 

A - 3a j. -i- 4a „ I 5a, 

I) a^ h 2st„ ! 6a 

Determine the angle between the two vectors 

1-12 Vectors and Analytic Geometry. A vector B is given by B - a^ 2a, , 33,. 

A vector A has a magnitude of s 3 and an .v component ol' 1 Determine A (express it in 

the rt>rm f/a, Ik\„ ra,) so that \ and B aic at light angles to each othei. 

1-13 Vectors and Analytic Geometry. A vector A is given by A /a, ' ra^^. 

(fO Desviibe, malhcmaliLally and m woids, the locus ol points in the .\ r (or r(f) 
plane on which the miigmtude of A is ccmsiant 
(/)) I mil the points m the \r plane wheie A makes an angle ol 45 with the v axis 
and has a magnitude 4 - \ 2 

1-14 Vectors and Analytic Geometry. A vectoi lickl is defined by A (i.\a , ■ hv'dy, 
w4iere n and h aie constants. 

(f/) What IS the Lonliguralion ol the lines of constiint magnitude ol A in a conslanl-z 
plane ’ 

(h) What IS the configuration (d' the lines of constant magnitude for A \f a and b are 
equal ’ 

1-15 Vectors and Analytic Geometry. C'onsidei the vectors 

\ 5a, 2a „ i 3a 

B , 2a„ : /?a, 

C 3a,. 1 ( ,/a,/ ; a 

Specify /i,, B , and C , so that A, B, C’ aie mutually orthogonal. 

1-16 Line lnteg;ral. C ompute the value ol the line integral |(cos vs here C 

is the stiaight line fiom (a,0) to (</,<'/). 


( P, o ) 

C 



(£ 7 , 0 ) 


Problrm 1-16 
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PROBLLM 1-17 


1-17 Line Integrals. Fn alualc the line inlc^Kil I [(a- 2v) (\ 5y'^) dy] 

{a) Alonj^ tlic path C ^ ( 

(h) Alon^ the slraii^hl line |oining (0.0) lo (1,3), that is, alon;^ ( j 

1-18 Line Integral, lor (he \cclor V 2\“ra, (\ r)ii^ and the path ( ^ in Piob. 

1-1 7, evaluate A • i/1. 

1-19 Line Integral. FNaluale the line inlet^ral ol Pioh I-IS along that portion of the 
paiahola r -- 4 -- whieh lies in the Inst t|Liadiant. I he path traversal is to initiate at 
the point (0,4). 

1-20 Line Integral. 1 oi (he path shown, eoinpiite 



Problkm 1-20 


1-21 Line Integrals. Ciiven the vector point funclion 

A 3 (a" j A)a.^ 1 2t-A'a,, 1 4za, 

and the path C consisting of three slraighl-lme segmenis. 

First segment: from (0,0,0) to (1,0,0) 

Second segment: from (1,0,0) to (1,2,1) 

Third segment: from (1,2,1) to (0,0,1) 
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evaluate^ A-^/1. 

1-22 Line Integral. Find Ihe line Integra I of the vector A va^ va^ around the 
closed path in the xy plane that follows the parabola y — \- from the point v -- 1, 

y 1 to the point a' 2, y 4 and returns along the straight line v - ^ 1 2. 

1-23 Contour Integration Using Two Coordinate Systems. Given the vector field of 

Example 1-2, which was F xyn, ^ v'a^, calculate (j) F • r/J, where C is the closed 

contour in the w plane which begins at the point (\ 3,0,0) and goes along the line v - 0 
to the point (2,0,0), and then along the circular are x^ ; v“ 4 to the point (V 3,1,0), 
and then along the line a' \ 3 to the point of beginning. {Hint: Sec Example 1-2 and 
note that F,^ 0 ) 

1-24 Surface Integral. A vector field is given by B - a,. 2a„ - 3a.. Evaluate 

B • II (hi o\er a plane lectangular aiea bounded b) the lines joining the points 

( 0 , 0 , 0 ) 

1-25 Surface Integral. rc>r a 
surface of a box with corners at 

( 0 , 0 , 0 ) 

( 0 , 0 , 2 ) 

1-26 Surface Integral. Determine the total tlux of the \ector B 3aj. 43^ 5a, 

passing through the face aha/ o\' the prismatic box shown. 


( 2 , 0 . 0 ) ( 0 , 2 , 1 ) ( 2 , 2 , 1 ) 

vector held \ xv"a, evaluate (|) A • iw/u over the 


( 2 , 0 , 0 ) ( 2 , 2 , 0 ) ( 0 , 2 , 0 ) 

( 2 , 0 , 2 ) ( 2 , 2 . 2 ) ( 0 , 2 , 2 ) 



Problim 1-26 
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1-27 Surface Integral. A vector A is given by A -r yz^y \ xy'd^. Calculate 

the flux of this vector through the surface in the r — 4 plane bounded by the lines jc — 0, 

^-3,7 - l.j-2. 

1-28 Surface Integral. The equation for a held is B .vaj. 1 i-a„ 1 ra,. Evaluate 
j ' n (Ja over a circular area, of radius 2, which is centered on the z axis and is parallel 
to the xy plane at z - 4. 



Problem 1-28 


1-29 Surface Integral. The equation for a field is B a^. vya,/. hvaluate B ■ iw/« 
over the surface above the vv plane defined by r — 1 — (.v“ i i^). 

1-30 Surface Integral. If B 2a, 4a„ 5a, describes a \eclor lield in the space 

occupied by the box shown, determine the net outward flux passing through the side uhed 
plus that through the side /g//A 1 he top and bottom of the box aie parallel to the 

plane, and the front and the back are parallel to the \z plane 



Problem 1-30 
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1-31 Surface Integral. Evaluate the surface integral | (va^. t v^v i • n over 

the first octant of a spherical surface, radius 1, centered at the origin. 

1-32 Surface Integral. Find the surface area above the xy plane for the surface defined 
by r 1 - (.v“ 1 /“). 

1-33 Surface Integral. Given a vector B lOa;. : 3/a,^ 2rra~, find the total Hux of 
this vector emanating from a cylindrical volume enclosed by a cylinder of radius 2, height 
4, whose axis is the z axis and whose base lies in the z I plane. 

1-34 Surface Integral. A vector is given by 

B - z cos 1 r In za^ 1 za^ 


hind the net outward llux of B emanating from a cylinder whose axis is the z axis, whose 
radius is 1, whose base is at z 2, and whose top is at z 2. 


1-35 

Evaluation. 

C liven 





A • 

B - 0 

A, 

B - 0 A - A- 1 r- B 

- 2A 

evaluate A x B at 

' Cy 

5, 

z - 4. 


1-36 

Evaluation. 

Show 

that 

(|)(\aj A*a„ va;.) • f/l | da 1 

f C IS a circle of 


diametei I in the .\ i’ plane ccntcicd at the origin and S is the circular aiea bounded by C’. 
{Hini- c'alcLilalc formally and compare with use of Stokes’ theorem ) 

1-37 Stokes' Theorem. Use Stokes’ theorem to iransfoim the eoniour integral of 
Prob 1-17 lor C and C, into a surlace integral, and esaluaie the resulting surface integral 
diiectlv 

1-38 Divergence Theorem. Use the rli\ergence them ein to Iransform the closed surface 
integrals of the following problems into volume integrals and evaluate the volume integrals 
direct I) . 

ia) Prob 1-25 
{h) Prob. 1-34 

1-39 Divergence and Curl. C alciilate the di\crgcnce and curl of the vectors given in 
Prob. 1-2 

1-40 Gradient. Ciivcn a scalar function /(\.v,-) v- z'-, find V/ in (a) rec- 

tangulai cooidmatcs; (/?) cylindiical coordinates, (r) sphei ical coordinates. 

1-41 Gradient, (iiven the scalar function r cos r/' r sin 7 r-, find Vf 

in («) rectangulai coordinates; (h) cylindrical cooidmatcs; (r) spherical coordinates. 

1-42 Useful Vector Identities. There are several useful second-order vector operations. 
All of them aie included in Sec. 1 12. Verify, m leclangular coordinates, the two identities 
given by hqs (1-69) and (1-70) 

1-43 The Vector Laplacian. A very useful veclor quantity, called ihc La pUic km of a 
vector [Fq (1-56)] is, in general, defined by the identity 

V“A V(V A) V X V X A 

Show that in cylindrical coordinates the z component of V’A is given by (the r 

and tp components do not have this simple form.) 
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1-44 Surface Normal. Let f{x,}\z) constant denote the equation of a surface. Show 
that the components of the normal n at an arbitrary point on the surface are given by 


LI 

A dx 


L^l 

A dy 


where 


A - 


l(|M? 




A d: 


{Hint: Use the definition of gradient.) 
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GENERAL PRINCIPLES 


2.1 Introduction. Our interest in clectromajznetic fields stems from a 
desire lo understand the behavior of practical devices and systems, to be able 
to describe such devices and systems mathematically, and to predict their 
performance. We also desire to understand propagation of energy in space 
and the means of launching and receiving this energy. Having set this as 
our ultimate goal, we must make a diligent effort to obtain this understanding 
from both Ihe theoretical and ihe practical points of view. The theoretical 
studs IS essentially a study of Maxwell's equations The practical study 
consists in applying these equations to practical problems. Maxwell's 
equations, the terminologv associated with these equations, and examples 
illustrating their application are presented in this chapter. Most of the 
ideas presented in this chapter will be abstract, and the explanations of the 
theory will be quite general The special cases considered in later chapters 
will help clarifv the contents of this chapter. 


2.2 The Field Concept. W'e defined a ficlil in some detail in Sec 1.2. 
We summan/e the delinilion b\ saNing that a field is the spatial distribution 
of a quantity as a function of time, bor a vector ficltl both its nuv^nitudc and 
direction must be know n as a function of the space coordinates and time before 
it is fully delined, A lorce field is an example ol a vector field. In contrast, 
a scalar field be completelv defined by specifying its magnitude at each 
point in space and at each instant cd time. As an example, the density of (he 
earth’s atmosphere is a scalar field. 

A field is ,v/r///r, or staiionarw if it is independent of time; a time-varying 
field is often c\illed dynamic. No physical quantity remains constant in- 
definitely, but over finite periods of time (or when the time variations are 
small) it is often convenient to consider them static quantities. When lime 
variations are large but slow, wc use the term cjiiasistatic. 

In general, physical fields arc three-dimensional fields; that is, they 
depend on three space variables. Ihe pressure ol the earths atm(\sphere 
is a three-dimensional field. Ideally speaking, there are also two-dimensional, 
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and even onc-dimensional, fields, examples of which are the density of paint 
on the surface of a wall (two-dimensional) and the tension at each point 
along a stretched piece of thin wire (onc-dimensional). 

Fields generally result from some "‘cause." That is to say, for most 
fields of interest a definite cause-and-effcct relationship exists between a 
“resultant field" and its “source field." Often the decision as to which is the 
source field and which is the resultant field is largely a matter of' the point of 
view\ Sometimes the choice is “obvunis." for instance, “obviously," the 
source of temperature field of the earth's atmosphere is the sun's radiation 
field (or is it the atmospheric-pressure field which moves the air i^iasses 
which causes the temperature field lo be what it is‘.^) When we are a^)le to 
establish definite physical laws which give the relationship between the s(‘i)Lirce 
fields and the resultant fields we have what is kiunvn as a field theory. 

In summary, by a field we mean the set oi xalues assumed b\ a physical 
cjLianlitx at various peunts m a regum cd' space and at various instants of time. 
1 he region of space and the time interval in cjiiesiion ma\ be either finite or 
mfmile in extent. A field thecu'v comprises the phvsical laws which give the 
relations between s(nirce fields and resultant fields. 


2.3 Charge: The Source of Electromagnetic Fields. Chaige is a 
fundamental (jiiantitw just as mass, length, and time arc fundamental quan- 
tities in mechanics. C harge cannot be coinenienllv defined m terms ol' these 
other three quantities. It manifests itself onlv as the cause of elTects whose 
origin IS be\(md the range i>f mechanics. I hus charges al rest and/or m 
motum exert forces cm other charges at rest and/or in motum. These new^ 
kinds of’ forces are called elec froma^netK' forees and the new fields are called 
electromagnetic fields . 

experimental evidence indicates the existence ol two kinds of charges - 
pc^sitivcand negative. C^Lianlilalivelv, the smallest known amount ol' charge 
is possessed by an electron. In the rationalized mks system of units, t 
adopted in this text, the charge of an electron is ccjual lo 1.6 10 

coulomb (C’)- fhe negative sign is chosen arbilranlv, and is the result of 
definition. 

An allied concept is that o[' cliar^^e density, fo mtrcHlucc it, we consider 
a volume \r containing a net (positive or negative) charge A</, and let 
shrink to a limiting volume about a point P in Ar. Then 

\(j 

fj lim — C'/nf^ (2-1) 

A( Ar 

IS defined to be the charge density at P. The dimensions of r) are assumed to 
t I or a discussion on units and dimensions, see Sec. 2.14. 
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be large compared with atomic dimensions. Thus p is a scalar point function 
whose integral over a specified volume determines the net charge Q con- 
tained within the volume; that is. 



The process described by Eq. (2-1) implies a subtle mathematical 
idealization. We know that charges are discrete entities, which m the real 
world arc separated by distances large compared with the physical dimensions 
ofacharge. Yet the limiting ratio, EYp (2-1 ), delines a smooth and continuous 
distribution of charge having a finite density everywhere in space. Charge 
IS thus C(msidered to exist at crery point in a coarsc-grid space, contrary to 
physical reality. However, from the so-called macroscopic point of view, 
which IS the engineering point of view adopted in this text, this simplilied 
model of the physical world I'ortunately predicts verv accurate results. 

Iwo related ccuicepts are those of surface charge density and line charge 
density. When charge is distributed on a surface, it gives rise to a surface 
distribution of so many coulombs per square meter. Likewise, w hen charge 
IS dislributetl along a cylinder very small in diameter, it constitutes a linear 
distribution of s(^ many coulombs per meter. Actually, both of these con- 
cepts are limiting cases of the general concept of volume charge density, 
because, to arrive at them, we need only allow the volume to shrink first to a 
thin sheet and then to a line. They will both be used often. 

enlarges in motion constitute a current. Quantitatively speaking, the 
net (poMlive or negative) charge which crosses a surface per unit time 
constitutes the current tlowing through that surface: 


/ hm A (2-3) 

A/ a) 

Here the symbol / denotes current, and \cj the net amount of charge crossing 
the given surface in a time interval A/. Note that the unit of current is the 
ampere (A), which is equal It) 1 ct)ulomb per second (C/s).! 

Current is a scalar quantity. In contrast, current density is a vector 
quantity which is defined such that the integral of its normal component over 
a surface gives the current flowing through that surface: 

/ f J • n (2-4) 

Js 

t The standard sign eonvenlion for cunenl will he used: a ncl positive charge moving in a 
.spccified'direction constilulcs a positive current flowing m that direction. 
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where da - a differential element of surface S 
n a unit vector normal to da 
1 net current through S 

J - current density, in amperes per meter squared (A/m-) 

The vectt)r function J specilies at each point not only the intensity of the 
flow ol' charge, but also its direction. The magnitude of J is equal to the 
charge which crosses a unit surface area perpendicular to the flow of charge 
per unit of time. The direction ol\I coincides with the directuMi of motion of 
positive charge, c(msistent with the convention adopted for current. j 

To summari/e, charge distributions are described by charge density 
functions. Charge motion is defined as current. Current distribution is 
described by a ^'ector current density function such that J • n is the ',net 
current per unit area flowing in the direction of the normal. 


2.4 The Electromagnetic Field Vectors and the Field Equations. ['he 

description of a field, be it a scalar held or a vecten* field, is conceptually a 
fairly simple matter. Conceptiiall) , the descnplnm involves measurement of 
the field quantity, everywhere folh)wed by a reduction of these data to field 
plots or to a mathematical description of the data. In contrast, a field theory 
involves the complete mathematical specification of the interdependence of a 
set of field quantities with each other, with the source fields, and with all 
other related quantities, hlectromagnelic field theory requires the speci- 
fication c)f the interdependence of four vector fields and two source fields 
(charge densily and current densitv); it also requires the specification of the 
interaction of these fields with the mechanical world. The symbols commonly 
used to represent the so-called /lehl ree/ors, together vvilh the names by which 
they are known, arc 

E — electric field intensity 
B - magnetic flux density 

D electric flux density (or displacement vector) 

H magnetic field intensity 

Eventually, we shall define the field vectors in terms of physical con- 
cepts. At this peunt we find it convenient to use them as a means of defining 
an electromagnetic field. In abstract language, an electromagnetic field is 
defined as the domain of the rectors E, B, D, H. It is also defined as the 
transmitter of interactions between charges at rest andjor in motion. 

Since charges comprise the sources of electromagnetic fields, we expect 
them to be related, either explicitly or implicitly, to all four field vectors. 
Indeed, such is the case. The interrelationships between charges and the 
field vectors were first formulated explicitly in the nineteenth century by 
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James Clerk Maxwell, a Scottish physicist and mathematician. Maxwell’s 
results, written in modern-day mathematical language, together with a short 
explanation of what the mathematics say, is the subject of this section. In 
Sec. 2.5 we present a brief history of electromagnetics which outlines the 
basic experimental phenomena from which Maxwell deduced what is now 
known as MaxwelTs equations. In this text we start by assuming that 
Maxwell’s equations, the Lorentz force law, and some other peripheral 
information which is implicit in Maxwell's formulation specify the behavior 
of electromagnetic fields in all possible situations. From this general in- 
formation, we deduce in the following chapters the behavior of electro- 
magnetic liclds in special cases. We shall see that each special case is simply 
the situation which prevails when particular terms in the basic laws are set 
equal to zero. For example, in the static case all time derivatives are zero. 
This approach has the advantage of requiring an explicit statement of the 
restrictions under which the special case is valid at the beginning of the 
problem. Any othei approach results in obscuring the limits of validity 
of the special case and, furthermore, frequently leads to the erroneous con- 
clusion that the result obtained in a particular special case is the general 
result which can be applied to a dilTcrent special case. 


Integral form of the elect romapietic field equations Stated in 
integral form. Maxwell's equations are 

F-araday's Law 

( 1 ) K ill 

J(' 

Generalized Form of Ampere's Circuital Law 


- B • n (la 
lit Js 


(1) 


FI ■ cl\ 


i 3 • n ila , — D • n (la 
Js (It . .S' 


( 2 ) 


Gauss’ Law For the Magnetic Field 


B • n (la 0 


(3) 


Gauss’ Law for the Electric Field 


D • n Ja 



(4) 


The law which couples electromagnetic (lelds to mechanical fields is known as 
the Lorentz force Unw This law, in integral form, is 


F* j: 


p(E 1 V X B) (Ic 


(5) 



38 


C lup 2 (;hNLUAL 1‘R1NC IPl I S 


whcMc f IS the force per iinil vt)lume, in newtons per cubic meter (N/m'^), and 
V IS the vchKMty with wdiich the charge density p is moving. 

It IS implicit in these laws (and can be shown explicitly, as in Sec. 2.15) 
that there is an additional relationship between D and E, and B and H, and 
J and E which can be written in general functional notation as 

D D(E) 

B H{U) (2-5) 

J -/(E) 

\ 

These additional relationships specify the electromagnetic properties the 
medium, and are called the constitutii c relations of the niei/tiim. Thus 
Maxwell’s equaticms, the Lcu'entz force law, and the subsidiary relations 
which serve as the means for the elect rcmiagnetic charricteri/ation of the 
medium are the complete basic laws of electromagnetic theorv. A sludv of 
these laws and their implications is the sub)ecl of this text. 

As a (irsl task, let us state the laws m wc’uds and the restrictions on the 
integrals and appiv them to a few simple examples. 

Faraday’s law of induction, Hq. (I), states: The line integral of the 
field vector E around any clc'jsed contour C is equal to the lime rale of change 
of the total flux of the \ector B crossing anv surface S houiKled bv C\ 
prtnided that (I) the contour C remains lixed with respect to time, and (2) 
the surface .V is simply connec tecL A piece of paper wilhoul holes in it is a 
simply connected surface regardless of its si/e, shape, or conhguralum I fit 
has holes, it is said to be multiply connected 1 igurc 2-lu shows a simply 
connected surface, and fig 2-1 A shovvs a multiply connected surface A 
multiply Lonnecled surface can be converted into a simply connected region 
by merel , introducing so-called cuts, which, as shown in tng 2-lr, consist 
of lines joining anv piRnl on the perimeter ol the holes to the cuilside boundary 
of -S'. In (he evalualum of a contour integral, these cuts are traversed once 
each wav, as shown bv the arrows in \ ig 2-lr. giving a net /ert) contribution 
to the value of the integral. Note IVom hig. 2-1 that the conventional vecl(M- 
.symbolism has been adopted; a ru^lu-liand sciew w ill adi ance tn the ilirection 
oj the unit normal n ij turned in the direction of the arrows which indicate the 
pos/tn c direction of traversing the path C Note also that da is an element of 
suriace area perpendicular to n, and that llie veclc^r d\ is a dilferential element 
of length measured along the tangent at every pt)in( on C. 

The generalized I'orm (^f Ampere's circuital law, f.q. ( 2 ), stales; The line 
integral oi' H along C is equal to the sum of two terms, "^rhe (irst term is the 
conduction current I linked by C: the second term, called the displacement 
current, is the lime rate of change of the total electric flux crossing the surface 
S. The current / is expressed in terms of current density by Fq. (2-4). 
Physically, this current may arise in many ways, including the movement of 
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I KiiiKF 2-1 Simply and multiply ct^nncLted Mirfaccs {a) Simply connected; (b) multiply 
connected, (c) dimply connected 


charged ]')aHiclcs in free space. Regardless of origin, ho\vc\cr, / is the nel 
current flowing in the direcnon cfl' advance of a right-hand screw' as it is 
turned in the direction indicated on the ctmtour Various possibilities are 
shown in big. 2-2. 

W'lien the electromagnetic field has no lime dependenee, the displace- 
ment current Nanishes. and Tq. (2) then reduces io w hat is known as Ampere s 
cn c mtal law . 

(jaiJss* law for the magnetic field, Hq. (3), states; fhe net outward 
flux of the vector B through any closed surracc (one that completely sur- 
rounds some volume) is zero. This implies that the magnetic flux density 
vector B is continuous. Tims, if we start at any point in the region of a 
magnetic field and move m the direction of the held vector at that point, and 
keep moving in the direction of the magnetic field, we shall eventually return 
to our starting point. If we start at a second point which was not passed over 
by the first path, and move as we did before, we find that we again return to 
the secojui pi^mt and that nowhere do we cross the first path. [In Eq. (3), 
n is a unit outward vector normal to the surlace L.] 



40 


(:h.ip 2 (;eneral principles 



FiCjUrf' 2-2. Net current linked by R closed contour, (u) ! (h) / i /a, 

(c) / - 0, (J) / A7, ; (c) / j\j ■ n thi 


Gauss' law for the electric field, Hq. (4), stales: The net outward flux 
of the vector D through any closed surface is equal to the net charge 



in the volume V enclosed by the surface H. \\ Q is positive, the net flux of D 
will be outward (in the direction of the outward normal vector n); if Q is 
negative, the net flux of D will be inward. 

The Torenlz force law gives the coupling between electromagnetic fields 
and the mechanical world. I'he differential form of this law is more useful 
and more informative; so at this time we shall simply note the integral form 
as the field equation which describes this important coupling. 

Henceforth, in this text, the four Maxwell equations and the integral 
form of the Lorentz force law will be referred to by the corresponding 
boldface Arabic numerals (1), (2), (3), (4), and (5). 
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IkiUri 2-3 I lee Inc flux of a spher- 
ical charge distnbiilion. 

Now, Lqs. (3) and (4) reveal a rundameiUal dilVerence in terms of the 
surl'ace integrals in Lqs. (I) and (2) In l:q. (1) llic net magnetic Hiix 
through S IS determined stdely by the contour C\ being completely inde- 
pendent ot'thc shape of the surface S. Bv contrast, in Lq. (2), the net electric 
flux IS dependent on both the contour C and the particular shape olW. This 
point can be further clarified with the aid of an example. 


Example 2-1 Charged Sphere. Consider a positi\c charge Q which Is iinifoimly 
disiiibiiicd Ihroiighoul tlic \olunic ol a splicic ol radius / I cl / whcic i\, ' / 1 , be 

Ihc ladiLis ol an iniaginai) spherical siiifacc H dia\Mi aboul the same oiigin, as shown 
in I ig. 2-3 IRxausc ol sphcrwal s)inmcir\, ihc ladial tomponent of the electric flux 
density vecloi , D, U • ii, will be Lonslanl on li. Ihcicfore E_c|. (4) gi\cs 

4T7/rZ), 

from whwh we obtain 



foi the radial Lomponenl of I) at any poinl on the suiface 11. The tangential com- 
ponents D(, and must be zeio. This can be verified by noting that spherical 
symmetry demands that they be constant. Direct application of Fiq (1) will show 
that the constant value must be /eio. 

Now, since Dr has the same magnitude ever) where, the D lUix through the upper 
hemisphere of 1! would be exactly ecjual to the D flux ihiough the lower hemisphere. 
However, the Ilux through the shaded spherical sector bounded by C would differ 
appreciably from the Ilux througli the complement of that sector on H (not shaded), 
although both surfaces are obviously bounded by the same contour C. 

We thus see that, unlike lines of magnetic Ilux which have no sources, lines of 
electric flux emanate and terminate on charges. In essence, this is the implication of 
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hqs. {^) and (4) and Ihc lesiilting characteristic dilTeicncc in the surface integrals of 
Eicjs. (1) and (2). 

Summarizing, the electromagnetic field equations constitute a set of 
mathematical statements which summarize past experimental work in electro- 
magnetics, and which therefore constitute the fundamental laws of electro- 
magnetics. hlectromagnetic theory /.v the study of these held equations. 

Difftnvtitial form of the electromaffnetic field equations The 
integral form oi' the electromagnetic held equations has only a limped use- 
fulness in problem scdutions because these cquaticms are laws descrilimg the 
properties of the held over extended regions of space. Consequently, they 
can be used to sohe cmK those types of problems which exhibit cdmplete 
symmetry, such as spherical, cylindrical, and one-dimensit)nal rectangular 
symmetry. lo be useful in the general ease, the laws must be recast ml(^ a 
form which describes the relations between the held yectc'is at arbilrary points 
in space and at arbitraiw instanls of time. \ his lorm is the dilTerential form 

1 he difVcrciUial I'orm of Maxwell’s equations is 

„ , dB 

V X !■: - ^ ,1, 

V X II J - (11) 

di 

V B 0 (111) 

V • D p ( I V' ) 

The dih'erenlial I'orm of the Lorentz ibree law is 

f p(E V X B) (V) 

Roman numerals (1) tti {\} will denote these equations throtighoul the text. 

The constitutive relations, as bclore, are 

D /;(E) B B{H) J ./(K) (2-7) 

Recasting the basic laws into diherential form is accomplished by noting, 

first, that a diherential form of the laws can be valid only if the field vectors 
arc single-valued, bounded, continiuHis functions of pc^sition and time and 
with continuous derivatives. The field vectors have these properties, except 
at points where there are abrupt changes in the distribution cif current and/or 
charge. These abrupt changes usually occur at the interface between media 
of different physical properties, and they determine the discontinuity of the 
field vectors at these interfaces. The relationships between the discontinuity 
of the field vectors and the abrupt changes m distribution of currents and/or 
charges are known as boundary conditions. It should be obvious that a 
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complete formulation of Ihe basic electromagnetic laws in dilTcrcnlial form 
requires (1) the differential form of the laws (valid everywhere except at 
points of abrupt change) and (2) the boundary conditions. 

Let us now derive the dilTerential laws from the integral laws. Consider 
Eq. ( 1 ), and let the surface S be a plane surface bounded by the contour C. 
Since the contour is assumed to be fixed in space, the order of differentiation 
and integration may be interchanged, and Lq. (1) may be written in the form 

(|j E .(l\ - - ^ ^ . n (la (2-8) 

Let LIS tlivide both sides of Lq. (2-S) by the area of the surlace .S' and alk)w 
C to shrink about any point P internal to C. In th.e limit, as the surface area 
Lipproaches /erc^ (he left-hand member oi' Lq. (2-S) will reduce to the pro- 
jection of V X E in the direction of the unit normal to S\ camsistent with the 
definilicm of curl The right-hand member, cm ihe other hand, will reduce 
to the functional value of the integrand at E, and I. q. (2-S) will then give 

„ dn 

(V X E) • n - • n (2-9) 

dt 

Since n is arbilrarv, it fcdlows immediatelv frenn Lq. (2-9) that 

^ „) 

This IS the dilTcrenlial form of Laraday's law of induction. In any given 
system of coordinates, it reduces U’) three scalar equations. Lor ccmlmuous 
reference throughout this text, it is being assigned the Roman numeral ( 1 ). 
Equation (2) mav be written 

i" -'' lE ^ 


L'ollowing the previous development, we divide both sides of Eq. (2-10) by 
the area cffTS'and allow C'to shrink about a point interum to C. In the limit, 
as the surface area diminishes to zero, we line! from the definition of the curl 


(V X H) • n 



and by virtue of the arbitrariness ofn, 

V X H J 


dD 


( 2 - 11 ) 


Equation (II) is the dilTerential form of the second Maxwell equation. 


( 11 ) 
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To obtain the clifTcrcntial form ofEq. (3), we divide both sides by the 
volume r enclosed by the surface D. We then let the surface shrink about 
any interior point P, and observe that, in the limit, when the volume ap- 
proaches zero, the left-hand member of Eq. (3) reduces to the divergence of 
B, evaluated at the point P, consistent with the definition of divergence. 
Therefore we obtain 


V . B - 0 

(Hi) 

as the expression of continuity of B lines al a point. 

The dilferenlial expression of Gauss’ law for the electric held is obtained 
in a similar way ; i 

j) D ■ n 1 f) dv 

\ (4) 

Again we divide both sides by E and let 1] shrink about any 
In the limit, as I ' approaches zero, we obtain 

internal point P, 

V . D p 

(IV) 

This is the dilferential form of Maxwell’s fourth equation. 

The differential form of the Lorentz force law follows almost by m- 
spectitm. If we take the limit of 

I f dr j p(E ' 1 X B) dr 

(5) 

as E > 0, we obtain 

f p(E ; V X B) 

(V) 

This IS the differential form of the Lorentz force law. 



Since the laws of electromagnetic theory are deductions, inferences, and 
conclusions from experimental measurements, which of necessity are bulk 
(integral) results, wc see that the integral laws are al least historically more 
fundamental. It is possible, at least by hindsight, to deduce the differential 
laws as the fundamental laws and to derive the integral laws from them. 
This derivation is a useful exercise for the student (Prob. 2-15). 

Solution of problems by use of the differential laws leads to differential 
equations. The general solution of every differential equation contains 
terms (constants, or functions) that can be evaluated only from a known 
behavior of the variables at space boundaries and/or from initial conditions. 
Hence we shall need information concerning the behavior of the held vectors 
at the interface, or boundary, between two different physical media. lA)gi- 
cally, this behavior should be discussed next. However, it will be advan- 
tageous to first obtain a better understanding of background upon which the 
laws of electromagnetism are based by examining the macroscopic properties 
of matter and the nature and types of currents before deriving the boundary 
conditions, in Sec. 2.9. 
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2.5 A Brief History of Electromagnetics. “When you can measure 
whal you are speaking about and express it in numbers, you know something 
about it,’’ said Lord Kelvin, “but when you cannot measure it, when you 
cannot express it in numbers, your knowledge is of a meager and unsatis- 
factory kind.” 

One of the early measurers ofelectricity was Colonel Charles de Coulomb, 
a French army engineer. Coulomb invented a device for measuring ex- 
ceedingly small forces, known as a torsion balance, one of the functions of 
which was to determine the law of electrostatic force. Others had earlier 
built cruder devices. Volta, in 1775, had built an electrometer, using a pair 
of dry straws as measuring vanes which would be moved apart by the electric 
force. However, Volta did not know the magnitude of the force on the 
straw. It took C harles C’oulomb, in 17(S5, with his torsion balance, to find 
that the force between two electric charges is proportional to the amount of 
each of the charges, and inversely proportional to the square of the distance 
between them. Aclually, the inverse square law of electrostatic force was 
first studied by C’a\endish during years of secret research. His manuscripts 
were noi published until 1879, when they were discovered. 

To prculucc electricity in the 170C)s, scientists rubbed catskm on glass, 
used the ccuUact potential from metals, or flew kites to “catch” lightning. 
Then Alessandro Volta, professor of physics at the University of Pavia, 
Italy, gave a great impetus to electrical experimentation. In 1800, he in- 
vented the voltaic pillar (battery), which gave scientists a powerful new tool. 
It IS dilHeult to appreciate the awe with which men of Volta’s time greeted his 
discovery. Now sparks could be made when desired, wires heated, and new 
experiments performed. 

In a classroom at the Llniversity of Copenhagen, Professor H. C. 
Oersted hoped to show a new' effect of electricity by placing a wire near a 
compass needle. But nothing happened. After class he tried again, and 
found that the needle swung if he held the current-carrying wire parallel 
instead of perpendicular to the needle (as he had done in class). Therefore, 
in 1820, Oersted declared that he had discovered a magnetic effect of voltaic 
electricity. He found that a magnetic compass needle would deflect when a 
wire connected to a voltaic pile was brought near the needle. The needle 
consistently made a right angle with the electric wire. His results were 
published in the usual manner of his time, in a memoir to the renowned 
European scientists 

Two months later, news of Oersted’s discovery reached France. The 
French Academy of Science became interested, and requested to see Oersted’s 
experiments. Attending this meeting was Andre Ampere, who, upon seeing 
the Oersted experiment successfully demonstrated, decided to extend the 
results. Professor Ampere was no ordinary man. Quite precocious as a 
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child, he had learned Latin in two weeks at the age of fourteen so that he 
could read the intricate works of Bernoulli and Euler. Ampere studied 
impulsively, and was capable of becoming interested in most unexpected 
subjects; on some occasions he became tired of his studies right at the point 
of inevitable distinction. Because of his versatility, Ampere dabbled in 
chemistry, philosophy, electricity, mathematics, psychology, metaphysics, 
botany, anatomy, animal magnetism, linguistics, and poetry. 

Ampere found that a current in one wire exerts a force on another wire 
even without a magnet present. In a paper which he presented to the 
Academy, Ampere said, “ I he electromagnetic action appears in two siprts of 
efl'cets and 1 think ought to be distinguished by precise definition. I will call 
the first electric tension and the second electric current.” I Ic thus recopiized 
the difference between voltage and current, and used his great mathematical 
ability to determine that the magnetic field produced by a current-carrying 
wire was proportional to the current carried, and inversely proportional to the 
distance (Vom the wire. 

The next major contributor to electromagnetic theory was Michael 



Michai'l Faraday, chemist and electrical experimenter, 
who discovered electromagnetic induction, the laws of electro- 
lytic action, and magnetic rotation. His discoveries led 
directly to large-scale electrification and electrical controls in 
industry. {Courtesy of the Burndy Library.) 
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Faraday. Faraday was born the son of a blacksmith. As a youth he was a 
bookseller’s apprentice, but tired of his work. Luckily, he secured a position 
at the Royal Institution as a laboratory assistant. After ten years he was 
ready for scientific work on his own. For several years he experimented with 
magnetism, obtaining no results. But in August, 1831, he had a great 
success. He made an iron ring and on it he wound two coils, one on the 
right side of the ring and one on the left, with no direct connection 
between them. He connected a battery to one coil and a galvanometer to 
the other. Nothing happened. But when he disconnected the battery, the 
galvanometer deflected. When he reconnected the battery, the galvonometer 
deflected in the opposite direction. The deflections were small and short- 
lived. Faraday presently found many ways of developing induced currents 
by changing magnetism. He developed the concept that an induced current 
is always a result of a change of lines of magnetic force. Interestingly, 
Joseph Henry, of Princeton University, discovered the law of induction by 
magnetism at the same time that Faraday did. However, Henry failed to 
publish his results, and therefore Faraday received all the recognition. 

Faraday’s concept of lines of forces pervading all space was viewed 
controversially by most physicists of his time. F^ollowing a hypothesis of 
Weber, physicists felt that electric and magnetic forces acted at a distance and 
in a straight line and, in addition, penetrated all space with infinite velocity. 
It took Maxwell's genius to verify theoretically Faraday's lincs-of-force 
concept, and Hertz’s genius to verify Maxwell’s work experimentally. 

James Clerk Maxwell was the son of a minor Scottish nobleman. His 
father had stimulated a curiosity in Clerk by taking him to see the new 
manufacturing plants and processes that were suddenly being developed in the 
cities in the 1830s and 1840s. It was while he attended a private high school 
that Maxwell acquired an interest in mathematics and at the age of fifteen 
wrote a paper entitled ‘'On the Description of Oval Curves," which was 
published in the Proceedings of the Edinburgh Royal Society. His ability in 
mathematics grew, and with it his interest in the writings of Faraday. He 
tried to put Faraday’s lines-of-force concept into a mathematical form. In 
1857 James Clerk Maxwell wrote to the world-famous Faraday commenting 
on some of Faraday’s writings. Faraday was kind enough to reply, and even 
encouraged Maxwell with some new ideas. In 1873, after five years of hard 
work in retreat. Maxwell published his now famous treatise, “Electricity and 
Magnetism.” He unified all knowledge of electricity through a group of 
simple equations, predicted electromagnetic wave motion, calculated the 
velocity of light, and explained light propagation as an electromagnetic wave 
phenomenon. His work provides the foundation for all electromagnetic 
devices. Interestingly, Maxwell believed that his electromagnetic waves 
were carried by an ether. He had the insight and mathematical intuition to 
weave 150 years of experimental evidence into a cohesive theory. This new 
theory radically departed from the rules then accepted by such a wide margin 
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Jamfs Cilrk Maxwlll, physicist and electrical experimenter. He mathe- 
matically developed the nature of an electromagnetic field and related it to 
the nature of light. He led to the discovery of electric waves and the 
mechanical pressure of light. {Courtesy of the Burmfy Library ) 


that it took another twenty-five years before Hertz conclusively demonstrated 
the accuracy of Maxwell’s equations. 

Let us now briefly examine the experimental evidence which confronted 
Maxwell. t This evidence can be summed in nine basic experiments, some of 
which bear the names of famous men, and others which now seem common- 
place, and are easily acceptable to our preeducated minds. In general, the 
experimental evidence is presented as results of briefly defined experiments, 
followed by simplifying mathematical statements. The experimental results 
are presented in a logical order, and not in their chronological order of 
occurrence. 

t This presentation is essentially that given by H. H. Skilling, “Fundamentals of Electric 
Waves,” John Wiley & Sons, Inc., New York, 1948. 
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Experiment I The first experiment established the fact that a field of 
force exists about any object containing an electric charge, and that this 
field of force acts upon any other object also containing an electric charge. 
The field is found to be static and directional. For two such charged objects 
the force is found to be given by 


where F resultant force 

- net charge on first object 
(?2 net charge on second object 

a, a unit vector in direction joining effective centers of the two 
charges 

/■ separation cd' effective centers of the two charges 

Fh'oin this it was deduced that each charged object produced a force field 
El and E^ such that the force on Qx could be written 

•’i yQi^i 

where y. is a constant, and the force on O 2 could be written 

F, yOJix 

This exj'ieriment shows that static charges produce force fields which exert 
forces on other static charges. 

Experiment 11 The second experiment established that an electrostatic 
field is a conservative field. It demonstrated that a small test charge in an 
electrostatic field retiuired no total work to be done when moved in any closed 
path. As long as the test charge returned to its starting point, the work put 
into moving the test charge against the field is given back by returning to the 
starting point. This experiment showed that the electrostatic field is con- 
.\crranrc\ or lanieUar, a property which is mathematically staled as 

(4 F . ^/I - 0 
Jr' 

From the relation established in Experiment /, il lolfows that 

f K-./I 0 

r ’ 

This mathemadcal ct]ualii>n also slates that ihe electrosialic field is without 
curl. 

Experiment III The third experiment established that the total charge 
(P within a clcised surface can be measured. As in Ir.xperiment II, a small test 
charge is.uscd to measure the field strength over the entire surface; then the 
total of the held strength normal to each part of the surface, multiplied by the 
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area of each of these surfaces, is a measure of the total charge, Q, enclosed. 
This experiment showed that the divergence of the electrostatic field is pro- 
portional to the charge density, and may be mathematically stated as 

^ E • n (/a a(? 

When the experiment is conducted in a vacuum, a 1 /e„, where is defined 
as the permittivity ol’ free space. 

Experiment IV I he fourth experiment is the same as fxperime^^it III, 
except that the medium is changed to establish its effect on the field. W|ien a 
known charge Q is enchased by a surl'ace in main dilferent media, a relation- 
ship IS established between all new media and that for free space. This 
experiment established ihe effect of dielectric substances cm electrostatic 
fields, fhis effect is expressed in lerms of'a cjuantily known as the ihclectnc 
constant, 

f 

- 

^0 


Hxperimenlally , the \alue of' t, for many media has been established and 
tabulated. 


Experiment V The fifth experiment established Ohm's law. F’Aperi- 
mcntallx. Ohm kept a constant current flowing thrcnigh a section of many 
different conduclors, and measured the \ollage difference between the ends 
of these sections, thus establishing the relationship between \ohage and 
current as 


/ 



The resistance R was determined to be a constant dependent upcm the 
composition and geometry of the conductor (there is also a temperature 
dependence to some extent) and independent of / or 1 Since R is dependent 
upon geometry and composition of the material, the relationship was deter- 
mined to be as follows: 


1 cross-sectional area normal to current flow 

R length of material 


Here a is defined as the conductivity of the material, and has been tabulated 
for many different substances. It is at this point that a vector field called 
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current density J is introduced, which is related to current flow in a con- 
ductor by 

|' J • n Ja I 

When the didcrcnlial form of this relationship is applied to Ohm’s law, 
noting that 

dV E ■ d\ 


then 


J • n da 


da 

rT — E 

dl 


o 


‘d! 


and since n and d\ as vectors have the same direction as E and J, respectively, 
we conclude that tlie current densitv J m a conductor is proportional to the 
electric field strength E at the same point and in the same direction. Mathe- 
matically, this is stated as 

J (tE 


Expevinieiit VI 1 he sixth experiment establishes Ampere's law. 
Ampere moiinlcd a short straight section of conducting wire in such a way 
that the force exerted upon it can be measured w hile current is flovving through 
jt. The result is that the magnetic force on the exploring wire is always 
normal to the wire, and the force is proportional to the amount of current 
flowing and to the length, location, and ('irientation of the exploring wire. 
This experiment results in a descriptiem of a magnetic field and the force it 
exerts on an exploring wire. This is mathematically stated as 

E /L X B 

where B is the magnetic flux density. This is a vector field equaMon for the 
magnetostatic I'orce field. 


Expviiiucnt VIl The seventh experiment was conducted by Faraday 
in 1S31 , and established the magnetic and electric field relationship. When a 
loop of w ire is connected to a ballistic galvanometer, the reading is a measure 
of the electric charge passing through the loop. Faraday discovered that 
whenever the loop was placed in a r//iz//g///g magnetic field, a charge flowed 
through the loop, thus showing that an electric field could be produced 
magnetically. By the technique of Experiment VI, the magnetic flux density 
was measured at the loop, and it was found that the galvanometer readings 
were proportional to the increase or decrease of the flux passing through the 
loop. The galvanometer also indicated that its readings were inversely pro- 
portional to the total resistance of the galvanometer. This information can 
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be used lo establish the relationship between the magnetic flux and electric 
field ; 


(|> 


Now the time rate of change of this equation expresses Faraday’s discovery 
as 


dQ ^/fl) 

R — - R! 

dt dt 

! 

Since in a closed loop the product of IR is equal to the electromotive '^force 
(emf) of the circuit, Faraday's lamoiis law follows immediately. 


emf 


E • £/J 


/(!> 

~df 


dt j. 


B ■ II da 


Experiment VIII The apparatus of this experiment is essentially the 
same as in Fxperiment VII, except that, instead of a loc^p with one turn, there 
are many turns included in the exploring loop, and the galxanometer is 
constructed with a long time constant, resulting in a flux meter. I'his 
instrument is used to sum the magnetic llux density normal to a closed 
surface. The resultant sum is alw/ays zero, and it is concluded that magnetic 
flux lines have no beginning or ending, but form closed loops. This is staled 
mathematically as 

j) ^ • n da - 0 

or V - B 0 


and establishes that a magnetostatic field is sourceless, or so/enoidal (without 
divergence). 


Experiment IX This experiment established that the curl of the 
magnetostatic field is proportional to current density. A flux meter (as 
described in Experiment VIII) is used to determine the magnetic flux density 
at every point along a closed path. Then the summation of the products 
of the tangential components of the magnetic flux density with the corre- 
sponding dilTerential lengths along the chosen path in a homogeneous medium 
is proportional to the amount of the current surrounded by the path. The 
factor p, defined as permeahility of the medium, relates this summation to 
the enclosed current as follows: 


B - 
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By introducing a new symbol, H B///, which is the magnetic field intensity, 
this equation becomes 

H • </l I 

r 

The current / has been defined from Hxperimenl V as the integral of the 
current density J over the surface bounded by the closed path. It then 
follows that 



These nine experiments sum the evidence which confronted Maxwell, 
but there were I wo more assumptions necessary to complete a basic electro- 
magnetic foundation; 


1 . It is assumed that the dynamic electric field has divergence proportional to 
charge density. 

2. It is assumed that the dynamic magnetic field has no divergence. 


From these assumptions and the experimental evidence. Maxwell derived 
the now famous equations which include dynamic conditions. 

By hindsight we can see how Maxwell's equations follow from the 
experiments F-xperiment II showed that in the static case 

(j) E ■ ,l\ 0 

(' 

and Experiment VII showed that in the dynamic case 

i' t/d) cl r 

d) K • — -- B ■ n Jfl (1) 

(It lit Jt< 


By assuming that the dynamic case is the general case, we have Maxwell’s 
first equation directly. Similarly, Expenment IX showed that in the static 
case 

^ H ■ ^/l - J • n cla 

riiroiigli a major stroke ol genius. Maxwell discovered that the general dy- 
namic case recpiires the addition ol the I ime rate ot change ol D. Ehus we obtain 

D - n Ja (2) 


() H-</l 

^ -mla 


. 


tit J; 


as Maxwell’s second equation. 
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From Experiments III, IV, and VIII and the assumption that these 
results are valid in the dynamic case. Maxwell's third and fourth equations, 



(|) D • n I ^ 

are obtained. 

The constitutive relations 

D /)(E) B ^(H) J JiE) 

are implied from Experiments IV, IX, and V, respectively, by assuming tl'tat 
their results arc general. 

The Lorcnlz force law can be inferred from Coulomb's law (Experiment 
I) and Ampere's law (Experiment VI). If we assume that a moving charge 
experiences simultaneously an electric field b^rcc and alsc^ a magnetic field 
force, we have 

F F F,, OE /E X B 

Now if the current / is due to the charge Q mc)ving in the direction I. with a 
velocity V, wc can write IE Q\ and recast the equation in the form 

F QE Q\ X B 

If we now' assume that this equation holds for distributed sources, we have 

F j f dv I p(E r V X B) dv 
Ji' Ji 

or in dilTerential form, 

f f){E . V X B) (V) 

One ol' the most surprising of Maxwell's results was that he could 
combine his equations in a manner which predicted a wave solution. I his 
led to the postulation that visible light was merely a form (d an electric wave, 
a truly shocking and doubtful revelation in the mid-ninelccnth century. 
But Maxwell's revelation has stood the test of lime; we have but to sit in our 
living room and look at pictures of the planet Mars transmitted by electro- 
magnetic waves over millions of miles through a widely varying medium to 
become convinced of the genius of this man. 

Further experimental vcrilication of Maxwell's equations was provided 
later by Heinrich Hertz. The results of Hertz's experiments were the subject 
of two papers he published in 1S88, entitled “On Electromagnetic Waves 
in Air and Their Reflection” and “On Electric Radiation.” lincouraged to 
study electricity by Professor von Helmholtz of the University of Berlin, 
Hertz set out to see if electric force travels with infinite velocity, as Weber 
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said, or if it is wavelike, as Maxwell predicted. He devised a spark-gap 
generator to be used as a transmitter and used a loop of wire with a very 
small gap as a receiver. A spark set ofl'in the transmitter would produce a 
spark in the receiver loop. He then set up a fairly large zinc sheet at the 
other end of his laboratory. By moving his receiving loop toward and away 
from the zinc sheet, he found that the intensity of the received spark varied. 
There! ore standing waves were present. So electric and magnetic fields 
were waves, as Maxwell had predicted. Hertz produced waves at 1 MHz, 
100 MHz, and one GHz (the abbreviation for a hertz is Hz). 

He also used parabolic cylinders to reflect his waves. To his amazement, 
he lound that the electric waves passed through wooden doors, that they 
could be reflected like sunlight, and that they were polarized. Hertz firmly 
established I araday’s view ol lines of force and Maxwell’s view of waves. 
It was now up to cUher engineers and scientists to discover the vast implications 
of Maxwell's equations implications w'hich Maxwell himself never realized. 


2.6 A Physical Interpretation and Units of the Field Vectors. Max- 
well's equaticms gi\c the relationships between the field vectors K, B, D, H 
and the stmree fields p and J. At this point it will be informative to examine 
some aspects of the physical nature of the field vectors. 

We begin by hniking at the Loren tz force law', 

f p(E V X B) (V) 

W'here v is the velocity of p. I he quantity (E v x B) is seen at once to 
have the dimension of force per unit charge, that is, newtons per coulomb. 
From this we see that 

Lnits of E • (/I newton-meters per coulomb volts (2-12) 

. 5 ' 

Thus we have that the unit of E is the newTon per coulomb (N/C ) or, what 
is more frequent 1\ used, the volt per meter (V/m). 

If we now examine v x B, we sec that it also is m units ol newtons per 
couhmib It follows that B is measured in newton-seconds per coulomb- 
meter (N • s/C' ■ m), or volt-seconds per square meter (V ■ s/m“); or since volt- 
secemds is defined as vvebers, we usually state B in vvebers per square meter 
(Wb/m“). It IS clear that the Lorentz lorcc law allows us to identify E and 
B in terms of their basic physical units, which are mixed electrical and 
mechanical units. These tw'o vector fields provide the explicit connection 
between electrical and mechanical phenomena. 

The units of D and H are purely electrical, and hence their mechanical 
aspects are implicit rather than explicit. For the electric flux density vector 



56 


Chap. 2 CihNERAL PRINC:iPLES 


D we have 


ly -nda ~ Q 


( 2 - 13 ) 


from which il is obvious that the units of D are coulombs per square meter. 

Similarly, for the magnetic intensity vector H, we have, in the static case, 
Ampere's circuital law, 

I ( 2 - 14 ) 

from which it follows that the units of H are amperes per meter. ^ 

At this point it will be instructive to give an example of the use, of 
Ampere’s circuital law to solve a rather elementary classical problem. 

Example 2-2 Current-carrying Long Wire. Consider a long straight conductor as 
shown in I ig. 2-4. Let the conductoi cany a iinic-indepcndent total ciirient / 
directed out of the plane of the paper toward the observer. Let this current be 
uniformly distributed over the area ol the conductor, and let the conductor be sus- 
pended in air. Because of cylindrical symmetry and because B is divei gcnceless, the 
magnetic field intensity must be everywhere tangential The radial component and 
the axial component must both vanish since they cannot possess complete cylindrical 
symmetry. 

In addition, because of symmetry, the magnitude of the field is constant along all 
points King on a circular contour C drawn about the axis of the v\irc m a plane normal 
to that axis. Eveiy point on this circular contour is indistinguishable from another. 
Frc^m this analysis we conclude that the magnetic field intensity can be expressed in 
cylindrical coordinates as 

H 

To evaluate the magnitude F/,^, we utilize Ampere's circuital law, which is a special 



Fic.ure 2-4. The field about a long 
conductor carrying a current I out of the 
plane of the paper. 
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ease of Maxwell’s equation (2), that is. 



TT’ir tlie conlour C we choose a circular path of radius r along which H has a constant 
magnitude Although Ampere’s circuital law is ti ue for any path, we choose this path 
for convenience. Along this path, the vector-displacementelement tJ\ is always in thcqc’ 
direction According to our convention, with C traversed in the counterclockwise 
direction, as indicated, the current / in Ampere’s circuital law is the current carried by 
the conductor. Thus 


j) » • (/[ I ^ 

This equation is valid for all values of r gieatei than tlie ladius a of the conductor. 
Since /■ and are constant over all points ol the path, they may be moved to the 
front of the integral sign. 



It IS woiih noting that tlie direction of // can be predicted using the following /vg/rZ- 
hancl iulc: If the right thumb is pointed along the wire in the direction of current 
How', the hngeis indicate the direction of the icsulimg magnetic held (Fig. 2-5). 
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Further insight into the nature of the connection between B and H, 
between D and E, and between J and E, which were previously given ab- 
stractly by 

B-Z^(H) D D(E) J - y(E) (2-15) 

may now be gained by obtaining the physical units of the ratios B/H, D/E, 
and J/E. We find 


B 

Units ol — 

H 

volt-seconds per square 

meter volt-seconds 

amperes per meter 

ampere- meter 


volt-seconds squared 

weber s henrvs 


couUnnb-meter ampere-meter meter 


In the last two forms, the weber, as pre\'ioLislv defined, is the volt-second, 
and the henry (M) is defined as the weber per ampere. Obviouslv, these are 
secondary, or ilenral, units. fheir widespread use is our reastm for in- 
troducing them, rather than insisting on fundanienia/ umls. 

Similarlv, we obtain 


,D coulombs per square meter c(nilomhs farads 

Units ol - - ' ^ — (2-17) 

E \ olts per meter volt-meter meter 

where the farad (F) is defined as the coulomb per volt 
Combining these results, we find tliat 

, B D volt-seconds squared coulombs 

Units ol — 

HE ccHilomb-meler volt-meter 


seconds scpiared 1 

meters squared (velocity)- 

or to show' the point more clearly. 


Units of 


H E 
\ B D 


meters 

second 


vclocilv 


(2-lS) 


(2-19) 


This is a rather surprising result in that it says that this particular, peculiar 
combination of electromagnetic quantities, even in the most general case, 
has the units of a purely mechanical quantity, namelv, velocity. 

Finally, let us examine the units of J/E. Wc find 

J amperes per square meter amperes mhos 

Units of- - — ^ ^ -! ^ (2-20) 

E volts per meter volt-meter meter 

where the final expression has used the circuit-theory definition of amperes 
per volt mhos (n)- Thus we see that J/E has the units of conductance 
per meter. 
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In summiiry, this sechon has used the basic electromagnetic laws to 
obtain a physical interpretation and the basic units of the electromagnetic 
field vectors. The results are: 

E is measured in newtons per coulomb, which may alternatively be stated as 
volts per meter. 

B IS measured in newton-seconds per coulomb-meter, which is alternatively 
stated as volt-seconds per square meter, or as webers per square meter. The 
weber was defined as the volt-second. 

D IS measured in coulombs per square meter. 

II is measured in amperes per meter. 

Next, bv taking ratios ol units, the units of the general runctional relations 
B D /^(E), •! ./(E) were obtained. The signilicance of these 

ratios IS examined in more delail in the next sechon, in connection with the 
macroscopic prcqserlies of materials. 

2.7 Macroscopic Properties of Matter. 1 he behavi(.>r of fields in the 
ncighborluH)d o\' a single atcuii is to a large extent the domain ol'a quantum 
electrodynamicisl. Such fields are called microscopic fields. W'e, on the 
other hand, are mac roscopic held theorists, interested onlv in those fields 
which \arv in space b\ a discernible amount over distances which are large 
compared with atomic dimensions. If a material substance is present, we 
regard it, on a large scale, as an electromagnetic coiuiinium, that is, a medium 
in which a field is continuous and, m addition, constant over a \olLime 
containing a large number ol atoms If charges are present, we represent 
them as continuous, smooth distributions. In short, our mam concern is 
for the average field that prevails within a bodv, and not in its local values m 
the immediate surroundings of a specific atom. Hence the continuation of 
ourelfort to characteri/e matter electromagnetically is based on one funda- 
mental premise: our mathematical model must describe adequately only the 
macroscopic properties of matter. Therefore, m order to determine the 
constitutive relations of a medium, we need perform our measurements on 
physically obtainable samples of matter, using ordinary laboratory instru- 
ments only. By performing such experiments we obtain the information 
necessary to express D m terms of E, B in terms of H, and E in terms of J, 
or conversely. This information may then be displayed in closed mathe- 
matical form, or graphically, or in tabular form, depending on the behavior 
of the particular substance under lest. 

rhe simplest relations that can occur are linear relations of the form 


D 

tE 

(2-21) 

B - 


(2-22) 

J - 

(tE 

(2-23) 
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where e, //, and (t arc scalar constants of proportionality. Usually, these 
constants are collectively known as the parameters of a medium. However, 
each parameter has a special name. For example, e is called the per- 
mittivity of a medium, // its permeability, and a its conductivity. The di- 
mensions (or units) of these parameters were obtained in the preceding 
section by dimensional analysis. 

Free space (vacuum) is a very special case of a medium for which the 
parameters are linear and constant. (Air behaves elcctromagnetically as 
nearly Tree space, alsc\) The permittivity of Tree space is designated ejJ. 
The permeability of free space is designated u^^. The conductivity of IVei 
space IS identically zero. ( 

To see h(^w we ctnild measure and alsc^* to obtain a definition of the 
concept of a point cluiryc, let us reexamine the results of Kxample 2-1. 

It was sht)wn there that at any point P outside the charged sphere the 
electric llux density is 


D 


Q 

477 /'“ 




Let us now imagine that the sphere is in free space. According to Lip (2-21 ), 
the electric field intensity outside the sphere would be 

1 Q 

E - D — — a, (2-24) 

4TTe„r- 


Next, let us introduce in the field of the lirsl (scnirce) sphere a \ery small 
second (probe) sphere charged umrormly throughout its volume with a 
density p'. Let the radius of the second sphere be / ', its \olume f", and its 
total charge The geometrical arrangement is shown in Lig. 2-6. Let the 
distance d separating the two spheres be much greater than either r or /', 
such that d _ r' is to a very good approximation essentially equal to d. Let 
us also impose the further condition that the presence of the second sphere 
does not alter the field of the first sphere. This does not correspond exactly 
to physical reality, but is nevertheless a very good approximation when Q' 
is very much smaller than Q. Under these conditions, at every interior point 
of the second (probe) sphere, the electric field would be given, to a first 
approximation, by 


E 


Q 

477€j,J“ * ^ 


(2-25) 


If both spheres are fixed in space, the second sphere experiences a force 
whose density, according to the Lorenlz force law, will, to the same ap- 
proximation, be 


p'E 


p'Q . 



Sec 2.7 MACROSCC;)PIC: PROPERTIES OF MATTER 


61 


Fit^t ( sourc e > --.phere 
Total t tiarqp O 
density p 



P 


E 


Second ( probe) bphere 
Total charge O' 
density p ' 



d 


FiciURE 2-6. The interaction between two charged bodies. 


The orientation of the unit vector is evidently different at difTerent points 
in the probe sphere. However, since by assumption d * r\ for every point 
in the second sphere the direction of a, is along the dotted line joining the 
centers of the two spheres, t herefore the total force acting on the second 
sphere is obtained by integrating over the entire volume of the second sphere 
the force density f. T hus 


F 



Q 

4T^€^^d“ 



QQ' 

47T€^)d“ ‘ ^ 


(2-26) 


'this is Conlomh\s law. As a formal mathematical deduction, this result 
IS not surprising, since the first term of the Lorentz force law was deduced 
from Coulomb’s law. 

Now, if 0 and Q' are both positive or both negative, the magnitude of 
F will be positive and the probe sphere will be repelled; otherwise it will be 
attracted by the source sphere. In either event, the force F is a quantity that 
may be measured mechanically. On the other hand, Q and Q' are assumed 
to be known quantities, and the distance d can be measured easily. Sub- 
stituting these measurements into Eq. (2-26) permits the evaluation of ej,. 
The value thus obtained is 


6o H.854 > 10 F/m 

An interesting consequence of the foregoing conceptual experiment is 
that it provides a means for arriving at the notion of a point charge as follows. 

Consider a region of space such that all linear dimensions arc small 
compaied with other macroscopic dimensions. The region is then said to be 
localized at one of its interior points. In the preceding experiment, the 
radius of the probe sphere was by assumption small relative to the distance 
separating the two spheres. For convenience, the probe sphere is said to be 
located at its center, and when taken together with its charge, it is said to 
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constitute a point charge which is also located at the center. Note, in 
passing, that because of the large distance of separation, the probe sphere 
“sees” the source sphere as a point charge. This, m effect, is the meaning of 
Eq. (2-25). 

Now let us return to Eq. (2-19) and specialize it to free space. For this 
case, it becomes 

1 

— -- — : - c - a velocity (2-27) 

\ /^o^n 

The question is, the velocily of what? Maxwell combined his equatioiis into 
a form which resulted in a wave equation. The parameter l/\ appipared 
in his wave equation for free space as a propagation constant. Hence he 
postulated that this velocity was the velocity of propagation of electro- 
magnetic waves in free space. A simple extension of this idea suggests that, 
for every medium, l/\ //e is the \elocity of propagation of electromagnetic 
waves in that medium. Ihus, to measure this velocity evperimenlallv, we 
need to launch an electromagnetic wave and to measure its velocity. It was 
eventually recH)gni/ed that light wa\es were electromagnetic. 1 he actual 
early experiments which measured the free-space propagation velocity were 
light waves. The measurement has been performed many times and with 
considerable precision. The results show that r 2.997925 m/s. 

For all practical purposes, we use r 3 10'' m/s as the velocilv of light in 
free space (and in air unless we wish to be extremely precise). Having 
measured and r, we may calculate //,) from 

— 3 10^ m/s 

N /^o^o 

The result is 

//„ - 477 10 " H/m 

It IS interesting to note that this indirect method of measurement of /(„ 
has less experimental uncertainty than a direct measure of the HjJI ratio in 
free space. 

Instead of specifying e and // for a substance, it is frequently advantage- 
ous to specify values o[' relative permittivity and relative permeability, using 
as a basis of comparison the values of and //„. Thus, by delinition, 

e 

Relative permittivity, or dielectric constant, ~ 

II 

Relative permeability //^ — 

/^o 


Both and are dimensionless numbers. 
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I ic.i'Rt 2-7. Typical niagncti/ation curve. 


For malenal media, the parameters //, and a may dilTer from the 
frce-space values sliglitly or by large amounts, may be constant or not, and 
may in some cases not be single- valued. In some materials the constitutive 
relations are of such a nature that they must be expressed in tensor form 
[Fq. (2-29)| In any event, a complete specification of the relationships, no 
matter hmv ctun plica ted, is necessary for an electromagnetic characterization 
of the medium. 

A medium is said to be linear, homogeneous, and isotropic if the complete 
characterization of the medium is given by specifying single scalar values of 
6, /y, and n Not all media belong to this class. For example, the relation 
of 11 to B for all i'erromagnetic materials is nonlinear and nonsingle-valued. 
Figure 2-7 shows a typical partial B-H relation for a ferromagnetic material. 
The nonsingle valuedness (hvsteresis) has been ignored in plotting the curve. 
Such curves are called mean map^net nation curves. Obviously, even this 
approximate curve is nonlinear, and the specification of a single number will 
not give the magnetic characterization of the medium even after the approxi- 
mation that the B-II relation is single-valued. However, in some cases, 
variations of B resulting from small excursions of H about a point on the 
curve such as B may be of interest. It would then be possible to characterize 
partially such a medium by specifying a value for the incremental permeability , 
defined as 


B MU' 


\B 
lim - — 

sii 4) A// 


ilB 

1h r 


(2-28) 


This is completely analogous to specifying the incremental, or small-signal, 
parameters of an active device, such as a transistor, about a specific bias 
point. This kind of information, of course, does not allow us to predict the 
behavior of the material, or of the device, in the neighborhood of points other 
than P, or other than at the preselected bias point, as the case may be. Nor 
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would it allow us to draw the magneti/alion curve of the material or the 
static characteristics of the device. It would simply provide a partial 
description of material or device behavior under specific operating conditions. 
Thus, in case the relation of H to B is nonlinear, a simple functional relation 
such as Eq. (2-22) cannot be written except when we are interested in small- 
signal behavior. 

We have been using the terms linear, homogeneous, isotropic, and 
nonsingle-valued. It may be advantageous to discuss these terms at this 
time so that we have a more certain knowledge of their meanings. 

It IS presumed that the meaning of nonsingle-valiied is obvious. A 
substance is said to be linear if, at every point in the medium, the magnitudes 
of the vectors D, B, and J arc directly proportional to the magnitudes of the 
^'ectors E, H. and E, respectively. In other words, a medium is linear if the 
relations of D to E, B to 11, and J to E are independent of the level of 
excitation. 

Additionally, a material substance may be classified as homogeneous or 
inhomogeneous and isotr(')pic or anisotropic, fhe properties of a homo- 
geneous medium are constant from point to point in space, and the constitu- 
tive relations show no explicit dependence on the space cocu'dinates. In an 
isotropic medium, D is parallel to E, H is parallel to B, and in a conducting 
medium, J is parallel to E. Free space is a linear, homogeneous, and 
isotropic medium. Although a material substance may be linear, homo- 
geneous, and isotropic, its properties may be subject to changes with 
environmental conditions, such as temperature, pressure, and atomic radi- 
ation, and with changes in the time \ariations of fields. This kind of 
behavior deserves special consideration, and falls outside the scope of this 
book. For the most part, we shall mainly be concerned with fields in linear, 
homogeneous, and isotropic matter. 

Isotropic media exhibit the same properties in all directions. An- 
isotropic media exhibit a rather complicated behavior. For example, in an 
anisotropic dielectric each rectangular component of D is a linear combi- 
nation of the three components of E; that is, 

D^. tiiAV r 

or in matrix notation, 

^11 ^13 

^21 ^‘22 ^23 

L^31 ^32 ^3;iJ L^z_ 

It can be shown that the matrix [e] is symmetric (Prob. 2-16) 
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proper choice of coordinate directions will make some of the ofT-diagonal 
terms zero. An analogous relation may be set up between the vectors H and 
B in the case of a material substance such as a ferrite. The anisotropy of 
ferrites constitutes the basis of operation of some very important devices 
used extensively in many applications, such as radar. 

Characterization of a medium by specifying e and jti is not the only 
possible way of giving the desired information. An alternative charac- 
terization IS to separate D and B into two parts, 


D e,E -\ P 

B -- //o(H I M) 


(2-31) 


and define P as the electric polarization vector, and M as the magnetic 
polarization vector. If we recall that D and B for free space, 

we see that both P and M are identically zero for free space. Thus our 
arbitrary separation of D and B into two I'actors has resulted in defining two 
new quantities, P and M, which are intimately related to the presence of 
material media. Beyond this, the significance of these two quantities is not 
at all clear at this point. However, a dimensional analysis will show that P 
is measured in coulombs per meters squared and that JVl is measured in 
amperes per meter. Turthermore, by performing a few manipulations on 
Hqs. (2-31), we can obtain results which allow us to define a pair of param- 
eters that give the relationship between P and E and between H and M. To 
do this we write 


€oE I P €yE(l x^) 
//o(H i M) -I XJ 


(2-32) 


where we have defined the electric susceptibility x^^ 


P - Z,TnE (2-33a) 

and the magnetic susceptibility x„n 

M - (2-33A) 


Both X,. ^^id x.m dimensionless quantities. The foregoing development 
shows that we can also write 


^ ^o(l t X,) 
l^ - IH(^ \ Xyn) 

, (2-34) 

~~ ^ Xc 

1 Xm 

Some further insight can be gained into the physical identity of P and M 
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by recasting the units for each into volume densities. In this form we obtain 
P in coulomb-meters per cubic meter (C ■ m/m-’) 

IVl in ampere-meters squared per cubic meter (A ■ m“/nT'') 

and noting (as we shall show in later chapters) that the coulomb-meter is the 
unit o\' electric dipole moment and that the ampere-meter squared is the unit 
of magnetic dipole moment. I'hus it appears! P measure of the 
electric dipole moment per unit volume and that M is a measure of the 
magnetic dipole moment per unit volume. 

Qualitatively speaking, materials are classified according to their most 
prominent characteristics. Thus we have conductors , dielectrics, and mag- 
netic materials. Glass is a dielectric, iron is a magnetic material, and copper 
IS a conductor. The dielectric constant of glass is between 5 and 10, and the 
conductivitv IS about 10 H/m at 20 C. The relative permeability is, for 
all practical purposes, equal to I. Copper, on the other hand, has a 
conductivity on the order of 10' to lO"^ ()/m, while the permittivity and the 
permeability are essentiall\ equal to those of free space. So we see that 
behavioral difTerences between free space and glass are most significant 
insofar as the permitliMlv e is concerned; hence the name dielectric, or 
insulator. Likewise, copper ditTcrs from free space most sigmlicantlv insofar 
as conduction processes are concerned; hence the name conductor. 

One point is worth mentioning with regard to conductors Lquation 
(2-23) show^s that as the conductivily of a linear medium increases without 
limit, and so long as E remains linite, J approaches inhnily. But an 
infinitely large current density J implies that either an inlimte amount of 
charge is being transported in a linitc time or a linite amount of charge is 
transported in zero time, both events being equally unlikely from the physical 
point of view. We conclude that in a conductor of infinite conductivity the 
elect! ic field must vani.sh at all interior points. I'he conductivity of most 
metals is so large (K)*’ to that, to a first approximation, it is inlimte. 

Thus, to the approximation that a - r , the electric field intensity is zero, 
even though a current is flowing in the conductor. Circuit thcH)ry uses this 
concept for the interconnections between circuit elements. At high fre- 
quencies, this leads to some interesting phenomena, which are discussed in 
Chap. 1 1 . 

To summari/c, the macroscopic properties of matter are established 
through experiment. The constitutive relations which characterize media 
electromagnetically can be very complicated. However, a large class of 
materials exist which are electromagnetically linear, homogeneous, isotropic, 
and single-valued, lor these materials, 6, /^, and a have fixed scalar values 

i A rigorous proof of ihis stalcrncnl can be found in the following paper. I^. T Pans, 
A Dynamic F Icctromagnciic Model for Material Media, Anier. J. Ph\\s., vol. 35, pp. 
1125 1127, December, 1%7. 
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FAlreniL’ly high magnetic Helds (13 2 Wb/ni”) arc made possible by 
superconducting magnets. Here a large-scale iron-filing experiment 
is shown, performed by scattering thousands of iron nails on a piece of 
white plywood surrounding two superconducting magnets. When the 
board is tapped sharply, the nails align themselves into the classic 
picture of magnetic lines of force The magnets themselves are 
contained within stainless-steel dewar flasks used to maintain the 
h(.|uid-hehum temperatures of 4.2'K (452^F below zero) which are 
required to make the coils superconducting. {Connesy of General 
Electric Company.) 


regardless of the strength of the field and regardless opposition in the medium 
and arc the same in all directions. Unless otherwise noted, in this text we 
shall be dealing with linear, single-valued, homogeneous, isotropic materials. 


2.8 Types of Currents, ft is convenient at times to classify currents 
according to their physical origin. Actually, current is always a flow of 
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charge, but this flow may possess distinguishable characteristics which fall 
in one of three broad categories, namely, those of (1) convection current, 
(2) conduction current, and (3) polarization current. 

Convection current is the motion of free charged particles produced by 
some external source. For example, in an ionized medium, such as the 
earth's ionosphere, both positive ions and negative electrons are present 
which tend to move under the influence of an electromagnetic field, such as 
a passing radio wave. (A radio wave is a time-varying electromagnetic field 
which travels, or propagates, carrying with it a finite amount of energy.) As 
it goes through a medium, a radio wave exerts a force on the charges present 
in accordance with the l.orentz force law 

f p{E I- V X B) (V) 

In the absence of extraneous binding forces, the charges absorb energy from 
the field, and arc forced to move in such a way that tne l.orcntz force f is just 
balanced by an equal and opposite mechanical force 

Here ni is the mass of'thc charge-carrying bodies per unit of volume. Once 
in motion, the charged bodies follow specific paths as dictated by the com- 
bined effects of both E and B, and not E alone. This point is belter under- 
stood from a consideration of the equation of dynamic equilibrium: 

cl 

p(E j- V X B) — (//iv) (2-35) 

(It 

which applies to both positive ions and negative electrons. 

The current density at any point will be determined by both the density 
of the charges and their velocity. If we denote by p. and p the densities 
of positive and negative charges present, and by v. and v_ their respective 
velocities, then 

J p.v, -I p^\ (2-36) 

is the convection current at a point. Equation (2-36) states that the con- 
vection current density is specified by a charge density and a corresponding 
velocity at a point. The current flowing between the cathode and the anode 
of a vacuum tube is a convection current. The most salient characteristic of 
convection current flow in a vacuum tube is that the region between cathode 
and plate is actually charged; that is, a net negative charge is always present 
when the cathode is heated. 
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Example 2-3 Convection Current. Let N denote the number of free eleclron.s per unit 
volume in free space, and v_ the average velocity of the electron cloud motion resulting 
from the application of an external electromagnetic held If the charge of an electron 
is denoted by c\ this being algebraically the negative number e 1 60 10 C, 

then the density of the cloud is 

p.. - Nc 

while the intensity and direction of its How aie, according to Tq. (2-36), 

.1 p _v _ - Nc\_ 

If we orient a surface \A normal to the direction of How, a total current 

/ Ncr A/t 

will cross every clement of area A.4 on that surlace. 

A conductor is the name given to a material medium which, although 
electrically neutral, contains charged particles which are free to move under 
the influence of an externally applied electromagnetic field. The charged 
particles, however, move only a short distance between collisions with other 
particles, and hence the motion is one of migration. The net charge 
migration is called conduction current. 

Metals, semiconductors, and ionic solutions are examples of conducting 
media. Since the gross features of all conduction processes are similar, we 
shall examine the details only for a metallic conductor. 

A metallic conductor is a crystalline solid composed of an ordered array 
of atoms. The positive ions arc fixed, while the electrons are free to move. 
An externally applied electromagnetic field exerts forces on these free 
electrons, causing them to move. Once in motion, all electrons occasionally 
collide with the fixed positive lattice, giving up part or all of their energy. 
Tn the process, some of the energy of the electrons is dissipated as heat. 
In a particular crystalline lattice, an initially stationary electron may be 
displaced by an electron originally in motion. The average drift velocity 
of the electrons depends both on the strength of the applied field and on the 
mobility of electrons; mobility, in general, is different in different metals. 
Thus the average drift velocity of the electrons is 

y„ - /.„E (2-37) 

where is the mobility of the electrons and is measured in meters squared 
per volt-second. If is the number of electrons per unit volume taking part 
in the motion, and e is the electronic charge, the formula 

J -- p_Vj — NefljE (2-38) 

gives the density of current flow at a point in the conductor. Comparing 
Eq. (2-37) with Eq. (2-38), we see that 


a =- Nefi^ 


(2-39) 
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As Slated previously, the density of total (or net) charge is zero at every 
interior point of a conductor, even when conduction current is present. 

Both convection currents and conduction currents involve the move- 
ment o{ free charges. Polarization current, by contrast, results from the 
motion of hound charges. In a perfect dielectric material, electrons are 
hound Vo their parent atoms by strong atomic forces, and it takes exceptionally 
high field intensities to break them down, that is, to produce free electrons 
so that they can move as in a conductor. (No dielectric material is perfect. 
A conduction current is always present, even though it may be very small in 
magnitude.) 

The current which is of more interest in dielectrics is the polarization 
current resulting from the relative motion of a bound positive charge and a 
bound negative charge. The charge may be molecular (two parts (^f a 
molecule), ionic (such as the Na and the Cl ions ofsodium chloride), and/or 
electronic, where the negative electrons move relative lo the nearly stationary 
positive nucleus. In any event, the electric field will exert a force on the 
positive charge in one direction and a force on the negative charge m the 
other direction. Since the charges are bound, no charge motion can be 
produced by a static electric field other than the initial transient motion which 
occurred when the field was applied. There can, howe\er, be a static 
displacement of the positive charge relative to the negative charge. I'his 
relative charge displacement is called electric polarization, and it contributes 
to that part of the electric flux density D given by the polarization vector F. 
The polarizahility ofThe medium, wdiich is related to the electric polarization 
per unit electric field strength, is accounted for in the permittivity e of' the 
medium by the electric susceplibilitv and is the reason whv t / for 
polarizable materials. (Almost all dielectrics are polarizable.) If the 
applied electromagnetic field is lime-dependent, the electric polarization will 
change as the applied field changes. The charge motion expressed as a 
current flow, 

J;, p.v • f) V (2-40) 

is called the polarization current. jVote carefully that although this polari- 
zation current is a true current in the sense that we haie defined it. Maxwell's 
equations, as we hare written them, include this current in dDjdt, and not in J. 
It IS accounted for by e / just as in the static case. However, since the 
dynamic polarizability, or polarization per unit electric field strength, 
involves the ability of the charges to follow the applied field changes, we 
should expect the polarizability (and therefore the permittivity t) to be 
frequency-dependent. Experiment verifies this cxpectati(m. I'orlunately , 
for most materials, and f(^r most frequencies of interest, the frequency 
variation is slow, and e exhibits a monolonically decreasing value. 

To summarize, it is convenient to divide currents into three groups, 
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each having its own characteristics. Convection current flows when free 
charges, of known density and velocity, are set in motion. Conduction 
current flows when/ree charges drift under the influence of an electric field. 
Polarization current flows when bound charges move within an atomic, or 
molecular, structure. Polarization and polarization current are accounted 
for in Maxwell’s equations by specifying the permittivity e of the medium. 
The current density J appearing in Maxwell’s second equation includes only 
the convection and conduction currents. 


2.9 Derivation of the Boundary Conditions. The behavior of the field 
vectors at surfaces, marking abrupt changes in the constitutive properties of 
the medium (which usually correspond to surfaces between diflerent material 
media), were given as an essential part of the differential form of the field 
equations. The behavior of the field vectors at surfaces of discontinuity in 
the media are called boundary conditions. 

Let us restate the necessity for supplementing the difl'erenlial equations 
with boundary conditions. From a formal mathematical point of view the 
differential field equations state relationships for derivatives of functions. 
Obviously, these relationships have no meaning at points of discontinuity of 
the functions because the derivatives have no meaning at such points. 
Mathematically, the behavior at such points can be handled by examining the 
discontinuity of the function. Our electromagnetic boundary conditions do 
precisely this job. It is the purpose of this section to show the derivation of 
the boundary conditions. 

Physically, the transition of the field vectors across boundaries between 
dissimilar media is manifested in everyday phenomena. For example, 
reception by automobile radices is subject to significant changes as the car 
passes through a tunnel or under a bridge; in some cases reception ceases 
completely. This example clearly shows the dependence of a field upon the 
constitution oi' material media, and also suggests that, generally, the field 
vectors will change at a boundary between two different media. 

Consider Fig. 2-8. The surface *S' marks the boundary between two 
arbitrary media, simply labeled 1 and 2. At a point P on S we erect a unit 
normal vector n, which points from medium 1 into medium 2, and a unit 
vector t tangent to S at P. The orientation of the unit tangent vector t is 
immaterial so long as the surface S is smooth. We also construct about the 
same point Pa small rectangular path in the plane of n and t, with sides 
parallel to n and t, respectively. 

For the sake of generality, we consider that charge is distributed on S 
with a density of C/m- and that a current flow resulting from motion of 
this distribution may exist on S. This kind of current flow does not occur 
in nature ordinarily; however, it is mathematically a useful concept and a 
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n 



Medium I 


{b) 

FiGURr 2-8. BehaMor of the field vectors at the bound- 
ary between two media. (^/)The transition of the tangen- 
tial components of E and H, (/>) the transition of the 
normal components c'f B and I) 

good approximation to physical reality, especially in the case of rapidly 
changing fields in conducting regions of space, such as copper. The current 
IS then confined to a very thin layer on the outer surface of the conductor, in 
the form of a surface How, rather than volume flow, of charge. 

The symbol J was previously used to denote a volume distribution of 
current, the unit of which, we recall, was the ampere per meter squared. To 
distinguish a surface distribution from a volume distribution of current, we 
must use a different symbol. In this text we use the symbol K, which we 
call the linear current-density rector. The unit of K is the ampere per meter. 

To illustrate, let us imagine a distribution of surface current K on a flat 
copper surface. If we draw a line normal to the direction of current flow, 
charge will cross that line at a rate of K coulombs per second per meter length 
of line measured at the point of observation. If the distribution is uniform, 
then K C/s will cross every meter length of line per second. 

Let us now apply the first Maxwell equation to the configuration of 
Fig. 2-8a. Denoting by the surface bounded by Co, we have 

9 E ■ I B • Ho 

tit J.S'n 


(2-41) 
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where Hq ^ t x n is the unit normal to and, like t, is tangent to S at P. 
Now we let Cq shrink about P by allowing the height Ah of the rectangle to 
become progressively smaller. In the process, the area of Sq will become 
vanishingly small, and the surface integral on Ihe right-hand side of Eq. (2-41) 
will approach zero. Bearing in mind that the contribution to the contour 
integral from the left and right sides of the rectangle will also vanish with A/;, 
we can write in place of Eq. (2-41) the simpler relation 

E,^M - A/-- 0 (2-42) 

Here and E/^ arc the tangential components of the field vector E, respec- 
tively, in media 1 and 2. I'hc minus sign accounts lor the reversal in positive 
sense of traversing C,, relative to an arbitrary system of coordinates during 
the transition from medium 1 into medium 2 If A/ is small but not zero. 
It can be divided out from both sides of Eq. (2-42). Then 

E,^ a;, - 0 (2-43) 

or in formal mathematical notation, 

n X (E, EJ - 0 (Vl)t 

This IS the desired result. It states: At the interjace between any two media 
the tangential component of the vector E is continuous. 

An identical approach may be used to establish the transition of the 
tangential component of H at a surface of discontinuity. For this purpose, 
we use Eq. (II) in the form 

(p H • r/I -- J • /z c/t/ -} - D • n„ da (2-44) 

J(\, dt Js\, 

Again, we let shrink about P by allowing the height Ah to approach zero. 
In the limit, the last term on the right will vanish because, like all held 
components, D is bounded; the left side will reduce to t • (Hi - Ho) A/, thus 
giving 

t . (Hi - H.) = lim T j . n„ da (2-45) 

AZ -0 Al JSq 

In precise mathematical language, the right-hand member of Eq. (2-45) is the 
projection of the linear current density vector K in the direction ot n^. 
Dimensionally, the quantities on the left and right sides of Eq. (2-45) are 
measured in units of amperes per meter. Now if we rotate the plane of Cq, 
along with t, W about n, and repeat the same limiting process, we shall 
arrive at an expression similar in form to that of Eq. (2-45), but one which 
shows the relations of the tangential component of H to surface current in a 

t Roman numerals designate the formal maihematicdl statements of the boundary 
conditions throughout the book. 
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plane normal to that of the surface that plane is normal to the plane of the 
paper in Kig. 2-^a. Adding this new equation to Eq. (2-45) produces the 
general result 

II X (H, H,) K (VII) 

Equation (V^II) stales: At the intcrjace het]vccn two media, the tangential 
eomponent of the rector H is (hseontinuons hv an amount equal to the ra/iie of 
the linear current density vector K at the point. In addition, }:q. (VII) 
establishes the orientation of K relative to ihc direction of the magnetic 
field intensity at the siirl'ace of discontmuily. 

two special cases of Eq. (VII) which occur frequentlv should be singled 
out lor special consideration. Suppose the conductivity ol‘ medium 1 is 
inlinitelv large. Then /l, 0 inside medium I, and according to the first 

differential law, Eq. (I), 

V . 

We all agree that the generalum of all lime-varying fields occurred some time 
in the finite past. Therefore this equation can be satisfied onlv by the 
condition 0. A finite then implies that //, is liIso /eio, and we have 

the final result 

ii X H, K, ^7, ^ ^ (Vila) 

F(.)r all practical purposes, the requiiement rr, / can be met only at 
relatively high frequencies. Then E.q. (\Jla) gives a relation between the 
current llovsing on the surface of a perfect conductin' and the tangential 
component of the magnetic field mlensitv just outside the conductor. If 
medium 1 is not a perfect conductor, the field inside cannot vanish, and 
current flow cannot be confined just on the surface T hen 


n X (IE H,) 0 


rr,, r7>, finite 


(Vllb) 


IS the condition that must be satisfied in place of (Vila). Thus, according to 
Eq. (Vllb), the transition of the tangential component of II across the boundary 
between two media, neither of which is a perfect conductoi , is continuous. 

Let us imagine now that the contour is allowed to turn through a 
complete revolution about the unit normal n, thus forming a cylindrical 
pillbox, as indicated in F ig. 2->sb Let denote the chased surface so 1‘ormed. 
By virtue of the third integral law, wc have 


i 


B - n Ja 0 


(3) 


where the integration extends over the curved wall and flat end surfaces of the 
cylinder. Let the cylindrical volume shrink about the interior point (which, 
as before, is a point on .S") by allowing A/? once again to approach zero. II 
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the base has a suITlcienlly small area Kq. (3) may be approximated thus: 

B,^)Aa=-0 (2-46) 

We should remember, of course, that since B is finite, the contribution of the 
walls to the surl'acc integral is vanishingly small. The negative sign in Eq. 
(2-46) comes about as a result of the fact that the surface outward normal 
must point downward in medium 1, and that B must be measured in the same 
frame of reference in both media. 4'hercforc, as A// ^ 0, we obtain 

n.(Bo BO 0 (Vlll) 

as a boundary condition for the magnetic field. This condition may be 
expressed as follows : A / (he houinfarv between two material media the normal 
component of B is conhmious. 

1 o establish the transition olThe electric (lux density vector D across the 
surface A, we consider the field equation 

(j) D • n da || p dr (4) 

i.et denote the surface of the pillbox in Eig. 2-S/c and V its volume. Once 
again, let the cylinder shrink into the surface S. In the limit, when A/i 0, 
the contribution from the cylindrical wall to the surface integral on the left 
side of Lq, (4) becomes vanishingly small, and we have the result 

lim (T) D * II c/a (/)„, - D,^ )Aa (2-47) 

A//-M) - I 

In Eq. (2-47), Aa denotes the area of the base. If any surface charge is 
present, the right-hand member of Eq. (4) becomes 

lim (j) p dr - p, Aa (2-48) 

A/r M) Jj 

where p^ denotes the density of the surface distribution of charge. Com- 
bining Eqs. (2-47) and (2-48) gives 

o,,, - - P. (2-49) 

or n . (D, D,) - p,, (IX) 

Equation (IX) states: The normal component n/ D is discontinuous by an 

amount ecpial to the surface charyc density present at the interface between two 
media. 

To summarize, we have obtained four relations, called boundary con- 
ditions, which complete the differential statement of the laws by establishing 
the transition of an electromagnetic field from one medium to another. 
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These conditions are 


n X (E. 

E,) 

- 0 

(VI) 

n X (H.. — 

H,) 

K 

(VII) 

n • (Bo — 

B,) 

0 

(VlII) 

n • (Do 

D,) 

- P. 

(IX) 


and, together with the dilTerenlial laws, they describe completely the prop- 
erties of a field Here K and represent surface densities of current and 
charge, respectively. 

In instances where it is desirable to express I) and B in terms of the 
polarization vectors P and M, wc obtain by direct substitution into Fqs. 
(VlII) and (IX) the alternative forms 

n- (H, - H,) n - (M, M.) (Villa) 

n.^,(E, -E,) n.(P, - P,) (I\a) 


2.10 A Formal Statement of the Principle of the Conservation of 
Charge. Maxwclf s equations contain implicitly the principle of the conser- 
vation of charge. To displav the principle explicitly, we manipulate the 
equations as follows. Starting with 

V X H J ; - (II) 

dt 


VD p 


(IV) 


we take the divergence of tq. (II) and obtain 

V . (V X H) V J V 


N(Aing that 


V . (V X H) 0 


dD 

Tt 


and interchanging the order of difTercnliation in the second term on the right, 
we obtain 

d 

0 V- J i - (V-D) 

ot 


Substituting Eq. (IV) into this equation gives us the desired result: 

dp 

V • J + ^ 0 ( 2 - 50 ) 

dt 

This equation formally slates that current and charge cannot be specified 
completely independently of each other. More precisely, it states mathe- 
matically the conservation of charge in the neighborhood of a point. In 
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integral form, it provides a clearer view of the situation. Let us therefore 
integrate Eq. (2-50) over a volume L surrounded by a smooth closed surface 
We obtain 


Llsing the divergence theorem, we can transform the left-hand member of 
Lq. (2-51) into a surface integral. Assuming that 11 is stationary, the order 
of inlegratum and diflcrentiation on the right may be interchanged, and Eq. 
(2-51) may then be written 


C) J • II 


• II da 


d r 

7/7 


p dv 


If we let 


Q I P dv 

be the net charge contained in L, we finally have 

j • n da 

dt 


(2-52) 

(2-53) 


(2-54) 


as the integral form of the equation of continuity. According to our 
customary ccmvention, the positive normal n to the closed surface X is drawn 
outward. Therclbre the left-hand member of Eq. (2-54) represents the net 
amount of charge which in unit time crosses the surface ^ in the outward 
direction. The right-hand member represents the rate of depletion of charge 
contained within H. 1'hercfore, in w'ords, Eq. (2-54) states: 


Net outward flow of depletion rate of charge 
charge in unit time contained within the volume 


This is equivalent to the statement that charge is conserved. It cannot 
appear or disappear IVom a volume without passing in or out through its 
boundary. 

I'he continuity eqUiition can be used to predict the disposition of charge 
in a charged conducting region. Let the region be linear, homogeneous, and 
isotropic, and let e and a be, respectively, the permittivity and conductivity. 
Then 

D - €E (2-55) 

and J -- o-E (2-56) 

at every point in the medium. Let us substitute Eq. (2-55) in the fourth 
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differential law and also substitute Eq. (2-56) into Eq. (2-50). We have 

V ‘ eE p 

J n ^ P 

and V - (tE | ^ 0 

dt 


Combining this pair of equations leads to 


dp (T 


(2-57) 


Therefore, at any instant of time, the distribution of charge will! be 

P \ (2-5X) 

where p,, denotes the density at the time t 0. Both p and arc, in 
general, functions of position in the region. 

from Eq. (2-58) it is apparent that charge cannot exist permanently in 
the interior of a conducting region. Instead, an initial charge distribution 
will eventually dimmish at a rale fixed by the rclaxaiion time constant 


T -- - s (2-59) 

(1 

This IS the time in which the initial distribution of charge will dimmish to 1/c 
of Us original value. (That the unit of t is the second may easily be deduced 
from a simple dimensional analysis.) 

The physical implication of Eq. (2-58) is that any amount of charge, 
placed within a conducting body, must ultimately decay to zero at every 
point within the conductor. Since charge is La)nserved, the initial deploy- 
ment, no matter how arbitrary, will be followed instantaneously by an out- 
ward current flow, which will ultimately deposit the entire charge on the outer 
surface of the conductor. This process will be entirely independent of an 
applied field, if one is present. In the absence of an externally applied time- 
varying field, the transient phenomenon described by Eq. (2-58) will culminate 
in a surface distribution of charge which will give zero internal field. 

The rearrangement of charges within a conductor begins at the very 
instant of time when the charge is placed within. A measure of the time it 
takes for the migration of charges to be completed is provided by the value of 
the relaxation time t. In copper, this lime is 1 5 10 ''' sccomi; in silver, 
it is 1.3 ' second; in distilled water, it is 10 second. In direct 

contrast, r — 10 days in fused quartz In general, the better the conductor, 
the lower the value of r for that substance. 

Example 2-4 An Initially Charged Spherical Region. C onsider a conducting sphere 
of radius R surrounded by free space. The parameters of ihe sphere arc scalar 
constants t, //, and rr. The parameters of free space are, of course, /^o, and 0. 
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Assume that at / - 0 charge is distributed uniformly throughout the conducting 

sphere with a charge density We wish to find the current distribution inside the 
sphere and the electric field intensity vector both inside and outside the sphere as 
functions of position and time. 

Fust, we find the initial fields !>„, E*,, and Jo, which we shall define as the fields at 
t 0. Initially, the charge distribution is uniform and spherically symmetric. From 
the results of Example 2-1 it is clear that, for r R, 



Consequently, inside the sphere, 

J« 


and outside the sphere, 


E„ 


3e 




(jE„ 


3c 


Do 


P^R'-' 
'3r- “■ 


Eo 


•lo 


PoR^ . 
0 


Applying the equation of continuity for r R, wc obtain 

a 

— V ■ J® — ^ — — po r <-, R 

€ 

We (ind that (he rale of change of charge density is independent of/-, and hence the 
charge density remains umloim as requited by I q. (2-58). With this lesult we can 
write down the fields We have, for r /?, 


dp 

dt 


and for i R, 


i>- 






3e 


p^^(7re 




1) 

E 

J 


3r" 

a, 

3.„r^ 

0 


It IS also interesting to calculate the surface charge density on the sphere. Using 
the boundary condition, Fq. (IX), and the previous results, we obtain 


P- 



fj (afc)ty 
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Summarizing, the principle of conservation of charge states that charge 
can neither be created nor destroyed. This principle is tacitly implied by the 
field laws. 

Charge and current cannot be specified completely independently of 
each other. 

At every interior point of a linear, homogeneous, and isotropic con- 
ducting substance, there can never be a permanent distribution of charge. 


2.11 Power and Energy. One of the more spectacular properties of an 
electromagnetic field is its ability to transfer energy over long distances even 
in the absence of an intervening medium. No other form of energy can be 
transported even a short distance in the absence of a material medium. The 
power and energy aspects of electromagnetic fields arc implicitly contained 
in the field equations. To obtain explicit relations which display the energy 
and power behavior, we must manipulate the field equations properly and 
then examine the significance of the results. 

Wc begin with the vector identity, Eq. (1-S2), by applying it to the 
vectors E and H. We obtain 

V ■ (E X H) H • (y X E) E • (V X H) 


Substituting MaxwclTs equations 


V X E - 

dB 


(i) 

V X H .1 

dD 


(II) 

intd this idcntitv, we obtain 

dB 

V (ExII) H — 

di 

E - J 

dD 

(2-60) 

or V • (E X H) E ■ J i ( 

dD 

dBv 

(2-61) 


This equation is known as the differential farm of Poyntinfs theorem. 
Integrating over a volume T bounded by the closed surface H and applying 
the divergence theorem to the left-hand side of the equation, wc find 



r 

r / dD 

dB\ 

C) (E X H) • n c /<2 

) V 

J E Jdr 


"a?) 


This equation is known as the integral form of Foyntmfs theorem. By 
dimensional analysis it can be seen that each term in Poynting’s theorem is 
measured in newton-meters per second (N ■ m/s) joules per second (J/s) 
watts (W). That is to say, Poynting’s theorem is a power theorem, and 
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High-voltage spark ignited in a tank of water creates intense shock waves which can remove 
automatically the coating of manganese or copper — and possibly other metals — which is 
electrolytically deposited onto cathodes in metal refineries. {Courtesy of General Electric 
Company.) 

amounts to an electromagnetic statement of the principle of conservation of 
energy. We shall now give an interpretation of each term in Poynting’s 
theorem. 

The term on the left is the net inward flux of a vector, 

S - E X H W/m2 (2-63) 

into the volume V. Since this is the only such term in the equation, we 
interpret this term as the net total power delivered to the volume by outside 
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sources or fields. If the net inward flux is negative, we interpret it to mean 
that power is delivered from the volume lo outside sources, or fields. The 
vector S is called ihe Poynting rector, and is usually interpreted as being the 
actual power flow density at each point on the surface This gives rise to 
some subtle philosophical questions, but no practical dilHculties. 

The volume integral 

1*^ E • J dv (2-64) 

which for convection currents can be written 

I 

E • (p V, ■ p v_) ilr \ (2-65) 

is seen to represent the rale at which the electric field does work on the charges 
in r. This term may be positive or negative. If ptisilive, a nel amount of 
work per unit time is being dime by the field on the charges. If negative, a 
net amount of power is being transferred from the charges io the held. For 
example, if the volume contains only conducting material, J rxE, and 


E • J ilr 0 (2-66) 

and the integral represents the ohmic losses m the volume, that is. the 
ctmversion of electromagnetic energy into heat. A simple example of a case 
where this integral is negative occurs when f is the volume occupietl by a 
battery. In this case the integral represenis the rale of conversion of chemical 
energv into electric energy. More complex situations, particularly dynamic 
situations, will be more complicated than indicated by these simple examples, 
but m all cases the integral represenis the //ct rate of energy tiMnsfer from the 
field to the charges m the volume. 

Since the integral 


dD 


dH 


gp:.- H.-pdr ( 2 . 67 ) 

contains only the held vectors and their time derivatives, it is apparent that 
this term must be interpreted as the nel rate at which the energv m the 
volume IS increasing in the volume due to the electromagnetic held, fins 
becomes even more apparent when the relations ofD to E and of B to II arc 
both linear and the medium is isotropic. I or, in this case. 



dD 

~dt 


H 


dB 

~d't 


)* sii 


E 


H 


5D 

dB 

Tt 


E 


II 


d 

difE) 

dl 

d{,tH) 

dl 


r:~ 


1 dFd 

2 dl 

1 dip 



dr 


( 2 - 68 ) 


(2-69) 


(2-70) 


since 
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From our study of mechanics we know that power is the time rate of change 
of energy. Hence 

' ^*"1 * 

IS the total electromagnetic energy stored within the volume. The unit 
of IS the watt-sccond, or the joule. 

It IS customary to conclude from Eq. (2-71) that, throughout a linear and 
isotropic medium, electric energy is distributed with a density 
and magnetic energy is distributed with a density We hasten 

lo add that the notion of localized energy can be Justified only when regarded 
from a gross point of view. Also, the differential form of Poynling’s 
theorem, Eq. (2-61), may be regarded as an expression of the principle of 
conservation of energy at a point only from the macroscopic point of view, 
according lo which energy is distributed continuously throughout a volume, 
d'hese interpretations, like the interpretation of Poynting’s vector, lead to 
some philosophical di the Lillies, since it is hardly realistic for us to say nV/ere 
the energy is when we arc not even sure of its identity. However, the 
application of this intci prelation yields correct results for total energy (after 
iiileiiration). If we wish lo be careful and precise, we should say; Linear 
and isotropic media behave as though the energy uctc distributed in them 
with electric and magnetic energy densities of ii^ — and 

We may summarize by observing that Poynting’s theorem follows 
directly from the field equations and expresses the conservation of electro- 
magnetic energy in the form 

Net inward power imparted to rate of change 

power flow charges in the of energy 

through a \ olumc enclosed ’ stored in 

closed surface by the surface the volume 

2.12 Properties and Types of Fields- A substantial part of our efTort 
dnis I'ar has been devoted lo a discussion of accepted terminology and a 
general presentation of the laws which govern the behavior of electro- 
magnetic fields. We ha^'e developed fundamental ideas in a manner that 
transcends specific applications. But in order to proceed further, we must 
tirsl undertake a fairly complete study of special types of fields, beginning 
with the simplest and advancing to the more complex. We begin this 
approach in Chap. 3, and continue it systematically throughout the remainder 
of the text. This purpose can best be served by classifying fields according 
to their most dominant properties. 

Before beginning the field classification, let us observe a few features 
which are comiiion to all electromagnetic fields. 



84 


Ch.ip. 2 GENERAL PRINCIPLES 


First, wc note that every macroscopic field obeys Maxwell’s equations. 
These equations are linear; hence, if in a linear medium we superimpose two 
fields, each of which satisfies Maxwell’s equations, the combined field will 
also satisfy these equations. If, in addition, each field satisfies a set of 
boundary conditions, the sum of the two fields will satisfy the same set of 
boundary conditions. 

Second, in a bounded region, the solution of Maxwell’s equations is 
unique; that is, only one solution exists which satisfies a prescribed set of 
boundary conditions. This can be shown rigorously.t To obtain a unique 
solution in the general time-varying case, the following information is 
required: (1) the initial values of electric and magnetic field vectors through- 
out the region, and (2) the values of the tangential component of either the 
electric vector or of the magnetic vector over the boundary of the region at 
all instants of time t 0 . If the properties of the region are linear and 
isotropic, a solution of Maxwell’s equations satisfying these conditions is 
unique. In our study of special types ol' fields, we shall encounter several 
special forms (fi' this general uniqueness theorem. 

The primary classification of fields is based on their time dependence. 
Fields which do not change with time arc called static. 1 iclds which change 
with time arc called dynamic. This definition of dynamic fields, although 
seemingly precise, in reality is not. One almost immediately asks, how 
dynamic? Even this question requires a clarification, as indicated by the 
question, dynamic with respect to what? As a classification, dynamic fields 
are subdivided and called cjuasistatic if certain features of the field may be 
analyzed as though the field were static, and are called nme-varyim^ if the 
important properties of the field are not given by a static analysis. The 
distinction is clarified slightly below, and is discussed in detail in Chap. 1 I. 
A precise understanding of the distinction will not be required in the chapters 
preceding Chap 11. 

Static ficdds may be further classified into three types according to the 
nature of the sources and the properties of the regum m which the fields exist. 

If the source of field is purely a static distribution of charges, the field is 
called electrostatic. This field has several features which arc obvious, or 
they will become apparent in our discussion in Chap. 3 The outstanding 
features of an electrostatic field arc: 

1. The only nonzero field vectors are E and D. 

2. The field is conservative, that is, for any contour C, E • d\ 0. 

3. Conductors can have no internal electrostatic field, and they are therefore 
equipotentia! regions. 

t J. A. Stratton, “Electromagnetic Theory,” chap. 9, McGraw-Hill Book Company, 
New York, 1941. 
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If the source of the field is purely a static current distribution, and the 
region where the current distribution exists has a high enough conductivity 
so that the electric field intensity in the conducting region can be neglected, 
the field is called magnetostatic. The outstanding features of a magnetostatic 
field are: 

1. The only nonzero field vectors are B and H. 

2. The field is not conservative, but is soleuouiaL that is, for any surface 2 l], 
^ B ■ n - - 0. 

An electrostatic and a magnetostatic field are completely imcoupled. 
That is to say, each one can be determined completely independently of the 
other. 

If the sources of the field are time-independent currents, flowing in a 
conducting region whose conductivity is low enough so that the electric field 
intensity in the conducting region cannot be neglected, the field is called 
clcctroma^nctostatic. The outstanding features of an eleclromagnetostatic 
field are: 

1. Each field vector is nonzero. 

2. I'hc electric field is electrostatic, and the magnetic field is magnetostatic, 
hut the two fields are coupled together by the relation J — ./(E) in the 
conducting region. 

3. The electric field in the conducting region gives rise to a static charge 
distribution, usually on the surface of the conductors, which are the 
sources for the electrostatic fields. 

4. In (he analysis of an electromagnctostatic field, it is necessary, generally, 
to determine the electrostatic field first (sometimes only in the conducting 
region). After we have determined the electrostatic field, we can 
calculate the current density vector J, through J V(E), and then we 
can determine the magnetostatic field. 

Tune-varyifm fields have the following important characteristics: 

1. The electric and magnetic fields are always coupled. 

2. The coupling through J - 7(E) remains in conducting regions, but the 
significant additional coupling is through the time derivatives which 
appear in the field equations. 

3. The fields exhibit wave phenomena and a finite propagation velocity. 
These effects give rise to a time lag, called retardation. 

4. The field produces a power flow which can be intimately associated with 
the wave phenomena. This power flow may be guided by the material 
media present, or it may be radiated. Transmission lines of various kinds 
guide the power flow. Antennas radiate power. 
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Quasistatic fields arc those lime-varying fields for which the wave 
phenomena, propagation velocity, and time delay can be neglected. On this 
basis, remembering that the propagation velocity is always finite, it should 
be obvious that time-varying fields in infinite regions are nerer quasistatic and 
that all time-varying fields are quasistatic at a single point in space. Thus 
quasistalic must be defined on the basis of the size of the region in relation to 
the rate of change with time and the propagation velocity. Quasistatic 
fields arc discussed extensively in Chap. 11. At that time, the significance 
of the above definition of quasistatic should become clear. 

Example 2-5 Charged Parallel Plates. As an example of a formal' application ol 
Maxwell's equations and the boundaiy conditions, let us determine t'jie held of two 
equal and opposite distributions of charge on the surlaccs ol two parallel (.onduLting 
plates, tor simplicity, v\c shall assume that the plates aie m bee spaLC 

We shall make the lurther simphlymg assumptk)n that hinging may be ncgicsted 
Jn mathematiLal language, this means that, with rclerence to 1 ig 2-^L/, djd\ and (>ld: 
arc equal to zero. 

Let a and h be the dimensions of each plate, and d then distaiKc of sepaialion 
Let p, be the density of surlase chaigc on the lop plate, and p the Llensii\ on the 
low'ci plate .Since the charges are sl.iiionaiy, the icsullmg held is independent ol 
lime, and J 0 I he din'eienlial laws at a point not on the plales, consequeiitK , 
reduce to the simplei loims 

V X r. 0 (2-72) 

V X If 0 (2-72) 

V-B 0 (2-74) 

V • I) 0 (2-75) 

We may eliminate tvso of the foui field sectors bv intiodLicmg the conslitulise lelaiioiiN 

I) B 11 J I 

Since e„ ^^rid //„ arc both ».onstanis, I.qs (2-74) and (2-75) ma\ be leplaced, lespeclisels , 
by 

V • 1 1 0 

V ■ l<: 0 

'thus E must satisfy the pair 

V X J. 0 V ■ \: 0 

and H must satisfy the similar pair 

V X If 0 V . If 0 

Since the equations m K and If are uncoupled, we shall deal with the E field liisi 
Using the definitions of curl and disergence, and remembering the hypothesis 
d/dy djdz 0, we expand the field equations m E to obtain 

„ dL, dEy 

From V x E 0. a„ a. 0 (2-7( ) 

dx "dx 


From V ■ E 0: 


dx 


0 


(2-77; 
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Ficjdrf 2-9. The field between two charged plates, (a) Uniform charge distri- 
bution; {h) application of Gauss’ law; (c) nonuniform charge distribution; (d) guard 
ring. 
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E'rom Eq. (2-76) we conclude that both and Ey must be constants independent of 
X, y, and z. However, the boundary conditions require that they should both vanish 
on the conducting plates; otherwise the continuity of tangential E would require the 
existence of an E held within the conducting plates. I'his E held in turn would exert 
a Lorentz force on the charges, causing them to move, contrary to the assumed 
stationary character of the charge distribution. We see that this condition may be 
satisfied only if we set 

/;„ E, 0 

On the other hand, from Eq. (2-77) we conclude that 

Ej. constant C 

To evaluate the constant C, we calculate 

t,,/ X ' toC 

and recall the boundary condition 

n.(D, DO p, (IX) 

Let us consider the uppci plate, which we denote medium 1 . If medium 2 is the space 
between the plates, the unit normal to the upper plate will point downward, as shown 
in Fig 2-9a. Since E, is zero, D, in Lq (IX) is zero. With n Uj., Eq (IX) gives 

• ■ Ur ■ Ps 

Therefore Dj. - 


The same result would be obtained by repeating the procedure for the lower plate. 
Therefore 

c 

and at any point between the plates 



€() 


(2-7S) 


The same formal procedure can be used to obtain the H held. The student will 
verify that, since there are no currents anywhere, the result is If 0, cvci^where. 

The same problem may he solved by a totally dilTcrcnl and much casici approach. 
Let us imagine that the upper conducting plate is completely surrounded by a surface 
2], in the form of a parallelepiped whose top and bottom sides arc paiallcT to the plates. 
This IS shown in I ig. 2-96. According to Ciauss’ law for the electric held. 



(4) 


Because fringing is neglected, the top and vertical sides of the parallelepiped contribute 
nothing to the left member of this equation. Moreover, since djdy d/dz 0, I) is 
the same at every point in the space between plates We have no a prion knowledge 
about the direction of D. Let us assume, however, that it is downward, as indicated 
in Fig. 2-96. The algebraic sign of D will ultimately establish the actual diiecTion. 
Since p, is constant, Eq. (4) now gives 


—abDj. ~ abpn 
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from which we obtain Dj p,. lienee the displacement vector between plates is 
given by 

D P 


and the electric field intensity vector is given by 


K - D 




This IS obviously in complete agreement with hq. (2-78). 

It is important to note that when a system of charges is placed on a pair of 
conducting surlaces, such as those of I ig. 2-9£;, they do not distribute themselves 
uniformly. Fringing will occur, as indicated in Fig 2-9r, although the field will be 
mucli weaker outside the region bounded by the plates. A good approximation to 
the umform field depicted in f ig. 2-^)a may be obtained by making both a and h much 
larger than d, or by i^uard-nni^ arrangement shown in I ig 2-^d. 

1 or completeness, let us finally calculate the total energy stored m the field. 

Fcjuation (2-78) shows that the magnitude of the electric field is II — p,Icq. 
Therefore the electric energy density is 


'=eo/:^ 




Since 11 , IS independent of the space coordinates, the total energy stored in the field 
is given by 


IF - 


1 - 


M ^ dr 



24 


abd 


Wc may summarize this section by stating that eleclromagnetic fields 
are classified as static or limc-depcndent and that each of these classifications 
IS further subdivided according to the nature of the sources, the charac- 
teristics t)f the region, and/or other dominant characteristics of situations 
which prevail. The various types of fields arc studied in detail in the 
remainder of this text. 


2.13 Electromagnetic Potentials. Maxwell’s equations contain the four 
vector fields O, E, B, and H and the two source fields J and p. The four 
field equations, together with the subsidiary equations B ^(H), D -- /^(E), 
J ^(E), appear mathematically to provide sufficient information so that 
any of the field vcclors may be expressed in terms of J and p. This is indeed 
true. In fact, Maxwell’s equations state that, given complete information 
about J and p, and given the subsidiary relations everywhere, all the field 
vectors are uniquely determined everywhere. 

The above problem, although straightforward in concept, is sometimes 
complicated in application. Searching for alternative (and hopefully, in 
some cases, less complicated) approaches to the problem has led to the idea 
of electromagnetic potentials. The question to be answered is this: Can 
we define a vector field A and a scalar field (/>t in such a manner that we can 

t This scalar field, <f>, is to be distinguished from the coordinate (p throughout the text. 
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first determine A and </» from a knowledge of J and p and then calculate the 
field vectors D, E, B, and H from A and (f>l The answer to this question, of 
course, is yes, since it only really asks whether we can separate the original 
problem into two parts, one of which is to find the part of the vector fields 
caused by current distributions and, separately, to find the part of the vector 
fields caused by charge distributions. The linearity of Maxwell’s equations 
allows us to superimpose the two partial solutions in this manner. The 
functions A and (/> arc called electromagnetic potentials. Use of electro- 
magnetic potentials is of particular advantage in linear, homogeneous, and 
isotropic regions. For this reason, our derivation and definition* of them 
will be restricted to such regions. ' 

To begin our derivation, we need Maxwell’s equations and several items 
from vector calculus. First, recall that Helmholtz’s theorem states that both 
the curl and the divergence must be given for a vector. Also note that a 
scalar can be specified to within an additive constant by giving its gradient. 
Recall also the vector identities 


V ■ (V X A) 0 
V xSIcfy 0 

Now, from Maxwell’s equation, 

V . B 0 

we see that we can define V x A as 

B V X A 

and still satisfy V • B V • (V x A) 0. 

Next, we substitute Eq. (2-79) into Eq. (I), We obtain 

d 

V X E — (V X A) 


(1-69) 

(1-70) 

(HI) 

(2-79) 


Since time dilTercntiation and the curl operation arc commutative, this can 
be rewritten 


V X 



0 


(2-SO) 


In view of Eq. (1-70) above, the quantity within parentheses in Eq. (2-SO) 
may be equated to the gradient of some scalar, and be within an additive 
vector whose curl vanishes; that is, we may write 

E I ^ (2-81) 

dt 

and neglect the additive vector because it can always be lumped in with Vc/). 
The negative sign is arbitrary, and is chosen foi convenience. 
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We have now defined V x A and V0. Also, we have the rules by which 
B and E may be calculated from A and (f). These rules are 


B = V X A 


(2-82) 


and since we are restricting ourselves to linear, homogeneous, and isotropic 
media, we also have 

H = - (V X A) 

fi 


D - -h ~ 

\ Of 


We still need to define V • A, and we need to obtain the equations which 
give the relations between A and J and between (/> and p. To accomplish 
both of these objectives, we write Maxwell’s equations (II) and (IV) in terms 
of the potentials and obtain 

V X V X A -I- /-eV ^ I- fi€ ^ -■ //J (2-83) 


-f V 


(2-84) 


We now define V • A as 


This is often called ihe Lorentz comlition, or the Lorentz gau<^e. Using this 
definition, we obtain 

a-A 

V X V X A - \7(V • A) ! //e - jliJ 

1 

and V-<A - //e — - - - p 

These iwo equations ean be put in a symmetrical form by using the vector 
identity 

V X V X A V(V . A) - V-A 


to obtain 


WA - ftt 




(2-87) 


From Eqs. (2-86) and (2-87) it is apparent that <f) and each of the three 
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rectangular components of A are solutions of partial differential equations 
with identical analytical forms. This facilitates the analysis of electro- 
magnetic problems considerably because the general solution of one equation 
automatically leads to the general solution of the remaining three. 

From the foregoing development it is clear that the problem of obtaining 
solutions of Maxwell’s equations is reduced to an equivalent problem of 
obtaining solutions of Eqs. (2-86) and (2-87). When the right member is 
zero, each of the four scalar equations assumes the form of the w ave equation 

; ( 2 - 88 ) 

where y) represents either (/> or any one of the rectangular componints of A. 
When the potentials are independent of time, Eq. (2-87) reduces to Poisson's 
equation 

- -- P (2-89) 

6 

which in turn simplifies to Laplace's equation 

- 0 (2-90) 

when a region is free of charge. We shall encounter these equations quite 

frequently in our study of electromagnetic fields. 

The functions A and (/> are called the potentials of a field, A being the 
vector potential and the scalar potential. The unit of A is the weber per 
meter, and the unit of </> is the volt, as can easily be deduced from Eqs. (2-79) 
and (2-82), respectively. The difference in the functional values o['(/> at two 
points in space is precisely what is defined in circuit theory as potential 
difl'erence between two points. The limitations involved in this definition 
are pointed out in Chap. 11. 


Example 2-6 Potential Distribution between Two Charged Parallel Plates. Lcl us 

illustrate the use of potentials in the solution of the problem considered in Example 
2-5. Since the region between the plates is assumed to be fice space, Laplace's 
equation 




dx^ ^ dy^ ^ dz'^ 


applies, and under the assumption of negligible fringing, this equation simplifies to 



The general solution of this ordinary difTercnlial equation is given by 

(f> — CiX -f C-i 



See. 2.13 ELECTROMAGNETIC POTENTIALS 


93 


where Cj and Ca arc constants which must be evaluated from a knowledge of boundary 
conditions. We know that a surface distribution of charge p, exists on the plate at 
X - r/, while an equal and opposite distribution of charge exists on the plate at x -- 0. 
Since charge marks a discontinuity of the field vector D, an expression for D must be 
obtained from the known functional expression for (f> Thus, from Eq. (2-82), with 
dAfdt - 0, we have 

dih 

E — - V</j ^ - — aj. — 

dx 


Using D - €oE, wc obtain 
From the boundary condition 


O ■ eoCiajp 

n - (IX - 1),) p, 


(IX) 


noting that, at .v - r/, - 0 and n — — a^., we find 

' ( ^o^l^j) — Pa 

f rom this it follows that - p,/eo and that 


D = — p ,a , 

E 


These answers are precisely the same as those obtained in Example 2-5. Oddly 
cnougli, tlie function is knovvn cmly to within an additive constant, because the 
constant is still unknown. Thus 

I t 

9 — — A' - 1 C 2 


Flowever, the constant of integration can be evaluated by choosing arhittarily a 
reference level for 0 This is analogous to choosing the surface of the earth as 
a reference IcN el, or a datum plane, foi specifying the potential energy of a body lifted 
a certain distance above the surface. 

The zero level for ff> is usually taken tc^ be at the point at infinity. But in this 
problem it is found more convenient to assign zero as the potential of the lower plate. 
Both plates must be at constant potentials because a potential which changes from 
point to point gives rise to a nonzero electric field 

E -- 

which in turn sets charges in motion in a conductor. This contradicts the assumption 
of static charge distributions on both plates. Thus the lower plate must be at a 
certain constant pc>tcntial, and the upper plate must be at some other fixed potential. 
In accordance with our (arbitrary) choice of 0 - 0 at the lower plate, we have 

0 4, ~ ^ (0) + Cj 


which gives Cg = 0. Therefore 



is the required solution. It is seen that sit x ^ d. 
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Note that this field can be set up by connecting a battery of V volts across 

the parallel plates, with the positive terminal tied to the upper plate and the neg- 
ative terminal connected to Wxq rounded lower plate. ^ rounding implies fixing a 

zero reference level for the scalar potential 

To summarize, the solution of Maxwell’s equations is often simplified 
by formulating an equivalent problem in the vector and scalar potentials. 
Subject to the Lorentz gauge, these potentials are solutions of a pair of 
equations, being derivable from Maxwell’s equations only when the medium 
is linear, homogeneous, and isotropic. 


2.14 The Development of the Present System of Electromagnetic 
Units. Many different physical quantities arc governed by the laws ot‘ 
physics. Force, velocity, volume, momcnlum, and energy are different 
physical quantities, as are length, mass, and time. It is accepted convention 
to treat the latter three as fundamental quantities and use the laws of physics 
to express all other physical quantities in terms of these fundamental quan- 
tities. An example is force, expressed as A/Z./T-, where L. and T 
represent mass, length, and time, respectively. 

We have grown accustomed to learning that mass, length, and time are 
fundamental quantities, and ol'ten do not realize that any other three physical 
quantities could have been chosen as fundamental. The mam reasim that 
mass, length, and time were taken as fundamental was that to do so created 
a simple, consistent system with accurately reproducible standard units. 

The student is invited to pick three quantities, derive his own system, 
and see how unwieldy the derived units may become (Prob. 2-21). 

In the field of mechanics, two systems of units are quite popular, the 
cgs and the mks systems. The units in these systems for length, mass, and 
time are centimeter, gram, and second and meter, kilogram, and second, 
respectively. 

Since the inception of electromagnetics as a discipline within its own 
right, various systems of units, based upon the three accepted fundamental 
quantities and one other quantity, which vanes with each particular system, 
have been used to measure the quantities mentioned earlier in this text. 

The mksa system Since J948 the internationally accepted system of 
electromagnetic standards has been the meter, the kilogram, the second, and 
the absolute ampere (adopted by the Ninth General Conference on Weights 
and Measures). The absolute ampere is defined as that current which, when 
flowing in each of two infinitely long parallel wires of negligible cross- 
sectional area, separated by a distance of I m in vacuum, causes a transverse 
force per unit length of 2 10 ’ N/m to act between the wires. Thus the 

absolute ampere is a derived quantity in terms of mechanical quantities. 
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The niksa system is an extension of the mechanical mks system to the 
electromagnetic domain by introducing one more fundamental unit, current. 
Jn this system of units the fundamental units arc 

Length (L) ^ meter 

Mass (M) kilogram 

Time {T) — second 

Current (7) ampere 

The ampere is selected as the fourth fundamental unit because it is a conveni- 
ent size for practical applications and because of the case in standardization 
of Its measurement. 

Next, charge is defined as the integral of the current, and therefore the 
units of charge are ampere time, which is defined as coulombs. 

The mksc systeinf In this system, charge is taken as the fourth 
fundamental c|uantity. The lundamental unit for charge is the coulomb, 
and may be defined to be 6.24 10*’’ times the charge of one electron. 

Current, then, is the rate ol' flow of charge, and an ampere is equal to 1 C/s. 

Rationalized units If Maxwell's equations were expressed in the mksa 
or the mksc forms, they would have factors of 4/7 present in various places. 
The process which eliminates 477 from Maxwell’s equations is called rational- 
ization. In a rationalized system, //„ has a value of 477 times its value in 
the imralionalized system, and has a value of {77 times its value in the 
unrationalized system. By rationalizing in this manner, the formula relating 
//y, t„, and the speed of light remains the same in both systems. 

It may be noted here that the rmksc system is the most popular among 
electrical ct igii i eers . 

The cgs esn system The cgs esu (electrostatic unit) system uses the 
three mechanical units of the cgs system as fundamental units and as the 
fourth fundamental unit. 

is set equal to unity (dimensionless), and then all electromagnetic 
variables are expressed in terms of centimeters, grams, and seconds. It is 
permissible to set 1 since the fundamental units of are arbitrary. 

t The units tor physical qiiantilies which are used in ihis text follow in ihc main the 
Inlcrnalional System (Appendix 1). Dclincd and given o/ficial .status m a resolution of 
the rilevcnlh General Conference on Weights and Measures at a I960 Pans meeting, the 
Inlernalional System of Units has also been adopted by the National Bureau of Standards. 
I or a complete discussion, .sec C. H. Page et al., IEEE Recommended Practice for Units 
in Published Scientific and Technical Work, ILET Spectrum, vol. 3, no. 3, pp. 169-173, 
March, 1966. 
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Thus the fundamental units are 

Length (L) -= centimeter 
Mass (M) — gram 
Time {T) =- second 

€q 1 (dimensionless) 

The selection of the magnitude and units of the electric permittivity 
IS the principal characteristic of the cgs esu system. 

Derived units have the same names as in the rmksc systemj except for 
diStat- prefixed to these names. For example, voltage is measuredyn statvolts 
(299.79 V), and current is measured in statamperes (3.356 > 10 A). The 

unit of charge is the statcoulomb and has the (strange) damensions 
cm'^/ 2 . gi/ 2 . g-i Interestingly, capacitance has the dimensions of centi- 
meters. The unit of charge is obtained from the following experiment. 
Two charges of equal magnitude and sign are placed 1 cm apart. If the force 
on each charge is one dyne (1 dyne -- 1 g • cm ■ s “), then each charge has a 
magnitude of 1 statC. 

The cgs emu system The cgs emu (electromagnetic unit) system also 
uses the three mechanical units of the cgs system as three fundamental units, 
but jliq is chosen as the fourth fundamental unit. For simplicity, the magnetic 
permeability /Vq is given a value of unity with no dimensions. The funda- 
mental units are 

Length (L) — centimeter 
Mass (M) ^-= gram 
Time (T) second 

— 1 (dimensionless) 

The choice of is the distinguishing feature of this system of units. 
Again, all electromagnetic variables are defined in terms of centimeters, 
grams, and seconds. Potential is named abvolts (10 ^ V); current, abamperes 
(10 A); and resistance abohm. A unit of current is defined as the current 
that must pass through two infinitely long wires, separated by 1 cm, to 
produce a force of 1 dyne on each wire if equal currents flowthrough the wires. 

Gaussian system The gaussian system uses five fundamental units: 

Length (L) centimeter 
Mass (A/) — gram 
Time (T) = second 

€o ^ 1 (dimensionless) 
fjiQ = 1 (dimensionless) 
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Since /io, (the speed of light in free space) cannot all be specified 

independently, extra constants must be introduced into Maxwell’s equations 
to make them dimensionally correct. 

The chief advantage of this system is that fundamental equations do not 
have e,/s and contained in them. 


2.151 Electromagnetic Characterization of a Medium.:|: In stating 
Maxwell’s equations, we asserted that the comparatively simple relations 

D - /)(E) 

B - ^(H) (2-91) 

J ^ J(i:) 

were valid and were sufficient to complete the description of the interrelations 
between the field quantities E, B, D, H, J, and p. This section presents a 
heuristic argument showing that this assertion is indeed correct. 

Wc begin by taking the divergence of both sides of Eq. (I). 

V.(V X E)- (2-92) 

By virtue of Eq. (1-69), the left-hand side of this equation vanishes identically. 
The resulting expression 

d 

^(V-B) - 0 (2-93) 

ot 

implies that the scalar quantity V • B is independent of time at every point in 
space; that is, it depends only on the space coordinates. This means that 
the field must have always been in existence, is now in existence, and will 
continue in existence forever, contrary to physical reality, unless of course 

V - B - 0 (III) 

at every point in space and for every instant of time. Wc have thus dis- 
covered, much to our surprise perhaps, that if we accept the basic premise 
that every time-varying field currently in existence was first established in the 
finite past, wc can derive Eq. (Ill) from Eq. (I) using straightforward mathe- 
matical techniques. Stated differently, we have discovered that, of the four 

1 This scclion may be omitted with no loss in continuity. 

t D. T. Pans, Maxwell’s Equations and Determinate Systems, Am. J. Phys., vol. 34, pp. 
618-619, July, 1966. 
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Maxwell equations, not more than three can possibly be independent when 
fields arc dependent on time. On the other hand, the statement ofan electro- 
magnetic problem in general may not include a complete specification of the 
sources; instead, the field itself may be specified over a limited region of 
space, and the problem is then to determine the field everywhere else. This 
means that not only E, B, D, and H are to be determined from Maxwell’s 
equations, but also J and p, giving a total of six unknowns to be obtained 
from a set of three equations. Evidently, a unique solution is not at all 
possible. We conclude that Maxwell's equations must be suppljemented by 
at least three additional relations that result in a system of eqiialions which 
can be solved uniquely. \ 

Second, the first and third field equations involve only E and Jj, and the 
remaining two involve only D and H. It appears, then, that no coupling 
exists between the twe^ pairs of equations and that an electromagnetic field 
is not one single field but a superposition of two simpler fields. However, 
all available experimental evidence suggests that there exists but one field. 
Therefore, to be consistent with experiment, our mathematical model (field 
equations) must imply the existence of but a single field. 

Third, Maxwell's equations do not show' explicit dependence efi' fields 
upon the physical constitution of a medium. This is contrary to our every- 
day experience. We saw' earlier, i'or instance, that an electromagnetic field 
exhibits a definite dependence on the physical properties of a medium. 
Therefore we must find a means stmiehow to introduce such properties as 
may afTect a field m the definition of our discipline. In other words, we 
must ullimatciv be able to charactenze, or Icihcl^ or nlcnfijv media according 
to fheir electromagnetic behavior. 

f ourth, although the integral laws permit us lo establish the transition of 
certain field components at the interface between two media, they do not 
enable us to predict the behavior of all of them. Specifically, they do noi 
enable us to predict the behavior of the normal components of E and \\ at a 
boundary, nor that of the tangential ccuriponents of B and D. It is clear that 
further conditions must be imposed if we expect to write boundary condilnuis 
for y:^, //„, and D,. 

Granted, then, that Maxwell's equations do not (and well they should 
not) show explicit dependence of the field laws upi)n the physical cimstitution 
of a medium, our problem is, from a purely axiomatic point of view, one of 
identification or characterization • to arrive at a sitp^lc model oj mimmum 
complexity which rcjlects completely the electromagnetic heharior of matter 
under all possible conditions of excitation. Granted also that, between the 
six quantities E, B, D, H, J, and p. Maxwell's equations impose but three 
independent relations (m the time-varying case at least), this model must 
enable us to write three additional relations which reflect the local inler- 
actions between fields and matter and which, together with three independent 
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field equations, constitute a mathematically determinate system. This same 
model must also enable us to establish 

] . The transition of the normal components ofE and H and of the tangential 
components of B and D across the surface separating two media (this 
information is generally not included under the classical heading of 
boundary conditions) 

2. A coupling between a pair of seemingly disjointed pairs of equations 
(E and B appear only in two Maxwell equations, while D, H, J, and p 
appear in the other two) 

3. Relations among various field quantities the general validity of which is 
not contingent upon the character of the field variations with time 

It is clear, then, that in order to establish mathematically the constraining 
ctfects of a substance upon a field, three constitutive relations of the general 
form 

G,(E,B,D,H,J,p) - 0 

r;,(E,B,D,H,J,p) - 0 (2-94) 

6 VE,B,D,H,J,p) - 0 

must be derived which express any three field quantities in terms of the other 
three without resorting to Maxwell's equations, and which, furthermore, 
satisfy the following requirements: 

1. Each relation is strictly local; that is, it does not involve derivatives with 
respect to the space coordinates or time. 

2. Each relation is valid under static as well as dynamic conditions. 

3. Each relation is independent of the other two relations and is also inde- 
pendent ol' Maxwell's equations. Since it is our aim to construct a model 
possessing maximum simplicity, any duplication of information already 
contained m Maxwell's equations is to be avoided. 

Though not shown explicitly in Eqs. (2-94), the functions G], and 
arc dependent upon other parameters, such as temperature. Mowever, 
it IS easy to sec that the generality of our discussion will not be affected 
significantly if we disregard altogether all such side dependences. On the 
other hand, the foregoing triplet of relations is quite general from another 
point of' view, in that it does not preclude the possibility of describing an 
arbitrary interaction between fields and matter. 

Now, a glance at Maxwell's equations reveals at once that the following 
relations exist : 

1. A direct coupling between the vectors E and B [Eq. (I)]. This coupling 
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disappears, however, when the derivative of the field quantities with re- 
spect to time is identically equal to zero. 

2. Explicit relations between the vectors H, J, and D [Eq. (II)]. However, 
when a field is stationary with time, the vector D is not coupled either to 
H or to J. 

3. A direct coupling between D and p [Eq. (IV)] which exists under static as 
well as dynamic conditions. 


In addition, by virtue of the principle of conservation of ch^irge. 


V • J 


1^-0 


(2-95) 


a relation is seen to exist in the dynamic case between the quantities J and p. 
We conclude that the pairs of variables 

(E,B) (D,H) (D,J) (D,p) (H,J) (H,p) (J,p) (2-96) 

ought not to appear simultaneously as independent variables in an\ one of the 
functions G,, G.^, or G 3 . This in turn implies that each function can depend 
at most on two field quantities; in fact, each function can depend only on one 
of the pairs 

(E,D) (E,H) (E,J) (E,p) (B,D) (B,H) (B,J) (B,p) 

(2-97) 

Thus we see that eight pairs of independent variables arc admissible. Now', 
to show that only three of these meet all the requirements set forth initially, 
we must appeal to further evidence. 

The Lorentz force density expression, Eq. (V), written, with J py 
(Sec. 2.8), 

f - pE + J X B (2-98) 

and the behavior of fields in the stationary state provide the clues we need for 
this purpose. Thus, if charges are stationary, v 0, then J 0 and f 
pE, and this is true for time-varying as well as for lime-independent fields. 
So E and p are always related to each other. Since, as noted earlier, D and p 
are also related to each other, it follows that E, D, and p always together. 
Similar reasoning leads us to conclude that B, H, and J always go together. 

Thus one admissible pair of variables is either (E,D) or (E,p). How- 
ever, since G|, G 2 , and G^ should involve no space and time derivatives, it 
follows that no relation can possibly be written between E (effect) and p 
(cause) which does not violate Maxwell’s equations. Hence the variables 
(E,D) constitute one appropriate pair of variables which may be used to 
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Iraiisform, for exiimple, the first of Eqs. (2-93) to 

Gi(E,D) - 0 (2-99) 

or to a so-called constitutive relation 

D - D(E) (2-100) 

For the same reasons, the pair (B,/>) is also eliminated from further 
consideration, leaving only 

(E,H) (E,J) (B,D) (B,H) (B,J) (2-101) 

as admissible pairs. 

It was suggested earlier that E, D, and p as a group are completely 
decoupled from B, H, and J under time-independent conditions. One 
exception does occur, however, in the case of the variables E and J. Ac- 
cording lo the Lorent/ force density expression, an arbitrary distribution of 
free cliarge, initially at rest, will always move under the influence of an applied 
electric liekl. Obviously, this motion is alTecled by the properties of the 
material substances present. This demands a relation between E and J which 
may be expressed as 

G.,(E,J) - 0 (2-102) 

or m accepted notation, 

J y(E) (2-103) 

This is a second constitutive relation. 

Of the remaining pairs 

(E,H) (B,D) (B,H) (B,J) (2-104) 

the lirst and second may be eliminated at once because of the decoupling 
which occurs in the time-independent case (see Maxwell's equations). The 
fourth pair needs further discussion. 

It is true that the Lorentz force density expression shows that B and J 
tfo together. But in contrast to the electric field case, an arbitrary distri- 
bution of free charge, which is initially stationary, cannot be set in motion by 
an applied B field. Furihermore, no relation can possibly be written between 
B (elTcct) and J (cause) which does not violate Maxwell’s equations. There- 
fore, eliminating (B,J) as an admissible pair leads to the final conclusion that 
(B,H) is the required third pair of variables, in terms of which we write 

6VB,H)-0 (2-105) 

or in accepted notation, 

B - BiH) (2-106) 

This is a third (and last) constitutive relation. 
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We may give further justification for Eqs. (2-100), (2-103), and (2-106) 
from yet another point of view. We recall that Poynting’s theorem 

- ^ (E xH)-n (la ^ E ■ J dv |- [ (e • 


is a direct consequence of Maxwell's equations. Figuratively speaking, this 
equation expresses the whole, namely, the total power entering a closed 
surface 2], as the sum oj its parts; that is, it describes mathematically the 
disposition of the total power ! 

P.,. -(|) (E X H)-nr/a \ (2-108) 

Within the \olume V. In particular, it suggests that in the stationary regime, 
namely, when d/dt 0, 

(|) (E X H) • n </a (2-109) 

We sec, then, that in this case E and J combine to give the total power 
delivered to the medium surrounded by li. Whether it is ci’msumed or 
generated depends exclusively on the electromagnetic character of the medium. 
Hence it is reasonable to surmise that, if we agree that in t)rder to characteri/e 
a substance elcctromagnclically we need to write relations among six held 
quantities, then we must write vuic such relation between E and J. A general 
form of such a relation, which is also independent of time, is the relation 
expressed by Eq. (2-103), and constitutes an obvious choice. 

Carrying on the same sort of reasoning to the other terms in the right 
member of Eq. (2-107), we soon discover that if wc w ant a simple model, we 
should write relations between E and D. B and H, and J and E. This is 
precisely what we have accomplished by writing Eqs. (2-100), (2-103), and 
(2-106). 

Note that the right member of Eq. (2-107) contains exactly three terms 
This is an astonishing coincidence because, as v\e saw earlier, the number ot 
equations we needed to render the system of Maxwell's equations determinaic 
was also three! Thus Poyntmg's theorem reveals the same kind o\' together- 
ness between D and E, B and H, and J and E. 

To clarify this picture further, let us draw an analogy from mechanics. 
Let us write the power delivered by a force applied to a moving body: 


P F ■ V 



ilv dz 

F — \ r — 

'' dt dt 


( 2 - 110 ) 


Employing arguments similar to lho.se used in the electromagnetic case, wc 
might suspect that F^ depends on .v, F^ on \\ and /% on z. That this is the 
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case is guaranteed by the relation F — ma, which implies that 


d\x 

f 




d\v 

d? 


F. 


m 


d^z 


( 2 - 111 ) 


and we see at once the analogy of this problem to the electromagnetic problem. 

As a parallel illustration of the general modeling problem, let us consider 
the case of a device such as a transistor. As shown in Chap. 1 1, network 
theory is an extreme simplification of electromagnetic field theory. In the 
case of the transistor, network theory predicts that the circuit external to the 
transistor can impose at most two independent constraints. Hence only two 
independent equations can be written in terms of the four terminal transistor 
variables (two voltages and two currents) if the contents of the black box, 
namely, the transistor itself, are neglected altogether. Therel'ore, lor this 
problem to be made mathematically determinate, it is obvious that two 
additional relations must be written that descibe completely the way in which 
the device itself affects the overall performance of the circuit. Specifically, if 
the effects of environment and frequency are neglected and the quiescent 
point of operation is rigidly fixed, transistor behavior in the circuit under 
small-signal low-frequency conditions is predictable by a set ol' four param- 
elcrs that can be measured in the laboratory. It is important to notice that 
these four parameters suffice to give a complete description of the transistor 
under the conditions cited, and thus serve as a convenient and practical 
means of identification. It is also important to notice that although the 
definition of each of the four parameters is made in terms of three terminal 
variables only, the overall behavior of the device is affected by all four. 

Summarizing, we have shown that the presence of material substances 
imposes three additional constraints among the six field quantities. Together 
with three independent Maxwell equations, the so-called constitutive relations 
of a medium, 

D D(E) B B{U) J-J{E) 


comprise a set of six relations among exactly six variables, thus admitting a 
unique solution to the general problem in electromagnetics. 


2.16 Summary. This chapter was devoted to the formulation of electro- 
magnetics as a discipline. We have dealt with semantics, presented the laws 
of the discipline, and discussed m generalities some aspects of electromagnetic 
fields and the sequence in which these fields are to be studied. Let us now 
pause to summarize our presentation. 

To begin with, we state that our presentation is axiomatic. This, how- 
ever, presents no particular obstacles. The development of electromagnetics 
as a discipline has taxed the experimental and intellectual skills of many 
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brilliant pioneers in the field. Acknowledging their remarkable feats, we 
wish, nevertheless, not to retrace their footsteps, but to draw upon their 
experience in an effort to learn, to understand, to use, and possibly to advance 
the discipline to still higher levels. So we have chosen to accept without 
proof the validity of certain mathematical relations, which we call Maxwell’s 
equations and the Lorcnlz force law, taking comfort in the fact that these 
relations do correspond to physical reality, substantiating proof being re- 
peatedly provided by the many experiments which have been perftirmed in 
the past and are being continued today. j 

We literally borrow from mechanics the fundamental concepils of mass, 
length, and time. To these fundamental concepts, we add a fourth one - 
electric charge. We regard the existence of charge as an established fact, 
although charge has ne\cr been seen by the naked eye. In so doing, we do 
not make an attempt to define charge verbally or to arrive at the unit of 
charge by some logical procedure. Instead, we observe that charge manifests 
itself as a force beyond the range of mechanics, and axiornatically assign to it 
the coulomb (in the inks system) as a unit. 

We then observe that the totality of values assumed at different points in 
a region by the forces attributed to charges at rest and/or in motion ct)nslitutes 
an electromagnetic field; in abstract terms an electromagnetic field may be 
regarded as the domain of four vectors: 


E — electric field intensity vector (volts per meter) 

B — magnetic flux density vector (webers per meter squared) 

D ^ electric flux density (or displacement) vector (coulombs per meter 
squared) 

H magnetic field intensity (amperes per meter) 


Relations between these vectors and the sources (distributions of charges 
and currents) of the field exist and are expressed by Maxwell’s equations 
(field laws), which as a group constitute our first fundamental postulate; 


Faraday’s Law 


(|) E • (/I 4 I B • n Ja 

Jr dtjs 


Generalized Form of Ampere's Circuital Law 

^ i’nda • -^-^ D-nda 
Gauss’ Law for the Magnetic I'lcld 

B • n da 


( 1 ) 


( 2 ) 


I 


0 
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Gauss’ Law for the Electric Field 

p dv (4) 

where p — charge density, C/m^ 

J - current density, A/m^ 

The field laws are valid for every surface S bounded by a closed contour C 
and for every volume V surrounded by a closed surface S. On the other 
hand, Maxwell’s equations, while containing all electrodynamics, do not 
define all four field vectors — they merely define their interrelationships. A 
complete definition of all four field vectors is made possible only when a 
second fundamental postulate — the Lorentz force density relation — is intro- 
duced to complement Maxwell’s equations: 

f clr II /)(E f V X B) cir N (5) 

Between the six field quantities E, B, D, H, J, and p, there are but three 
independent field relations, and further conditions must be imposed if the 
system is to be made determinate. These conditions are constraints imposed 
by the medium in the form of macroscopic constitutive relations, 

D D{E) B-B(H) J-y(E) 

which, for linear and isotropic media, reduce to 

D - eE B - /iH J — (tE 

and thus serve to define the macroscopic parameters of the medium e (or 
Xp). fi (or xJ, and a. 

The integral laws describe the properties of fields from the gross point of 
view. Consequently, they are useful only in predicting fields which have 
definite symmetry characteristics. In contrast, the differential laws provide 
interrelationships between the field quantities at a point and are, as a result, 
best suited for general analysis purposes. In corresponding sequence, 
Maxwell’s equations in differential form are 


aB 

V X E = - ^ 
dt 

(I) 

an 


(11) 

V-B 0 

(HI) 

V . D = p 

(IV) 
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and the Lorentz force density is 

f p(E \ V X B) (V) 

The differential laws are valid only at points where the held vectors are 
differentiable. At surfaces separating media with different electromagneitic 
properties, the field vectors experience discontinuities, as specified by the 
following boundary conditions: 


n X (E 2 

E,) 0 

1 (VI) 

n X (Ho 

Hi) K 

\ (VII) 

n • (B-, - 

Bi) 0 

(VIII) 

n • (D> - 

D,) />, 

(IX) 


where K and denote surface densities of current and charge, respectively. 
In each of these, n is a unit vector drawn normal to the boundary from 
medium 1 into medium 2. 

The differential la\\\\, when supplemented by the boundary conditions, are 
entirely ecpnralent to the integral laws. Jn cither form, the laws tacitly imply 
the conservation of charge, a principle which is expressed by the equation of 
continuity, 


V. J 


dt 


0 


or, in integral form, by 




dr 


Thus charge cannot be created or destroyed. 

In many situations, it is convenient and expedient to introduce the 
scalar and vector potentials ^ and A. Subject to the Lorenl/ condition 

5 (/) 

V • A i 0 

dt 

the electromagnetic potentials are solutions of 

„ , 1 






these being derivable from Maxwell’s equations only when the region is 
linear, homogeneous, and isotropic. The relations of the field vectors to the 
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potentials are 


In addition to Maxwell’s equations and the Lorentz force, we include as 
a third fundamental postulate the familiar principle of conservation of energy, 
with the aid of which the Poynting relations 

„ / aD dB\ 

- I (E X H) • n da E • J dv I (e • ^ + H • dv 

state that the ^\'hole equals the sum of its parts, namely, that total power 
entering equals the sum of the power imparted to charged bodies plus the 
rale of change of stored energy. The Poynting vector 

S E X H 

specifics ihe direction of power flow at a point, and its magnitude per unit 
area normal to flow. 

In conclusion, we have presented what is probably the most ditflcult, 
and yet the most important, chapter of the text, the remaining chapters 
being extensions and clarifications of fundamental ideas and applications of 
general theory. To derive full benefits from this chapter, it is advisable to 
return to it for repeated study and for tying to general concepts and laws the 
more specialized topics treated in the rest of the book. Good luck! 


- ’'‘-■w 

B - V X A 


Problems 

2-1 Field Concept. Plot 

E Lq sin \ sin r a„ 

a function of .v holding t constant, and as a function of t holding .v constant, -^o a 
scalar constant. Docs E change in direction svith tiine'^ 

2-2 Concept of an Electromagnetic Field. Suppose the parallel-plate structure 
shown in Fig 2-9a is suspended in free space. In the region between the plates, a static 
clcclric field exists due to the charged plates. 1'here is also present a time-independent 
magnetic field which is due, say, to the magnetic field of the earth. Does this combination 
of fields constitute an electromagnetic field 

2-3 Charge. Under proper discharge conditions, a battery of 50 A • hr capacity can 
deliver 1 A for 50 hr. How much transfer of charge does this correspond to ? 

2-4 Current. A current is comprised of electrons moving in the positive .v direction with 
velocity i;_ and heavier ions moving with velocity rt in the negative .x direction. If 
and p \ arc the respective densities of electron- and lon-charge distributions, determine the 
current density measured by an observer moving at velocity i;q in the positive x direction. 
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2-5 Maxwell’s Equations. Show whether the field 

E - - Eo sin X sin tsij; 

1 

H - — Eo sin X cos ra- 

/<o 

is realizable in free space. Eo is a scalar constant. 

2-6 Lorentz Force. A potential difference of 10 V is applied between two large parallel 
plates separated by 2 m. An electron is released at the positive plate with an initial 
velocity of 2 10*’ m/s at an angle of 30 with respect to the plate. Describe the electron’s 

motion, and determine its final resting point 

2-7 Lorentz Force. Suppose that a radio wave is propagating through the ionosphere 
in the direction of the positive r axis of a rectangular coordinate system. Assume that 
there are N particles per unit volume of charge c and mass ni and that the geomagnetic 
field is given by 

The field vectors of the incident wave have \ and i components only Show that the 
equations of motion of a particle are 


- L, . 

(.1 


in 

m 



ill.. 

(i/y. 

A//n) 

m 

ni 



— (a//v 

3 //.) 



ni 


where the dot over letters denotes differentiation with respect to time. 

2-8 Force and Energy. How much energv is acquired by an electron in falling throut’ii 
a static potential difference of 10 V ^ 

2-9 Electromagnetic Properties of Material Media. If there had been a umloini 
temperature Eo, greater than ambient, m the spherical structuie of Example 2-4 at / 0, 

the heat would have flowed out into the surrounding medium instead of having been 
effectively blocked at the outer surface How do you account for this difference betvseeii 
the two phenomena ? 

2-10 Electromagnetic Characterization of a Medium. Ciiven that the constilulne 
relation for a magnetic substance is 



where M^^ is a constant, and H is the magnitude of the magnetic field intensity veHin 
State whether or not the medium is {a) linear, {h) homogeneous, and (r) isotropic. Cuve 
reasons. 

2-11 Orthogonality of the Field Vectors. Prove that the vectors E and B of a inuc- 
varying field arc, in general, not normal to each other in space 

2-12 Application of the Integral Laws. C harge, with a uniform density, is fixed on 
surface of a nonconducting balloon. The balloon is in free space, and is being infiaUil 
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and deflated periodically, thus giving rise to a time-dependent radius 
r — ro [ /*! cos t 0 - : /"i < ro 
Discuss the field which exists in the region r ' (ro 1 ri). 

2-13 Constitutive Relations. A homogeneous and isotropic conducting rod, whose 
permittivity and permeability are equal to those of free space, behaves according to 

J ^ E \~ O.IE^ 

insofar as its conduction properties are concerned, over the range 0- - 5 V/m. 

Determine the current density vector at points within the rod when a uniform static 
electric field, of 3 V/m, is applied parallel to the axis of the rod simultaneously with a 
uniform static magnetic field, of 4 Wb/nV’, applied normal to the axis of the rod. 

2-14 Scalar Potential. Consider two conducting spherical shells, of radii a and b 
{a ' . b), sharing a common center. The spherical shells arc separated by a dielectric of 
permittivity e and carry equal but opposite charge totaling Q C. The charge carried by 
the outer shell is positive, and both distributions arc uniform. 

(a) Using Laplace's equation, determine E and D in the region between the two 
spheres. 

(h) If the inner sphere is grounded, what is the potential of the outer sphere? 

2-15 Derivation of the Integral Laws from the Differential Laws. Using Stokes' 
theorem, derive Lqs. (1) and (2) from Eqs. (I) and (II). Also, using the divergence 
theorem, derive Lq. (3) from Eq (111) and Eq. (4) from Eq. (IV). 

2-16 Macroscopic Properties of Matter. Show that the matrix [e] of a linear but 
iinisf)tr()])jc iTicdiuin i> Ilciniili.m (^oiiMclor oiilv ihc inliiiisK propeilics ol ihc niudnim 
2-17 Conservation of Charge. The space between the parallel plates of Fig 2-9a is 
filled with a lossy dielectric having a resistivity (l/n-) of 10'' U ■ m, and a dielectric constant 
of unity. The spacing between plates is 0.005 m, and each plate has a length of 0.1 m 
and width of 0. 1 m. A charge of 10 '* C is distributed uniformly on the upper plate at the 
time instant t Os. The lower plate is grounded. Assume that fringing is negligibly 
small and that the electric held between the plates is uniform. 

{a) Determine the current density as a function of position within the dielectric for 

/ 0 . 

{h) Determine H also as a function of the space coordinates and time. 

2-18 Conservation of Charge. Derive the integral form of the principle of conservation 
of charge, using the integral laws as a point of departure. 

2-19 Boundary Conditions. It is known that the electric held intensity at the interface 
of two dielectrics is 10 V/m and makes an angle 0, - 30" with the normal. If 

calculate E’.j and (L. 
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2-20 Boundary Conditions. Let 5 be a surface which bounds medium I from medium 
2, and let n be a unit normal to S, pointing from medium 1 to medium 2. Prove that 
conservation of charge requires that 

(Jj - Ji) ■ n I V . K - - 

dt 

where and Ja - volume current densities 
K - surface current density 
Pa surface charge density 



2-21 Units. Using voltage L, current /, length L, and lime 7 as fundanicnlal quantities, 
express the dimensions of mass, charge, force, energy, and peimittivity in terms of V, /, L, 
and T 

2-22 Magnetization Parameters. Calculate the magnetic Ilux density in a material for 
which M --- 3 A/m when a field intensity // - 10 A/m is impressed 1 md the relative 
permeability and susceptibility of the material. 

2-23 Conducting Properties of Metals. It is found that conduction through a metal is 
strongly dependent on internal temperature. Although over wide variations this tempera- 
ture dependence is nonlinear in character, much work in practice is conducted on the basis 
of a linear relation for resisilivity, 

P - P2«1I I 20)] <>-m 

which IS valid for moderate excursions of temperature T about 20 C. The constant a^o, 
called the temperature cocjjicient, is the slope of the curve, and p,o the resistivity at 20''C. 
The resistivities and temperature coelTicients of some common metals arc given in the 
following table; 


Material 

ResL\tivity at 20 “C, il ■ m 

Temperature coefficient j 'C 
at 20' C 

Aluminum 

2.83 < 10 " 

0.0039 

Annealed copper 

1.72 X 10 " 

0.00393 

Hand-drawn copper 

1.77 X 10 « 

0.00382 

Gold 

2.44 X 10 « 

0.0034 

Pure iron 

10.00 X io-« 

0.005 

Pure silver 

1.64 X 10" 

0.0038 


A wide variety of electrical and electronic equipment, especially that used in space- 
craft, is subject to extreme environmental changes in temperature. For example, the 
avionics equipment on aircraft must be designed to operate effectively between —60 and 
+ 150"F. 
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Find Ihc percent change in resistivity of annealed copper over a temperature excursion 
of ±15” C to uboiit 20 ” C. 

Note: Although the temperature coefficient of metals is positive, certain other types 
of materials, notably semiconductors^ exhibit negative temperature coefficients. Semi- 
conductor materials find extensive usage in practice, as in the fabrication of thermistors 
(resistors with negative temperature coefficient) and transistors. 

2-24 Electrets and Biomedical Electronics. The physical significance of the polari- 
zation vector P as a quantity describing the state of polarization in a medium is nowhere 
clearer than in a medium which, through special treatment, gives rise to a static electric 
field although a distribution oi' free charge is altogether absent. Such a medium constitutes 
an elec tret. 

An clectret is a dielectric material, such as plexiglass or a mixture of carnauba wax 
and beeswax, which has been so treated as to exhibit a permanent positive charge on one 
surface and negative charge on the other. The material to be made into an elcctrct is 
subjected to a high temperature in a strong electric field. The clectret is then allowed to 
cool, leaving the substance permanently polarized on solidilication. The net effect is an 
object surrounded by electiostatic lines of force, just as a magnet is sui rounded by magnetic 
lines of force. 

Now', medical icsearch has shown that human blood lends to coagulate around a 
platinum electrode connected to the positive terminal of a battery but not around the 
negative electrode. Could an eleclret be used effectively to impede the formation of blood 
clots in a given artery '^ 

2-25 Diamagnetism, Paramagnetism, and Ferromagnetism. An important diller- 
ence between the electric and magnetic properties of matter is that, in contrast to the 
relative peimiltivity, the relative permeability is less than 1 in some materials. Then Xm 
is negative, and the llux density is weakened in the presence of the material. In that case 
the material is said to be diamai^netic. If positive but very neaily equal to unity, the 
material is Ci\\\c;<\par(inia<^netu . I he following table gives the susceptibilities of a few 
substances . 

Material X,n 


Aluminum 

Copper 

Gold 

Magnesium 

Mercury 

Silver 

Tungsten 


2.3 10 ** 

0 98 > 10 
-3.6 X 10 
1.2 > 10 ^ 
-3.2 X 10 ^ 
2.6 X 10 

6.8 X 10 -^ 


Slate whether each substance is diamagnetic or paramagnetic 

Note: If the relative permeability is much greater than unity, the material is said to 
be ferromai^netic. Strictly speaking, ferromagnetic materials are not linear, and therefore 
relative permeability here refers to an incremental quantity (slope of the magnetization 
curve). Maximum values of relative permeability for some common materials are: 


Material 

/^r(max) 

Iron (annealed) 

5,500 

Iron-silicon 

7,000 

Permalloy 

25,000 

Mumetal 

100,000 
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2"26 Equivalent Densities of Current and Charge. Let us eliminate the vectors D and 
H from the field equations by means of the constitutive relations for free space and Eqs. 
(2-31). We obtain the following relations; 


For free space 


V X E 


0B 


//o Ot 

V • B - 0 

V ■ C(jE ^ p 


For material substances 


V X E 


dB 


V X 


B / „ \ 5(enE) 

— I VxM f 

/'o \ / 


dt 


V . B 0 

V • eoE - p 


VP 


A comparison of corresponding equations shows at once that i( total current and total 
charge densities arc defined as 

ap 

dt 


Pt — p V • P 

then the two sets of equations become exactly alike. Moreover, ifP M - 0, the set on 
the right reduces to the set on the left, as expected. Piove that 


and that charge is thus conserved in the more general sense of total current and total charge 

2-27 Relaxation. At lime t 0, charge is distributed uniformly, with a cimslanl density 
po, throughout the region of space occupied by two concentric spherical conductors, as 
show'n in the figure. Determine the current disiribulion in both conducting regions as a 
function of time and of radius r. Also, find the displacement sector in the free space 
surrounding the spherical-conductor configuration. 
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2-28 Review of Theory 

(fl) Identify the source(s) of the electromagnetic field. 

(b) Write 

(i) Maxwell’s equations in both differential and integral form, identifying the 
name of the law associated with each 

(ii) The Lorcnlz force expression, identifying each term 

(iii) The boundary conditions on the electromagnetic field 
(d) Prove or disprove: Maxwell’s equations are linear relations. 

(cJ) Together with the Lorentz force expression, Maxwell’s set of four equations 
form the basis for macroscopic electromagnetic theory. However, given certain 
additional information, only two of the four equations arc required for time- 
varying fields. Identify the additional information, and show that both formula- 
tions arc equivalent. 

(c) Define //, and n and give the mksc units for each. 

if ) tixplain the meaning of the terms homogeneous, linear, and isotropic when used 
to desciibe the electromagnetic properties of matter. 

What IS a field 



CIIAKI ER S 


THE ELECTROSTATIC FIELD 


\ 

3.1 Introduction. Kvcrylhing iii nature changes with time. Most of the 
interesting and uset'ul applications of electromagnetics involve time-varying, 
that IS, dynamic, fields. For this reason our major objective in this text is to 
acquire a sound physical Iccling for the dynamic behavior of fields, w/hich will 
enable us to understand the role of electromagnetic fields in devices and 
systems of practical or thct)retical interest. 

A valuable and informative intermediate step in the study of dynamic 
fields is t(’) study static fields. 7‘his chapter is the first of three chapters 
concerned with the study of those fields for which the charges and/or currents 
(motion of charges) which produce the fields are static. This chapter deals 
with static electric fields, that is, those fields whose sources arc stationary 
charges 

Electrostatics, from our point of view, is a verv special case ol’ the 
application of Maxwell's equations. Hence we begin by writing Maxwell's 
equations for the case where the current density J and the time derivatives of 
all field quantities are identically zero everywhere. 

The problem divides itself into three fundamental types of problems; 

1. Given all the sources, find the field 

2. Given the field everywhere, find the sources. 

3. Given a region, usually not infinite in extent, with conductors, dielectrics, 
and source charges, in the region or on its boundary, find the resultant 
field, and any resultant spatial distribution of charges. 

Each of the three problems requires a difierent approach. We shall 
show that (he first problem is conceptually quite straightforward, although 
it may lead to troublesome integrals. The second problem is a synthesis 
problem, and can be quite difficult. A brief presentation of the nature of 
this problem will be given. The third problem is the so-called hounclary- 
valiie problem. It involves the formal solution of Laplace's and Poisson’s 
equations by many different techniques. The solution of these equations 
is an extensive subject. A complete treatment is therefore impossible and, 

II4 
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what IS more important, not desirable m a volume of this sort. The formal 
mathematics will be developed to an extent that will allow us to attain our 
most immediate objectives. 


3.2 Electrostatic Field Equations. The relations which describe the 
behavior of static electric fields arc extreme simplifications of the general 
Held laws. Setting the time derivative equal to zero in the field equations 
results in the following relations; 


Integral form 

1 

Differential form 

j) K • (l\ 0 

(3-1) 

V X E ^ 0 

(3-2) 

(|) D • n </« J /) (li 

(4) 

V • D p 

(IV) 

1' 1 pK Jr 

(3-3) 

f pE 

(3-4) 


Discontinuities in the field vectors E and D arc expressed by the general 
hoLindary conditions 

n X (E^ El) 0 (VI) 

n-(D, -Di) (IX) 

The electn'istatic properties of material substances are described by a 

single relation connecting the vectors E and D. As in the general case, 

D D(E) 

expresses a constitutive relation of a medium which reduces to 

D €E 

when the medium is linear and isotropic. 

liquation (3-2) implies that the vector E is derivable from a scalar 
potential, in accordance with the vector identity V x V0 - 0. Thus 

E V4> (3-5) 

a result which is easily confirmed by setting the time derivative equal to zero 
m tq. (2-82). The negative sign is again arbitrary, and is chosen for 
convenience. 

In a linear, homogeneous, and isotropic medium, Eq. (IV) reduces to 

P 


V . E 


€ 


(3-6) 
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X 



E field lines 

constant potential surfaces 

FkjURl3-1. The electrostatic field between two parallel plates 


which, with the aid ofEq. (3-5), transforms to 

V-flS - (3-7) 

e 

This IS Poisson’s equation; it was previously obtained in Sec. 2.13 as a special 
case of Eq (2-87). 

In a source-1 ree region (p 0), Poisson's equation reduces to Laplace's 
equation 

0 ( 3 - 8 ) 
This equation plays an extremely important role in Ihe study of electrostatics. 


3.3 Electrostatic Potential. Let us consider now some of the basic 
properties ol the scalar potential'!' function (/.». It is convenient tt) begin our 
discussion by returning to Example 2-6. 

Figure 3-1 summarizes the most important features of the parallel-plate 
configuration considered in Examples 2-5 and 2-6. It will be remembered 

t For a thorough discussion of potentials .see O. D. Kellogg, “Foundations of Potential 
Theory,” Dover Publications, Inc , New York, 1953. 
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ihiU al every point in the region between the plates, the field is specified by 


E 



(3-9) 





(3-10) 


where p, is the surface charge density on the upper plate. Recall that </> was 
the solution to a simple boundary-value problem. It should also be observed 
that, according to Eq. (3.5), 


E 



(3-11) 


t hus Eqs. (3-9) and (3-10) form a self-consistent pair of relations. 

Let us next evaluate the line integral of the electrostatic field intensity 
around a completely closed contour. According to Eq. (3-1), this integral 
should vanish. For a closed contour, we choose the path C, shown in Fig. 
3-1, which consists of four straight-line segments, Ci, C3, and C4, joining 
the points (0,0,0), {aj\()), (J,/),0), and (J,0,0). Along Q, the line integral 
(fi' IS given by 


I E.^/I 

J('i 


'ii rh 




Along Cj, 

I’ E../1 



t } 


Along Cj, E 0; hence 

I E.^yi 0 

Finally, along 


f 

• </l f d\ 






^ 0 * 



By combining the four integrals, we find that the right members add to zero; 
this agrees fully with Eq. (3-1). Exactly the same result will be obtained for 
any other closed contour. Slated dilferently, when a small exploring body, 
carrying a unit charge of positive electricity, is taken completely around a 
closed path against the forces of an electrostatic field, the net energy expended 
is zero, regardless of path. Precisely the same thought is conveyed by 
saying that when the small exploring body is carried from one point in the 
field to another, the amount of work done is independent of path. In 
particular, when the probe charge follows the path formed by the line 
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segments C,, C 2 , Cafrom (0,0,0) to (^/,0,0), the work done is exactly the same 
as when it follows the path Cj from (0,0,0) to ((/,0,0), simply because, 
according to what was just proved. 


1 E • d\ 

-f E../I f 

E ■ (l\ 

(3-12) 

.'('1 1 : r, 

J(’, 2r, 




Here, C~ denotes the path Cj when the latter is traversed in the opposite 
direction. 

By virtue of this property, electrostatic fields arc said to be cunsen ative. 
The conservative nature of an electrostatic field can also be expressed in 
terms of the scalar potential. For instance, by making the substitution 


in Eq. (3-12), we obtain 


E - -V(l> 


( X7r/)) ■ ii\ ( V^)) ■ ^/l 


(3-13) 


(3-14) 


The point of departure and the terminal point /\ arc the same I'or both 
paths in Eq. (3-14). Now, for any path C, connecting twi^ arbitrary points 
a and /), the dctinilion of Vc/) requires that 


— V(fy-(l\ (fiia) (f}{h) 


(3-15) 


where the contour C is traversed from point a to point h. Bv virtue of this 
expression, Eq. (3-14) reduces to the identity 

MP,) <f>{P>) 4>{Pi) 4>iP,) (3-16) 

which confirms that the potential difference between any two points is 
independent of path, fhereforc the rahw oj the electrostatic potential at a 
point IS unique. In contrast, the time-varying potential difference defined as 
the line integral of E is not unique. 

The foregoing results n^y be summari/ed as follows. If’ T, and C\ are 
any two smooth paths, as shown in Fig. 3-2, then 

r E.(/l I E-f/l (3-17) 

Jr, Jr, 

Another distinguishing characteristic of the electrostatic potential is 
illustrated in Fig. 3-1, where it will be seen that the E-field lines are normal 
to the equipotentials. Actually, this property of the electrostatic field d 
general, and follows directly from E V(/>. By definition, the gradient 
of a scalar function is a vector, whose magnitude is a measure of the maximum 
rate of increase of the function at a point and whose direction coincides with 
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b 



o 


rituiRh 3-2. Points ii 
and h joined by two 
paths. 


the direclion of mLiximum increase of the function. (This direction is nor- 
mal to surfaces over which the \alue of the scalar function is a constant.) 
1 hus the vector K specifies the maximum rate of decrease in (/>, and is normal 
to the equipotenlial surface passing through a point. (Note that, as laymen, 
we know that maximum rate of climb is straight up, normal to the equi- 
allitLide surface passing through a point.) 

We have previously observed that the electrostatic field at any interior 
point of a conductor is zero, because charges would move if a field were 
present. This means that the potential at every point in a conducting region, 
or on Its surface, must be the same, and that the surface must be an equi- 
potential. As a result, the electrostatic field vector is always normal to a 
conducting surface, and its tangential component is always equal to zero. 
1 igure 3-1 shows an example of such behavior: the field intensity lines are 
normal to both conducting plates, consistent with the requirements imposed 
by the boundary conditions, Eqs. (VI) and (IX). At the interface between 
a conductor (medium 1) and a dielectric (medium 2), these become 

n X E.j - 0 (3-18) 

n-D., p, (3-19) 

since both and must vanish in the conducting region. 

It is informative to examine the boundary conditions in terms of the 
potential. Thus Eq. (3-18) becomes 


n X ( V<f) 2 ) - 0 


(3-20) 
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n 



FrcjURT 3-3. Boundary between two media. 


and if (he dielectric is linear and isotropic, Eq. (3-19) yields 

n-( p, (3-21) 

or n • - - (3-22) 

Physically, n x ( represents the rate of decrease of (f), in the direction 

of the unit tangent vector t shown in Fig. 3-3. Therefore Eq. (3-20) can be 
written 

d6., 

if 0 (3-23) 

Likewise, n ■ ( - V(/»o) represents the rate of decrease of 02 direction 

of the normal vector. Hence 


302 1 

3/7 


(3-24) 


If neither medium is a conductor, the general boundary condition, Eq. 
(VI), may be written 


302 

dt 



(3-25) 


while if both media are linear and isotropic, the condition (IX) may be 
expressed as 


^2 


dn 



(3-26) 


From the conservative nature of the field, it follows that 0 itself must be 
continuous across the interface between two media. 


01 == 02 (3-27) 

In other words, since the potential at a point is unique, the value of 0 at two 
adjacent points on opposite sides of the boundary must be the same. 
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Example 3-1 Potential Distribution about a Charged Sphere. Let us suppose that 
an amount Q of positive charge is uniformly distributed on the surface of a conducting 
sphere of radius r,. It is required to determine the potential and the electric flux 
density at every point in the free space surrounding the sphere. 

A similar problem was solved in Example 2-1 by using the integral form of 
Maxwell’s equations. This time, however, we shall apply Laplace's equation. 

Because of spherical symmetry, the Laplacian in spherical coordinates simplifies to 


- 



(3-28) 


and the differential equation to be solved reduces to 



(3-29) 


riic boundary conditions to be .satisfied are: 

1. 7'he conducting surface at r — r, must be an equipotential surface. 

2 The potential 4> must vanish as r > cr- In other words, the point at infinity is to 

.serve as ihc i^miwd. 

A general solution to Eq. (3-29) is 

C\ 

<f> I C’a 

r 


where C, and Cj, are two arbitrary constants of integration. The boundary condition 
at infinity requires that - 0. Letting eo and p, — 0/47rr,‘'^in Eq. (3-24), and 
noting that n is a unit vector in the direction of increasing radial coordinate, we find 


a 

dr 



Q 

47T€ori“ 


from which we obtain QI^ttc^ Thus 


and 


0 


Q 

47Teo/- 


(3-30) 




47reoH 


ar 


D 


Q 

; Hr 

47rr“ 


The surfaces of constant potential are spherical surfaces which share a common 
center with the conducting sphere, while the E and D lines are radial lines, as indicated 
in r ig. 3-4. 

The potential of the sphere 




47re„ri 


(3-31) 


represents the amount of work required to transfer a unit positive charge from infinity 
to a point on the surface of the conducting sphere. The transfer of charge is assumed 
to occur so slowly as to be equivalent to a sequence of stationary states. 
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E linp^, 

equipofentiQi surfaces 

r-Kii/RF 3-4. The field about a chaigcd sphere 


Summarizing, the electrostatic field is a conscrralirc field. The potential 
is continuous at a boundary while the direction of E is always perpendicular 
to surfaces of constant potential 


3.4 The Concept of a Point Charge and Coulomb’s Law- A compari- 
son of the results obtained in Examples 2-1 and 3-1 shows that, at points 
exterior to a sphere, the displacement vector D is always the same no matter 
whether the total charge is uniformly distributed on the surface of the sphere 
or throughout its volume. It is therefore reasonable to expect that, as the 
radius of the charged sphere is allowed to become very small, the resultant 
field at all exterior points will be dependent only (1) on the total charge Q, 
(2) on the properties of the surrounding medium, and (3) on the distance r 
from the center of the sphere. In the limit when r ► 0, the charge will 
appear “at” the center of the sphere, and the resulting configuration, ac- 
cording to accepted terminology, will become a point charge. 

In Chap. 2, a point charge was defined as a finite amount of charge 
concentrated in a region so small relative to the distance from the point ol 
observation that it appears to be at a point, in much the same way that 
celestial bodies appear to be at points to earth-bound observers. 

According to previous developments, the field of a point charge ip 
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located at the origin of a spherical coordinate system, is given by 


D 


47rr" 


" 477-6r 

A second point charge cj' in the field of ^ would experience a force 


F c/'F: 


4716 /'“ ^ 


(3-32) 

(3-33) 

(3-34) 


(3-35) 


Equation (3-35) expresses Coulomb's law. This law assumes that r is very 
much larger than the physical dimensions of the charged bodies, and implies 
that an equal but opposite force will be exerted by q on q. 

It was Coulomb who, m the latter part of the eighteenth century, first 
established experimentally the validity of the law which is named after him. 
Although, to a large extent, the analytic study of electrostatics may be deduced 
from It. this law is seen to be just a special case of the Lorentz force law in the 
framework of a general theory of electromagnetics. 


3.5 Field of Fixed Point-charge Configurations and the Electric 
Dipole. In Sec. 2. 1 2 we observed that since Maxwell's equations are linear, 
we are free to superimpose any two solutions which satisfy the same boundary 
conditions. Thus, if two charged spheres are in a linear, homogeneous, and 
isotropic medium and are far enough apart so that neither disturbs the dis- 
tribution of charge on the surface of the other, the potential at every point 
exterior to both may be expressed as the superposition of the potentials pro- 
duced by each sphere acting alone. In particular, the potential can be calcu- 
lated by applying Eq. (3-30) twice and then adding the results. Let us 
illustrate the point with a concrete example. 


Example 3-2 Potential of Two Oppositely Charged Spheres. A positive charge 
IS uniformly dislribiiled on the surface of a conducting sphere centered at the point 
(0, 0, f//2) of a rectangular coordinate system. An equal, but negative, charge q is 
uniformly distributed on the surface of a second conducting sphere centered at 
(0, 0, lifl). The radius of each sphere is the same, but much smaller than the 
spacing ti. The suriounding medium is free space. 
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Without loss in generality, a point of observation may be any point P on the yz 
plane exterior to the spheres, l.ct r, and r be the distance from P to the centers of 
the spheres, as indieated in 1 ig 3-5«. Aceording to Eq (3-30), 


47T€or , 

is the potential at P due to the positive charge, and 


\ 

is the potential at P due to the negative charge Since free space is a hnlpar, homo- 
geneous, and isotropic medium, superposition applies, and the total potential is just 
the sum of and </> : 


Noting that 


we have 


(/» -i </». 





ii 


1 1 ■ 

V 

. .. 

3) ' ^ 

\/ (-' ’ 3) 

J_ 

1 

1 

477 <-0 

_\ (z cillp-^ y- 

\^(z ! djiy \ y\ 


The field intensity at P is given by 


E 


V(/. 


</ \ y y 

4^£„ U(- - dl2y- I /]’- [(-’ -t dl2)- + r]'^ 


, j_ I (z - dl2) 

' 4^c„\[(z - dl2)‘ + y '‘]'-2 


(- t- f//2) \ 

[(z + dl2f I = j 


The field in the exterior of the two-sphere configuration is plotted in Fig. 3-5h: it is of 
the same form in any plane containing the z axis 


Equations (3-32) to (3-34) show that the field of a point charge is in- 
finitely large at r — 0. Thus a point charge gives rise to a zero-order singu- 
larity. Other charge configurations give rise to higher-order singularities. 
A first-order singularity, for example, is caused by an electric dipole, dis- 
cussed below. Higher-order singularities are caused by multipoles (ordered 
arrays of point charges) of yet higher order. 

The concept of an electric dipole is intimately tied in with the two-sphere 
configuration shown in Fig. 3-5fl. Let r denote the distance from the origin 
to P, and 0 be the polar angle measured in the clockwise direction from the 
positive z axis. Let us also assume that P is so far away from the two-sphere 
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configuration that r 

> ^//2; to a first approximation, then, 



d 

r_ ^ r - cos 0 


(3-36) 


r , ^ r - cos 0 

2 


(3-37) 

so that 




1 1 

1 1 

d cos 0 

\ 

(3-38) 

r , r 

r - cos 0 r \ - cos 0 

2 2 


Since djl r, 

qd cos 0 

(p ^ 

47rt„r- 


(3-39) 

We see now' that 0 '\^ 

; a funclion ol' ihe product 




/) - ad 


(3-40) 


and varies inversely as the square of the radial distance; in contrast, the 
potential due to a single point charge vanes merely as the inverse lirst power 
of the radial distance. It is customary to define ilipolc moment as the \cctor 
whose magnitude is p and whose direction is that of the unit vector u, shown 
in Fig. 3-5a. 'I'hus 

p pu (fdu (3-41) 

The field of a dipole is cylmdrically symmetrical about the axis of the 
dipole, namely, about u. Using spherical coordinates, wc find from Fq 
(3-39) that 

E-.-V# (|^a, s,nO..I 

(3-42) 

In any plane containing the axis of the dipole, f/» and F arc specified 
by Eqs. (3-39) and (3-42), respectively. A plot of these expressions is shown 
in Fig. 3-6. 

In a linear, homogeneous, and isotropic medium, the superposition of 
fields due to individual point sources can be continued indefinitely. Thus, if 
• 5 point charges, randomly distributed throughout space, 

the potential at every point of observation will be 

<A </'i i 'As i i 'A;, i<A, (3-43) 


■A, 




where 


Aner, 


(3-44) 
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E lines 

equipoleniiois ( relative values) 

FicjUri 3-6. Tlie (idd of a dipole The dipole moment is p - pdu. 


Here is the distance from the /th point charge to the point of observation. 
As more and more charges arc added to a region, the distances of separation 
gradually diminish, and the distribution of charge becomes continuous. In 
the limit, the sum m Eq. (3-43) transforms to an integral. We surmise that, 
ii the charge is distributed in space with density represented by p, the 
potential takes the form of an integral, 

- -E f Pjv (3-45) 

4776 Jr r 

where 

/• [(.Vo - .v)“ j ( Vo — r)“ I (-0 (3-46) 

is the distance from a source point ( v,y,r) to a point of observation (.VoD’o^-o)* 
The general validity of Eq. (3-45) will be shown in the next section. 
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Summarizing, the potential of a system of charges is obtained by 
summing the potentials from each point or infinitesimal charge. The 
validity of superposition rests on the linearity of the medium. 


3.6 Integration of Poisson’s Equation. We now present a formal 
proof! of superposition by deriving a general solution to Poisson’s equation. 

Consider Fig. 3-7. A finite amount of charge is distributed with an 
arbitrary density in certain (shaded) regions of space. Let p(x, \\z) denote 
the density of charge. Also, let (A'o,Vo,r„) be an interior point ojf a closed 
surface X bounding a linear, homogeneous, and isotropic volulme K If 
any conductors arc present in F, then X is formed in part by the surfaces of 
these conductors, and the volume F excludes all conducting regicins. We 
wish to determine the potential at a point of observation (.Vq, Vq,Zo) due to the 
bounded, but otherwise arbitrary, distribution of charge. 




I" This proof is rather involved, and may be omitted without loss of continuity. The 
interpretation of the results, Eqs. (3-58) and (3-59), is the important part of this section. 
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We begin with Green’s theorem, 

(y) W<f) — (/) V^y;) dv -== — <j> Vy)) • n da (3-47) 

where yj and </» are assumed to be nonsingular, continuous, and twice diiler- 
entiable scalar functions of position with continuous first partial derivatives. 
Remembering that we intend to obtain a general solution to Poisson’s 
equation 

VV - -- (3-48) 


it behooves us to pick for the function in Eq. (3-47), just the unknown 
potential function cf). As for y), experience tells us to pick the scalar function 



(3-49) 


where r — \/(a-„ .v)^ f - yY \ {z^ — r)- (3-50) 


is the distance from the variable source point (a',v,z) to the fixed point of 
observation (.Vq, Vo,-o)- choice of the so-called Green's function y^ is 

motivated by the simplification which results from the relation 





when r 7 ^ 0 


(3-51) 


This relation can easily be verified by direct substitution in the expression 


13 /^ dyA 1 ^ ' 0 ^ 

\ dr) ' r- sin 36 \ 36 / ^ r^ sin^ 0 


(3-52) 


considering, of course, the point (.t„,)’„,z„) as the origin of a system of 
spherical coordinates. 

Thus chosen, the functions </> and y> reduce the left side of Eq. (3-47) to 

(y) — (/) V^y)) dv ^ ^ dv — j ^ dv (3-53) 

The integrand on the right of Eq. (3-47) is seen to include the unknown 
function <f>. Let us observe, however, that y) fails to satisfy the nonsingularity 
requirement at r ^ 0, for as r —> 0, ^ oo. 

To exclude this singularity, let us surround the point (xo,Vo,^o) with a 
small sphere of radius r^ and bounding surface so that V is now the volume 
bounded by X and also, the surface integral in Eq. (3-47) is broken up 
into two integrals, one of which is to be evaluated over the surface 2] and the 
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other over Taking into account Eq. (3-53), we can write Eq. (3-47) as 


- dv - () (v’ - 0 Vy)) • n da +(£ V(f) — cf) Vy)) • n da (3-54) 

^ Jr '' 


Now 


(y) V<f> - (f> V^') • n da ^ ^ — V(f> 

Jio JioL''" 


- — </>(VyO, 


• n ^/a 


— ^ (j) 0 (3-55) 


'() Jl,, 


We are free to choose r,, so small that both ^ and dcf)ldr are esseit^tially con- 
stant at every point on the surface Xq. In particular, as we make progres- 
sively smaller, the potential and its normal derivative on approach their 
limiting values at the center, since by hypothesis they are both defined and 
continuous functions of position. Hence we can lake them outside the 
integral signs, and in the limit as r,, 0, wc can write 


() (ip Vef) — (/) Vy) • n da 


noting, of course, that 

> i 


4 tt 4 >( V||,i,„r„) 


(la 


ii„, i I * i„„ 1 1 ^i| A „ 

/,I -'() ^'o ‘'-0 /•,! ^ dr'r 

1 id(l>\ 

-lim- ~ 4-/V <» 

r„ P'''- 


Finally, Lqs. (3-54) and (3-56) combine lo gi\c 


(3-56) 


(3-57) 


'/’( 'o!.' (I'-o) 


4i;^^''■ 1:7 it ^v(l)].n,/« (3-5S) 


as an expression for the potential at any point (v„,i„,r„) of a linear, homt)- 
gencous, and isotropic medium due to a stationary, bounded, but otherwise 
arbitrary distribution of charge. The volume integral in Tq. (3-5(S) is 
obviously the same as the volume integral in Eq. (3-45). The surface 
integral needs further examination. 

If the volume V contains no charges, Poisson's equation reduces tti 
Laplace’s equation since p is zero at every interior point of Duplication 
of the previous development then produces a result similar to Lq. (3-5S), 
except that there is no volume integral on the right side. Of course, the 
same result can be obtained by setting p 0 in the volume integrand ol 
Eq. (3-58). The point is this: The iirsl term on the right of Eq. (3-5S) 
accounts for those charges which are located inside the surface while the 
second term accounts for all charges outside the surface X. 7 hus, if were 
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lo be expanded so as to enclose all the charges, the surface integral would 
vanish and, in this case, 0 would be expressed by 



This equation shows that potential is a quantity which is linearly related to 
charge; doubling the charge density p doubles the potential. 

In the absence of exterior sources, the surface integral in Eq. (3-58) is 
zero. For, if there are no charges present anywhere, either inside or outside 
the surface 11, Laplace’s equation would lead to a nonzero potential, contrary 
lo physical reality, which precludes the existence of an effect in the absence of 
a cause. 

Let us state the conclusions once again: The volume integral in Eq. 
(3-58) represents the contribution lo the potential at (.v„, of all interior 
charges, while the surface integral represents the contribution of all exterior 
charges. 

It can be shown (Prob. 3-28) that Eq. (3-58) converges for interior as 
well as exterior points of a bounded charge distribution. Thus, on a 
charged surface, the potential (/» is defined and is continuous provided the 
total charge is finite. 

In summary, we have derixcd a general formula which determines the 
held of a specified system of sources and which provides important infor- 
mation regarding the first fundamental electrostatic problem listed in the 
introduction lo this chapter. 


3.7 Field of Continuous Charge Distributions. In applying Eq. (3-59) 
we should lake into account all charges present, whether they are isolated 
poinl charges or conlinuousl\ distributed in space. To demonstrate how 
this IS done, we shall treat several examples in which the charge distribution 
IS known and the held is to be found. 

Example 3-3 Field about a Finite Charged Line, l.cl us consider hist a uniform 
disiiihuhon of charge alone a line which extends from a u to ^ /?, as in Fig. 

}-X(i I el ft, be Ihe densil\ of distribution measured in coulombs per meler. For the 
sake of simplicity, let p, be constant at ever) point (\,0) in the interval [rt./?]. The 
line ehaige r, supposed to be suspended in fiee space, and the held is to be evaluated 
at a point which is not on the line, but which is arbitrarily situated relative 

lo it 

Sliictly speaking, a line charge is really an approximation of a distribution of 
ehai ge along a wire so small in diameter that the sources become condensed practically 
into a line. Since discontinuous eiistribulions aie easier to handle mathematically, it 
IS convenient to idealize the problem by dealing with a discontinuous distribution 
whieh IS nearly equivalent lo the continuous one. Apart from introducing slight 
eM'iors m the final results, we do not depait drastically from physical reality. 
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/ 

(^) 

Fic.URh 3-8 A linear dislnbuhon of charge, h/) \ inite line, (/>) inlinile line 


It may help some readers t«.> visualize a line Lhaige as a meie arrangement of 
mathematical point charges placed side by side along a straight line 

To dispense with the preliminaries, lei us, lastly, observe that by locating P on 
the ,vy plane we do not destroy the generality of the problem since the configuration 
shown in Fig. 3-8^ obviously exhibits cylindrical symmetry about the a avis. 

Our point of departure is Eq (3-5’-I), in which we now set 


r ^ y»" (a„ Al- 
and € €o', in the present case, the volume integration extends ovci a single straight- 

line segment, so that 

p cli Pi eix ( 3 - 60 ) 

Hence the potential at is given by 

, I r'' PI 

fpiXd.Wi) I — ^ — dx 

47re„ 1, \ ,, 2 1 


Remembering that pi is independent of a', wc have 


<t>(x„,yo) z 

47T€n 


I > r" 

' r,.-- I <x„ 

^pendent of a', wc have 
I r dx 

V I (,v„ ,v)“ 


Pi (aTq a) \ V j (.Vq «)■' 

^Trtn (v 2 i ^ /,\2 


(x„ h) I \'v/ ! (jr„ /.)* 

where the symbol In denotes the natural logarithm. This is the required result. 
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As a ^ h, the fraction on the right of Eq. (3-61) approaches unity Since the 
natural logarithm of 1 is zero, the potential at (a'„,Vo) approaches zero, as expected, 
since the total charge approaches zero. 

If we set a h, the charge distribution becomes symmetric about the v axis; 
in this case 


, p, (A-o \ h) \ \ + (vo 1 hy 

'/*(A'oi Vo) In 

477Co (.v„ h) 1 A Vo“ -f (Ao b)- 


(3-62) 


As h IS allowed to increase without limit, keeping the point rA'o,Vo) a finite distance 
away fiom the origin, the ratio within the logarithm tends to increase withc)ut limit, 
and the potential becomes undefined. Actually, in the limit as h -* a ^ it is impossible 
to expand the surface D in Fq (3-5S) to include all the charges, and hence Eq (3-59) 
docs not apply 

For completeness, the solution of the infinite line charge will be shown. This 
problem is best treated by application of the integral form of Gauss' law. 

With leferencc to Fig 3-8/), let H be a cylindrical surface length / and radius 


Ihen 



I) • n da 

total charge enclosed by — 

(3-63) 

Rv symmelrv 

0.(277 

r)(/) (p/)(/) 


so that 

D, - ^ 

277T 

(3-64) 

HeiKc 

I) — a. 

277 r 

(3-65) 

and ! 

Since m cylindrical coordinates 

L a. 

27Tfo/' 

(3-66) 

E -V</. 

/ d4> I dip \ 

\ aT- ' Tz 

1 


and the field is cylindrically s\mmetric, the requiicd potential may be written in the 
lorm 

(h - In r I C 

Incn 


The constant C may be determined by establishing an arbitrary cylindrical surface 
r as a reference. Thus, setting 

0 — In , 0 I c 

27T€„ 


gives the final result for the infinite line charge 

0 ^In- (3-67) 

Returning to the finite line charge, the field intensity may be determined 
from E Vo0, in which the subscript zero attached to the operator del denotes 
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differentiations with respect to .v„, v’„, z„ Taking </» from Tq. (3-61), we (ind 




Pi 

477^0 


1 


I 


Pi 
4 77 Co 


V r,)- ; ( V« a)- \ Vo- I (.Vo by 

W) 


^ to" r (.Vo a)- 


^ Vo” ! ("Vo h) 


_(vo a) ' \ Vo" : (a„ r/)- (x,, h) \ Vo" i ( Vq /?)“_ 


(3-68) 


(3-69) 


l.qLiations (3-68) and (3-69) may be expressed in terms of the angles 'x and jl, 
shown in fig 3-8r/ The details are moderalel) involved, but the rcsulth arc simple* 


t , 

(cos p cos a) 

477(„ l’„ 

(.1-70) 

f U 

pi 

(sin y. sm /)) 

4776,, 1 „ 

(3-71) 


An alternative approach to bqs. (3-70) and (3-71 ) is suggested m l*rob. 3-9. 


The sCLHtnd point (dThis section is to show that the electric lield intensity 
oi' a continuous distnbuticm of charge may he calculated by summing the 
increments of electric held intensities resulting Irom a system of point charges 
of magnitude p civ. The following discussuxii establishes the general \alidit\ 
of this technique. 

We begin with Hq. (3-5S). If all charges are within the surface 
integral vanishes, and the potential is given bv 

1 f p( \ , \ ,r) 

</>( — dr (3-72) 

4776 Ij. /- 

where r denotes distance Irtmi the variable poinl of integration ( \ ,i',r) to the 
fixed point of observatitin (\(),r„.r„). The lield intensity at (\„,)'„,r„) is 

t-(-v,|, EonTo) - — j I u (3-73) 

4776 ' r ' 477€/‘“ 

where u, represents a unit vector directed radially outward from the stiurce 
point. Thus, with reference to fig. 3-7, u, a^. The contribution of a 
charge element tlq p di in V is therefore 


dv: - - 


Jl.. 

477€/'“ 


Ur 


(3-74) 


which fully agrees with Tq. (3-33), as expected. 


Example 3-4 The Field of a Charged Disk. As an illustration ot a two-dimensional 
distribution ol charge, let us examine the case ol a unifoimly charged disk of radium 
K. Fngure 3-9 shows liie pertinent geometry E'or simplicity, wc assume that the 
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z 



r'KiiiRb A uniformly charged disk 


dcMisily f) of the ehaigc'! on the surface of the disk is independent of the coordinates 
/ and 7 and that the permittivity of the medium is t. The electrostatic field intensity 
iit a point on the r axis is to be determined 

Because of cylindrical s\mmetr), the component of K which is parallel to the 
plane of the disk is always zeio at every point on the r axis. This means that W'e need 
only calculate the r ctrmponent of the eleciiic held intensity. The contribution to this 
component from an element of charge dq pj df d<i is. by virtue of Eq. (3-74), 


and the total held is 


t/I.. ilL cos 1 


zp^} dr dff 
ineir- r z^)~2 


(3-75) 


/. 



477€ 



dif 





(3-76) 


Example 3-5 Charged Sphere. As the luimbei of independent variables becomes 
laigei, the analysis problem becomes progiessively harder. To gam some apprecia- 
tion of attendant dilliculties, we consider a uniform three-dimensional distribution of 
charge in a spherical volume cd radius R I et 0 be the total charge of the distribution, 
and let it be required to determine the electric llux density vector at a point exterior 
to the region. The sphere is suspended m fice space 

I rom the treatment of a similar problem in r.xample 2-1, we know that the 
answer is 

D 0-77) 

47rr~ 


T he chaige density w'ould ntit be constant if the disk were conducting. Refer to Example 
- 16 . 
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FkiUrf. 3-10. A spherical distribution of charge. 
The angle a is measured in the pz plane. 


whcrc r denotes radial distance from the center of the sphere, and is a unit vector 
in the direction of increasing coordinate r In this section wc should arrive at (he 
same result by a process of superposition. 

An clement of spherical volume contains a total charge of r/y pPi" sin 0 dr dO dq . 
where p denotes the constant value of the spherical distribution of charge (Fig 3-10). 
From Eq (3-74) it is clear that the magnitude of t/E is 


dE 


pri '^ sin 0 dr I dO d<p 
47Teorz“ 


(3-78) 


In performing the integration with respect to the variable y, we obtain the field of a 
differential ring of charge centered about the r axis with radius r^ sin 0. The resultant 
E vector is then contained entirely in the yz plane and is directed radially outward 
along r^. Since pairs of differential elements of charge in the ring cancel each other, 
this integration yields an intermediate z-directed differential field of magnitude 


where 


dE, 


pr,^ sin 0 dr^ dO 
47T€(t{r'j^ 


2tt cos a 


(3-79) 


r? — r'^ f rr 2rr^ cos 0 


(3-80) 


and 


r — r, cos 0 

cos a - 

'-2 


(3-81) 


Keeping r and ri fixed, we have from Eq. (3-80) 

2 r 2 dr^ = Irr^ sin 0 dO 


(3-82) 
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Also, from Eq. (3-80), we find 


r, cos 0 


2r 


and SLibsliluting this expression into Eq. (3-81), we obtain 

r- 

cos a - ; 

2rr^ 

Combining Tqs. (3-79), (3-82), and (3-83), we find 

pri(r- I r?)di\dr^ 


dr:. 




(3-83) 


(3-84) 


We now integrate this expression with respect to K, over the interval from r 
to r h /'i, and obtain the contribution to /:. from a charged spherical shell of radius r, 
and thickness r/r, Calling this new dilTcrenlial field r/E', we find 


■ 4,,. L, r 

1 

rr) -7^ t 1 

t n 

dr 2 


4.„- L' 


pr.dr, 

- 4r, 

r-r, 

(3-85) 

Finally, integrating dE', with respect to 

Irom zero to /?, we obtain 


/. A 

Jo 

(or- 


(3-86) 

Since the total charge in the sphere is 




Q 




and since, moreover, I) e„E, it follows that 



D 

Q 

Airr- * 


(3-87) 


Because of spherical symmetry, a- may be replaced by the radial unit vector a^; the 
result mg expression 

Q 

D - — a, (3-88) 

47rr“ 

IS clearly in full agreement with Eq. (3-77). 

Aside from illustrating a general method for finding the field of a thiee-dimen- 
sional distribution of charge, this example serves to point out the mathematical 
dilliculties encountered in problems of this type, in clear contrast to the ease by which 
the same result may be obtained, as in Example 2-1, by the general integral laws. 
Therefoie, when symmetry prevails, it is always advisable to use the integral laws. 


Wc saw in Sec. 3-4 that Eq. (3-88) is an expression for the field of a 
mathematical point charge Q located at the origin. We shall now show that, 
at sufTiciently remote poinls of observation, every bounded distribution of 
charge, no matter how arbitrary, appears as a point charge. This is clearly 
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evident from either Eq. (3-72) or Eq. (3-73), both of which require that all 
charges be located within D. l"or if we choose a point in E as an arbitrary 
origin, we can approximate the variable distance r from any source point 
within H by the fixed distance R from the origin lo the point ofobservation. 
Equation (3-72) then gives 


lim 

i: ► /- 


Iim 

f{ - f 


p cii 
477€ R 


— ^ I 

AneR Jj 


Q 

Ane R 


(3-89) 


which IS just the potential of a point charge Q located at the origin. 


3.8 The Capacitance Concept. Consider two conductors in a dielectric 
orpermittiv ity €. One conductor carries a positive charge Q, and the second 
conductor carries an equal but negative charge Q. The shapes and 
relative orientations of both conductors arc wholly arbilrarv (Eig. 3-1 I ). 

From previous work we know that charges placed on a system of 
conductors generate a static field such that the tangential component of the 
electric field intensity vanishes on the outer surfaces of all conducting bodies. 
Thus, m Fig. 3-11, both surfaces will be equipotentials. Moreover, the 
difference 

<f> I E (/I (3-90) 

in the potentials between the two surfaces will in no way depend on the path 
of integration. 

Any pair of conductors, separated by a dielectric medium, conslitutes a 
capacitor. A capacitor may be charged by connecting a battery between thf 
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two conducting bodies. In the process, a charge is transferred from one 
body to the other; the magnitude Q of this charge depends on the battery 
voltage 

^ (3-91) 

and on the capacitance C of the capacitor, which is defined by the relation 



( 3 - 92 ) 


Now, according to Eq. (3-59), potential and potential difference are 
both linearly dependent on charge. Thus, if a charge Q is transferred from 
one conductor of a capacitor to the other, the potentials </>, and 0 , as well 
as the dill'crencc (0^ - (/> ), will vary linearly with Q. In other words, 
increasing O by a factor k will have the effect of increasing V — — 0 . by 

exactly the same factor k. Therefore, in Eq. (3-92) the ratio QjV is inde- 
pendent of Q, and C is dependent only on the geometry of the conducting 
bodies and on the properties of the surrounding medium. 


Example 3-6 Parallel-plate Capacitor. The sliiiciiire considered in Example 2-5 and 
again in Sec 3 3 is a parallel-plate capacitor in which a total charge 

Q P.ab 


IS Iranslerred from one plate to the other by connecting them to a battery of 


I he capacilance 



^0 


Q ah 

T- ‘ '“T 


(3-93) 


of a parallel-plate eonliguration is clearly seen to depend on the area of the plates ah, 
t)n the distance of separation d, and on the permittivity of the medium When the 
plates are separated by a dielectric of permittivity the capacitance becomes 


r c— (3-94) 

a 

Ciipacitancc is measured in coulombs per volt, or coulombs squared per 
newton-mcler. The unit of capacilance is the farad (F). This is confirmed 
by Eqs. (3-93) and (3-94). since and e arc measured in farads per meter. 
II the parallel plates measure 1 m on a side and are separated by a distance 
td' 1 cm, then 

C 8.854 ■ 10 ^•^54 10 F 


Obviously, the farad is inconveniently large, and for this reason the 
microfarad (1 10 F) and the picofarad (pF), or micromicrofarad 

(1 upV 10 F), arc units most often used in practice. 
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To summarize, a capacitor is a structure which consists of twof con- 
ductors embedded m a dielectric medium. The capacitance of a condenser 
is defined to be charge divided by voltage; it is dependent only on the 
geometry and on the medium. 


3.9 Formulation of the Boundary-value Problem in Electrostatics. 

Mathematically, the electromagnetic field problem is concerned with the 
solution of a set of differential equations (MaxwclFs equations) which meets 
certain prescribed conditions at the boundaries of the region undbr consider- 
ation. In other words, the analysis problem in clectromagbetics is a 
boundary-value problem. If the distribution of sources is completely speci- 
fied, the field is uniquely determinate; this was demonstrated Tor static 
electric fields in the first part of this chapter. Conversely, if the field is 
specified at every point within a region, the source distribution is determinate, 
but not necessarily uniquely; this property will be demonstrated for electro- 
static fields in the last part of this chapter. 

Ordinarily, the electromagnetic field problem is a very difficult one. 
Generally speaking, neither the charges nor the field itself are known every- 
where in a region. Instead, only the primary, or driving, sources (batteries 
and other types oi' generators of electromagnetic energy) are specified, and 
the problem is then to calculate the resultant field, as well as the secondary 
sources induced by the specified primary sources in various regions of space. 

To illustrate, let us imagine that a third conducting body is brought near 
the capacitor of Fig. 3-11. The surface of the third body, and the surfaces of 
of the first two as well, are always true cquipotentials. Generally speaking, 
the shape of the third body will be arbitrary and, most likely, will not conform 
to an equipotential surface of the primary field. Therefore the presence of 
the third body will cause a disturbance of the primary field, but the resultanf 
potential will still be constant over each of the three surfaces. This disturb- 
ance will be accompanied by a rearrangement of the primary charge Q on the 
surfaces of both capacitor bodies. Also, a secondary system of charges will 
be induced on the surface of the third body without altering, of course, its 
electrically neutral state of charge. In other words, the forced migration of 
surface charge will keep the net charge on the third body always equal to zero. 

To obtain an analytical solution to the three-body problem of a capacitor 
in the presence of a third body, Laplace’s equation must be solved subject to 
the condition of a vanishing tangential E field on the boundaries of the three 
conducting bodies. This is easily said, but the task is a very difficult one to 

■f The capacitance of a single isolated conductor may be defined if the second conductor 
is considered to be a spherical shell of infinite radius. The numerical value of C would 
then specify the degree of coupling between the conductor and other remote objects sulIi 
as the earth (ground). 
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perform and, more frequently, even impossible, unless the surfaces of all 
three conducting bodies are in perfect coincidence with three coordinate 
surfaces. This is a basic limitation of boundary-value-problem solutions. 
To ohimw formal solutions of Laplace’s equation in rectangular coordinates, 
the boundaries must be plane; in cylindrical coordinates, the boundaries 
must be cylindrical; in spherical coordinates, the boundaries must be 
spherical; and so on. If they are not, the respective solutions will be in the 
form of infinite series of functions for which the evaluation of the coefficients 
IS more often than not a frustrating, and very frequently an impossible, task. 

Fortunately, an electrostatic field problem can be solved by one of 
several methods. In order of presentation, these methods are 

1. The method of separation of variables! (formal solutions of static field 
equations) 

2 The numerical method (computer solutions of static field equations) 

3. The method of adapting a known solution to a new problem 

4. I he method of images 

5. The method of conformal transformations 

6. The graphical method 

7. The electrolytic tank method (an experimental method) 

The subject of all seven methods cannot be considered as a whole in this 
work. Instead, each method is discussed only to the extent required by a 
first exposition to the general principles of electromagnetics. The first six 
methods arc examined in this chapter; the treatment of the last is deferred to 
Chap. 5. 

In a great number of cases, the solution of the electrostatic boundary- 
value problem reduces to a solution of Laplace’s equation which fits a 
prescribed set of boundary conditions; m other words, all field sources are 
considered to exist either exterior to, or on the boundaries of, the region 
under consideration; a field is then to be found at every point in the source- 
free region within, such as to satisfy the boundary conditions over all surfaces 
ol discontinuity. Every field of this sort is characterized by the following 
properties: 

1. The potential (f) will satisfy Laplace’s equation at all points where there 
are no charges. 

^ There arc only 11 coordinate systems in which Laplace’s equation can be solved by the 
method of separation of variables. These so-called coordinate systems oj Eisenhart are 
(I) rectangular, (2) circular cylindrical, (3) elliptic cylindrical, (4) parabolic cylindrical, 
(5) spherical, (6) prolate spheroidal, (7) oblate spheroidal, (8) parabolic, (9) conical, (10) 
ellipsoidal, and (11) paraboloidal. 
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2. The potential (/» will be continuous everywhere except at surfaces bearing 
an isolated distribution of electric dipoles, called dipole layers. Such 
layers are found principally on the electrode surfaces of electrochemical 
devices, such as batteries. 

3. The potential <f> will be finite everywhere except at points occupied by 
mathematical point charges, or line charges. 

4. When all sources are located within a finite distance from the origin, 

will vanish at infinity. 

5. The potential will assume constant values (/^hni ‘^^cr the surfaces 
of conductors. Conductors arc cquipotential regi(ms. i 

6. E will always be normal to surfaces of constant 0. \ 

7. The tangential component of E will be continuous across all surfaces. 

8. D lines will emanate from positive charges and will terminate on 
negative charges. 

9. At the interface between two dielectrics, the normal component of I) 
will always be continuous if no surface charge is present. 

10. At the interface between a conductor and a dielectric, the normal 
component of D will be discontinuous by an amount equal to the densitv 
of the charge on the surface of the conductor. 


Actually, we do not C(mccrn ourselves with each of these properties 
every time we solve an electrostatic problem, because a solution of Laplace's 
equation that satisfies the prescribed boundary conditions is unique (Sec, 
3.11), and thus exhibits each of the.se properties automatically. 

In summary, this section discussed the third part of the problem staled 
in the introduction of Chap. 2, namely: Given a system of conductors, 
dielectrics, and driving sources, find the resultant field and the spatial 
distribution of charges. This, in essence, constitutes the boundary-valiis: 
proolem in electrostatics. 


3.10 Formal Solutions of Laplace’s Equation in Rectangular Coordi- 
nates. Finding closed form solutions of l.aplace’s equation is not altogetliei 
new to us; this method was illustrated once in Example 2-6, using rcctanguLii 
coordinates, and again in Example 3-1 , using spherical coordinates. Tlunigli 
geometrically diflcrcnt, the parallel-plate-capacitor prc^blem of Example 2-fi 
and the isolated-charged-sphcrc problem of Example 3- 1 were similar in oih' 
respect; they both were onc-dimcnsional problems, because the potential 
function depended on only one coordinate. In both cases a simple soluiion 
inclosed form was obtained. Two-dimensional and three-dimensional sidii- 
lions of Eaplace’s equations are normally more involved. 

We shall eventually illustrate the solution of l.aplace's equation m llu’ 
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three most widely used systems of coordinates, namely, rectangular, cylindri- 
cal, and spherical. This section deals with solutions of Laplace’s equation in 
rectangular coordinates. Solutions in other systems of coordinates are to 
be found in the literature.! 


Example 3-7 Covered Trough. As an ilkislralion of a two-dimensional solution of 
Laplace's equation in rectangular coordinates, let us consider a very long hollow 
ineLal tube of rectangular cross section. The pertinent geometry is shown m Lig. 3-1 2^. 
Three sides of the tube are held at zero potential The fourth side, insulated from 
the other three, is held at the variable potential </> — L sin {nxla), where L is a con- 
stant We wish to determine the electric potential at all points in the free space 
within the pipe. 

Our problem is to find a solution of Laplace’s equation 

0 (3-95) 

which satisfies the following boundary conditions- 

^A(0,V) 0 

^(-v,0) 0 

</»(r/,v) - 0 

77.V 

(f>{x,h) Lsin — 
a 


Since the pipe is \cry long, the field inside the pipe will be independent of z. 
Therefore, in cartesian coordinates, Laplace's equation is 


—I . _I _ 0 

d\~ 


(3-96) 


This IS a linear second-order partial did'erential equation Equations of this type may 
be solved by assuming a product solution of the form 

cf> - Xi.\)y\y) (3-97) 


where X is a function of v alone, and >' is a function of v alone Substituting this 
expression in I q (3-96), dividing by the product XY, and transposing yields 


I cI^X 1 (P Y 

X 7i7- T 


(3-98) 


The left niember of this equation is dependent on .v alone; the right member is 
dependent on v alone Ehus, in Eq (3-98), the independent variables arc separated. 
As a result, changes m )’ do not affect the left member; similarly, changes in .v do not 
affect the right member. Therefore the only way in which the equality can hold is for 
both members to be independent of both v and r, in other words, the equality holds if 
both members arc equal to some real constant k- (where the negative sign is chosen 
deliberately to satisfy the boundary conditions)’ 


1 dK\ J 

X^ E ^ 


(3-99) 


^ E. Moon and D E. Spencer, “Eield Theory for Engineers,” D Van Nostrand Company, 
Inc., Princeton, N.J , 1961. 
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Figurf: 3-12. The held within a covered trough (a) 

Geometry, ih) field distribution. 

In terms of the constant of separation wc now have 

d^X 

, (3-100) 

dx^ 

d^Y 

^ (3-101) 

Thus the so-called method of separation of variables has reduced a partial differential 
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equation to a pair of ordinary differential equations. The general solutions of Eqs. 
(3-100) and (3-JOI) are, respectively, 

X A^co^kx I /laSmAjc (3-102) 

Y - R,e^y 4 B^c (3-103) 

where ^2, ^1, and are arbitrary constants whose value will be determined by 
the boundary conditions. Substitution of these in Lq. (3-97) now gives 

- (Ai cos kx -\ Ar, sin kx){Bye‘^'> 4 (3-104) 

This solution must be adjusted to lit all four boundary conditions simultaneously. 
Applying the first boundary condition gives 

0 - AAB.e'^y i B.,e ^y) 

The only way that this equality can hold identically lor all 4, without leading to the 
trivial solution, is foi 4, to be equal to zero Then 

(j) - sin Ax {Bie'"' i B.e ^4 (3-105) 

where A^ was absorbed m and B.^. Applying the second boundary condition to 

Lq (3-105) gives 

0 sin Ax (By I BA 

This requires that By B^ 0; hence Eq. (3-105) reduces to 

(f) C\ sm kx smh Av (3-106) 

where C\ IBy Applying the third boundary condition now gives 
0 C\ sm ka smh A y 

Nshich m turn demands that sm ka 0 and that, consequently, 
ka HTT n _ 1 , 2, _ 3, . . . 

(Note llial the case n 0 was purposely omitted because it leads to the trivial 

solution ) This means that the most general form of Eq (3-97) is a superposition of 

simple solutions’! of the form C„ sm (//7r/t/).v smh irnrla)]'. Thus 

IJTT HIT 

<!> N sm — .X smh — v (3-107) 

a a 

n 1 

Note that the index n covers only the set of positive integers Negative values of n 
merely change the algebraic sign of C\,, without m any way affecting the form of the 
sum I his IS because the constants C\, associated with pairs of terms corresponding 
to each combination of positive and negative values of // can always be combined into 
a single constant. 

Of the inlimtely many terms on the right side of Eq. (3-107), w'c shall tww' retain 
only a\ many tarns as we need to satisfy the fourth and last boundary condition. In 
this case we can satisfy this condition by retaining a single term, namely, // I. 
Thus we have 

C’l sm - X sinh - /j Lsin-x (3-108) 

a a a 

Jn mathematical language, the particular values A rnrla are called eit^emalues. The 
corresponding solutions C, sin (/i7r/fl).v sinh (//7r/u)v are in turn called eit^enf unctions. 
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from which we obtain 


y 


sinh {■7Tla)b 


TT 77 

Sin — X sinh — y 
a a 


(3-109) 


This is the desired result. The function ^ is shown plotted, together with the electric 
field intensity, in fig. 3-12A. 

The following observations will serve to complement the discussion of the present 
example. 


1. Substituting A“ for A- interchanges .v and y m every expression for </>, including 

Fq (3-107) However, in this example, a positive A- would make U impossible 
to match the boundary condition at y - h. The choice of sign is aIvVays dictated 
by the boundary conditions of the problem. \ 

2. A closely related problem arises when a potential other than zero is specified along 
two or even three sides of the pipe (Prob. 3-7). Such a problem cart always be 
solved by superposition. 

3. A solution of the rectangular-pipe problem is to he found with (/» ^ 0 on all 
surfaces, except that <f) C, where I' constant, ai the top I he solution in 
this case develops as before, except that the boundary condition at v h now 
requires 

HTT flTT 

^ C,i sin — .V smh — h I (3-110) 

It will be an accident if the scalar potential r/) is exactly equal to 1 at v h when 
the sum includes only a finite numbei of leims On the other hand, even if the 
number of terms is large, the senes may not conveige lapidly, and r/> may not 
represent anything. 

Re that as it may, let us multiply both sides o( I q. (3-1 10) by sin (/n7T/u)\, 
where /rris a real positive integer We have 


i 

// 1 


r„ smh 


nrr htt 

— h sin — 
a a 


niTT 

V sin — 


u 


mrr 

I ' sin — \ 
a 


Let us next integrate both sides of this ec|Liatinn from v 0 to a' i/, interchang- 
ing the order of integration and summation in advance 


I 



ni7T 

V sm A (/\ 

a 


/Htt 

sm — .V (/\ 
a 


(.l-llh 


Using the trigonometric identity 


sm A sm /J '-[cos {A B) cos {A - B)\ 


transforms the integral on the left side of bq. (3-1 1 1) to 


/ITT niiT 

sm — .V sm — A' dx 


if 


cos in m) ~ X cos (// i m) - x 
a a 


dx 


HI n 

(3-li:i 

ni / n 
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Therefore, after integration, we have 

^ a fin a 

C,, - sinh — h - IV — n odd 

2 a tin 


or 

and 




AV 

tin sinh {nnla)h 




4V nn fin 

: ; — Sin — A- sinh — v 

nn sinh (nnj{i)h a a ' 


(3-113) 


Lcjiiation (3-113) expresses the potential distribution within the pipe when a 
battery of V volts is connected between the top and the bottom three sides of the 
pipe. Obviously, it is much more complicated than t.q. (3-109). 

It should be noted, in passing, that in order to arrive at these results, we made 
use of what is called the orthoi^onahtv property of the trigonometric function, 
expressed in this case by Tq. (3-112) Cicnerally speaking, two functions J\ and 
j, arc said to be simply orthot^onul on the closed interval [ej,b] if 


/,(a)/\(.v) Jv 


(3-114) 


A set of functions, /], /., /*,, , . . , is said to be an orthot^onal set on the closed 
interval provided 


fSx)fM)(ix 


io 



(3-115) 


where N, is a constant, usually dependent upon / In Eq. (3-112), it is seen 
that N, afl for all / 


4. I Lirthcr complications arise in a three-dimensional problem. If the pipe is 
terminated at r 0 and r cL so as to form a parallelepiped with dimensions 

a h ci, the potential is expressed by a doubly intinite sum of the form 


\v here 


and 


0 


i i 

n 1 ni 1 


nn mn 

Sin — V sinh ry sin — r 
a ' d 


/,7 


nr 


(3-116) 


C 


4 1 

(id sinh hr 



/(.v.D 


tin mn 

sm — .V sin — r d.x dz 
d d 


In this expression, the function / represents an arbitrary potential distribution on 
the lop of the pipe. All Tour sides and the bottom are held at zero potential. 

5 The important question of w hether Fqs. (3-109), (3-1 13), and (3-1 16) are the only 
possible solutions is answered next, in Sec 3.1 1. 


Let us now summarize the main points of this discussion. In a source- 
tree region the electrostatic problem reduces to a solution of Laplace’s 
equation, which satisfies the prescribed boundary conditions. In all but the 
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most clemenlary cases, solutions of Laplace’s equations involve fairly 
complicated expressions, which often may become unmanageable. 

The following equations are the most frequently encountered solutions 


of Laplace’s equations in rectangular coordinates: 

1. </► independent of V and r: 

Ax ! B (3-117) 

where A and B are constants. 

2. (f) independent of z; 

(j) - {Ay sin kx A, cos kx)(Bye'''' -f- B^c (3-1 IS) 

(l> -(Ayc'^^' r A.c '‘^)(BySinAy | B, cosky) (3-119) 

</> {Ay Sin kx 1 A., cos kx)(By sinh A r : B^ cosh A r) (3-12(9 

</» - {Ay sinh kx -i A . cosh A.v)(^i sin ky B.> cos A r) (3-121 ) 

where A is a constant of separation. 


In addition, any linear combination of the products w, \’Z, zv is also an 
admissible solution of Laplace's equation. Three-dimensional solutions are 
rarely encountered. 


Uniqueness. In this section wc prove a uniqueness theorem which 
applies to every solution of Poisson's and l.aplace's equations 

Generally speaking, the purpose of a uniqueness theorem is to establish 
conditions under which a particular solution is the only solution of a problem. 
Specifically, a uniqueness theorem establishes the boundary conditions which 
are sufficient to specify a solution uniquely, and in addition specifies nccessar\ 
and sufficient conditions for a one-to-one correspondence between a field aiul 
its sources. 

THEOREM 

Within a region V which is bounded by a closed surface 2], a solution 
of Poisson's or Laplace’s equation is specified uniquely by the potential o\er 
the boundary, or by the normal derivative of the potential over the boundar\. 
or the former over part of the boundary and the latter over the rest. 

In accepted terminology, Diriclilct boundary conditions are those for 
which the scalar potential is specified at every point on the boundary. This 
occurs when conductors are held at specified potentials, as in Example 3-7 
On the other hand, Neumann boundary conditions are those for which the 
normal derivative of the potential is specified everywhere on the boundary- 
Finally, mixed boundary conditions are those for which the potential is 
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specified over a portion of the boundary, and its normal derivative is specified 
over Ihc rest of the boundary (Example 2-5). 

Wc want to show that both Poisson’s equation 


(3-122) 

€ 

and Laplace’s equation 

0 (3-123) 

have a unique solution within a volume I' when either Dirichlet, Neumann, 
or mixed boundary conditions arc specified on the boundary surface 11. 

To prove this statement, wc suppose to the contrary that there exist two 
solutions, </>i and which satisfy cither Poisson’s or Laplace’s equation in 
Land identical boundary conditions on X. Then the dilfcrence function 


(/i - - (/>! - 


(3-124) 


satisfies I-aplacc’s equation in 1 , regardless of whether or not any sources are 
present in L Additionally, cither </> - 0 or dcfijdn - 0 over the bounding 
surface or (f> 0 over part of 11 and d(f)ldn - 0 over the rest. Now, in 

Green's first identity. 


( v V'-(f) 



(3-125) 


wc let v’ ttnd we find 

f |V<A|-)(/r (3-126) 

Jr an 

Lor anv one of the three txpes of boundary conditions, the right side of this 
equation vanishes identically; and since V-(f> 0, it reduces to 


I (3-127) 


The integrand is an essentially positive quantity; hence 

\Vcf>\ -0 


(3-128) 


and (f) is constant throughout L; that is, 

(f) - efyy - constant (3-129) 

For Dirichlet or mixed boundary conditions, 0 0 on the boundary 

or on some part of it; hence this constant must be zero, 0i (f> 2 . and the 
solution is unique. When Neumann conditions are specified, the solution 
IS also unique, but only within an arbitrary additive constant. However, 
this constant has little or no practical significance since, as noted earlier, a 
^ero reference for the static potential can always be chosen arbitrarily. 



150 


(..hip J 


I III. IlLO^ 

In closing, it .S impor.ani to note that the proof just completed IS not 
dependent on the coordinate system. 


3.12 Formal Solutions of Laplace’s Equation in Cylindrical Coordi- 
nates. Following our bricl discussion of unicjueness, let us next seek 
solutions to Laplace’s equations in cylindrical coordinates. 

In right circular cylindrical coordinates, we have 


7 .# 1 «( 3 ) : 0 

r dr \ dr J r- d</ “ dz- 


(3-130) 


e s 


As in the rectangular case, using a product solution will reduce V^aplace’ 
equation to three interdependent differential equations of a single Variable. 
Thus, substituting 




R(I )<l '(7 )y.(z) 

(3-131) 

nto Hq. (3-130) gives 




d^R 

1 dR 

1 </-<h . (/-z 


(J)Z-— 

- (hZ — - 

-R/. ;; /f(I> — (» 

(3-132) 

dr- 

/ dr 

/’" dij - dz- 



Dividing this result by the product /?<J>Z and transposing gives 
1 (l-R 1 (IR 1 I ^/“7 

' TrIH- 7.d5 '' '' 

where is the separation constant. From Tq. (3-133) we obtain twe 
differential equations, namely. 




and 


r - d~R r dR 


ir 


(3-134) 

(3-135) 


^ , 1 r/-c|) 

R dr'- l<~d^- <]) 

Here n- is a second separation constant whose value is yet to be determined 
Equation (3-135) may be broken into two ordinarv dilferenlial equations. 



d'^(h 






0 


(3-l3(i) 

cRR 

\ dR / . 

n- \ 



Jr'^ 

' ~r~dr ' y 


0 

(3-137) 

■134) and (3-1 

36) can be solved easily, 

giving 



z - Aie'^ ! 



(3-13.SI 

(1> 

fl] cos /1 7 i 

B-i sin /)</ 


(3-1 3‘^) 






( h.i|> ■! Till KI I ( I lUISTATK' HII.I.I-) 


i :)2 

On the other hand, hq. (3-137), known as Bessel's ecjuation, leads to solutions, 
called Bessel functions, which have the forms of infinite series in powers of r. 
J'c>r example, when n 0, the solution is 

/?„ ) (3-140) 

(/j-jl)-'' 

where ■/||(//■) ^ ( I)' nwi' (3-141) 

IS the Bessel function of the fust kind and order zero, and 

)',(//•) -(in-;^ 0.5772 )./„(/./•) (3-142) 

is Ihc Bessel function of the second kind, or Neumann junction, and oAder zero. 
Bessel functions of various values of// are plotted in Fig. 3-13. 

The general solution of Laplace’s equatnms in cylindrical coordinates 
IS the product of Eqs. (3-1 3S) and (3-139) and Bessel Ifinctions similar in form 
to Eq. (3-140). However, manv problems in cvhndncal coordinates have 
solulKuis which are independent of r. In such cases 

j> Rirmif) (3-143) 

and Eaplacc's equation reduces to 

d~(\> 

//-<]) 0 (3-13 6) 

df/- 

d-R dR 

r-~— r-- trR 0 (3-144) 

dr~ dr 

It can be shown that the general solution of the second equali(’)n is 

fCiln/- r., // 0 

R ^ (3-145) 

I c,/-" c,/- " // / 0 

which in combination with Eq. (3-139) gives 

[r, In/' : C, n 0 

\ (3-140) 

((^, COS//7 B.,'s\nn(i){C\r" C.r ") n / 0 

The arbitrary constants ol integration, C’,, and C.^, together with all 

possible values ot the constant //, must be obtained from the boundarv 
conditions. 

Example 3-8 Coaxial Line. 1 he coaxial line ol \ ig. 3-14f/ is a good example to which 
Laplace s equation in cylindrical coordinates may be applied. The solution to lln^ 
problem has practical significance because it holds even for time-varying fields. 
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4. The ouler conductor (also an cquipotcntial) is held at a fixed potential by con- 
necting a battery between the two conductors; so - V\ 

5. The interelectrode space, a - r h, \s filled with a linear, homogeneous, and 
isotropic dielectric of permittivity e. 

We wish to determine the potential distribution within the dielectric region, the 
electric field intensity, and the capacitance per unit length of line. 

.X^tated mathematically, we wish to find a solution of Laplace's equation, not 
dependent on z, which satisfies the (Dinchlet) boundary conditions </>(«) 0 and 

(jjih) - V. By uniqueness, only one such solution exists. 

A good rule to remember is that the number of arbitrary constants arising in a 
general solution must be equal to or greater than the number of boundary conditions 
to be satisfied. Mere the numbei of boundary conditions to be satisfied is two. 
Hence the general solution must include at least two arbitrary constants. \ Since, m 
addition, the solution must be independent of z and 7 , the obvious choic^ dictated 
from Eq. (3-146) is 

ijy r, In/- ‘ C, (3-147) 

Applying the first boundary ctmdition, «^(«) 0, then gives C. C\ In a, so that 


<l> - r, In - 

a 


Next, applying the second boundary condition, </»(/4 1 - yields 

f 


Cy 


In {h/a) 


Therefore the potential distribution is 

4^ 


r r 

In - a r _ h 


In {hi a) a 


(3-148) 


To obtain an expression for the electric field intensity, we make use of the relation 
E — Vcf) m cylindrical coordinates. We find 


E 


In {hi a) r 


(3-149) 


Both f/> and E are plotted in Fig. 3-14// I quipotcniial surfaces aie concentiic. 
but not equally spaced along a radius Electric field intensity lines originate on the 
outer cylinder and terminate on the inner cylinder where the potential is lowest 
E lines become more dense near the surface of the inner conductor, consistent with 
Eq. (3-149), which shows the amplitude of E to increase with decreasing ; Thus 
r a determines the most critical area from an insulation point of view, because 
when the magnitude of E exceeds the chelcdiic strvni^th of a substance, the insulation 
breaks clown and arcing (conduction) occurs between contluctors. Typically, the 
dielectric strength of air is 3000 kV/m, while that of paper is 15,000 kV/m. Therefoic 
dielectric breakdown will occur if the quantity yj[a\n (///«)] exceeds the dielectiic 
strength of the substance between conductors Note the linear dependence on L. 

Our final objective is to find the capacitance per unit length of coaxial line. 
this end , we compute 


D fE 


fE I 


In (///«) r 




Next, we calculate the density of charge on both cylinders 


(3-150) 
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Outer cylinder; 
Inner cylinder: 


h\n{bla) 

€V 

a\n {bja) 


(3-151) 


On a section of either cylinder, 1 m in length, the magnitude of the total charge is 


7 


(27r)(radius)(I)(pJ 


2tT€ V 
In {hi a) 


(3-152) 


Therefore, using the relation C 
coaxial line is 


qjV, we find that the capacitance per unit length of 


C 


2tT€ 

In (h/a) 


(3-153) 


I rorn this formula it is seen that (quite properly) the unit of C is that of t, namely, 
the farad per meter. 

Hcsause of symmetry, the coaxial-cable pioblcm can also be solved by using the 
integral laws This is left as an exercise for the student. 


Ill sLimmarv, this section was devoted to solutions of Laplace's equation 
in cylindrical coordinates. The simplest and most frequently used solutions 
arc 


1 . (f) independent of (j and r: 

0- ejnr C, (3-154) 

where C\ and C\, are constants. 

2 . cf) independent ofr and r: 

(/, C,v -i C, (3-155) 

h 0 independent of r : 

(f) (/^, cos//f/ ^ Bo s\n IK/ ){C if" I Cj- ") (3-156) 

where /?,, and B., are constants, also. 

1 . r/j independent of 7 : 

0 (B,e^^ B,e '-)[CMAr) \ C\y,(?j-)] (3-157) 

where >;, is not to be included if the origin (/• -- 0 ) is a part of the region 
under consideration. 


3.13 Formal Solutions of Laplace’s Equation in Spherical Coordi- 
nates. In spherical coordinates Laplace's equation 

r-dr\ dr) ' r- sin 0 30 \ dO f r'^s.\n~0dq~ 


0 (3-158) 
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may be solved again, assuming a product solution of the form 

(/» - R(r)P{()YHf/) (3-159) 

The details of the solution for the functions /?, P, and d) are quite involved, 
and arc omitted. The simplest and most frequently used solutions of 
Laplace’s equation in spherical coordinates arc 

1. (f) independent of 0 and 7 : 

A. 

cl> A, ! — (3-160) 

where A^ and A^ are arbitrary constants. 

2. 0 independent of r and 7 : 

4> C, C. ln|cot^j '.(3-161) 

where and C\, arc also arbitrary constants. 

3. c/) independent of 7 . 

<l> - i' (A,„r" 4 A,„r ' ")[C,„/'„((^) i C,„Q„m (3-162) 

>1- 0 

where the functions P^ arc the Lc^^endre polynomuils of the first kind. 


P(,(cos 0) - 

1 

(3-163) 

Pi(cos 0) 

cos 0 

(3-164) 

P.(cos 0) 

^ 2(3 COS“ 0 - \) 

(3-165) 

P^iicos 0) - 

^ 2(5 COS'* 0 3 cos 0) 

(3-166) 

Piicos 0) 

\{35 cos' 0 — 30 cos“ 0 3) 

(3-167) i 


The decree of these polynomials is signified by the subscripts 0, 1,2, etc. 
The functions in (3-162) are known as the Le^cfidrc functions of the 
second kind: 

Q,^ (cos 0) - - In ^ (3-16S) 

cos 0 

. /.V ^ * - cos 0 

C>i(cos^^) -cosl^ln- I (3-169) 

2 I f cos 0 


Every function is undefined at the north pole (C/ - 0) and at the south 
pole (0 - 7t). Therefore the Qfs are always excluded when the north 
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and south poles arc included in the region under consideration, and 
Eq. (3-162) IS replaced by 

<A - 2 !- A,„r ^"">)PJ0) (3-170) 


Example 3-9 Metal Sphere in a Uniform Field. Consider a mclal sphere of radius 
a in a dicleclric medium of permittivity f. We suppose that a uniform field Eo exists 
everywhere m the dielectric region initially, and wish to determine the field distortion 
caused by the sphere. 

The geometry of the problem is shown in I ig. 3-1 Sc/. The center of the sphere 
coincides with the origin of the coordinates, and the piimary field Is,, has the direction 
of the negative r axis 

The piesence of the metal sphere in the piimaiy field Eu will generate a secondary 
field, which, combined with Eq, will render the metal sphere a region of constant 
potential With no loss m generality, the potential of the sphere can always be 
chosen as zero Thus boundary conditions for this problem are 


f/) 0 at r a 

E ► E,, that IS, <l> /.o'* cos 0 for r a 


(3-I7I) 


Because of axial symmetry {djd<f^ 0), Fcj. (3-170) applies 


<t> V \ /E.r n .. /' (3-172) 


Again, we retain only as many terms as we need to satisfy all boundary conditions. 
Accordingly, let us retain only the first two terms in the infinite sum; 










) 


cos f) 


(3-173) 


from the second boundary condition, wc have Am 0 and An - Thus 


0 





cos 0 


Now, from the first boundary condition, wc obtain /ln„ - 0 and Azi ^ 

Hence the potential is 

r \3 n 

<1, rcosO (3-174) 

and the electric field intensity is 


K I I 2 

For r very large. 


cos 0 Hr I Eo 


sin 0 Hg 


lim E f,, cos ! E'o xm - --£^ 0^2 ^ Eo 


(3-175) 

(3-176) 


as required. On the other hand, when /- — «, 

E - ~ 3 Eo cos Ostr 


(3-177) 
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which shows thal the electric field intensity vector is normal to the surface of the 
spliere. Maximum stress occurs at the lop and bottom of the sphere, where |E| - 3/:o. 

A plot of the held is shown in Tig. 3-15^. Note that, although the sphere is 
electrically neutral, a distribution of charge, 

p,- 3eEoCo^O (3-178) 

appears at all points on the outer surface. 


3.14 Properties of Laplace^s Equation. Every solution of Laplace’s 
equation is characterized by a number of useful properties. One of these 
provides the theoretical basis for the numerical solution of Laplace’s equa- 
tion, a topic which is discussed in the next section. 


PROPERTY / 

A solution (/) of Laplace’s equation within a region K, completely 
enclosed by a surface 11, cannot attain a maximum value or a minimum value 
at any point within V. Instead, ^ must reach its maximum and minimum 
values on the bounding surface 

To prove this assertion, we assume, to the contrary, that </> is maximum 
at some point (v,r,r) within L. At that point, the derivative of 0 with 
respect to each space coordinate must be zero, and the second derivative 
must be negative. 


and therefore 


Thus 



a^(/) 

0 


dx'^ 




d-4> 


a.v“ 

dv- 


0 


a-(/> 

0 


0 


(3-179) 


This, however, contradicts the assumption that 0 is a solution of Laplace’s 
equation 




J? 




- 0 


Therefore cannot assume a maximum value within V, 

On the other hand, (/> cannot assume a minimum value within V because 
the condition 


av 


(3-180) 


would also contradict Laplace’s equation. 


PROPERTY 2 

All partial derivatives of (j> computed with respect to its rectangular 
independent variables satisfy Laplace's equation. This statement is gener- 
^tlly not true for other types of coordinates, such as cylindrical or spherical. 
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This follows easily because, lor example, 

^ \d\' d.v' ' d V 9)’“ ' 9.V dz" 


- 0 


A conclusion that can be drawn directly from this property is that a set 
of solutions to Laplace's equation can be obtained from a single solution b> 
dilTerentiation with respect to the rectangular coordinates. 

It follows from Property 1 now that all partial derivatives of (f) with 
respect to .v, r, or r reach their respective maxima and minima on the 
bounding surface X. i 

PRO PERI y 3 \ 

A function (j) which satisfies Laplace's equation at all interior points of ;i 
sphere has at the center of the sphere a \alue equal to the a\erage ofils values 
either on the surface or in the sphere. ( \ his is often called the arcra^^c-raluc 
theorem.) 

The assumption that at all interior peunts of a sphere 6 satisfies Laplace s 
ccjuation implies that all continiuuis sources c)l the static electric lield must be 
located outside the spherical region. According to 1 q. (3'5S), the relatinii 
of 0 to its sources is given by 


477 h 






n da 


(3-lSl) 


Since r is constant on the spherical surface X. the iirst integral \ields 

V(/j • II Ja - ' V -(f) ill 0 (3-1 ST) 

477/-,, 477/ „ e 

where denotes the radius of the sphere; the first equaht\ follows direcn\ 
from the divergence theorem. On the other hand. 


^0. ,r 

Therefore the potential at the center is 

I 




477r„ 




la 


rf) da 

(.Vis.t) 

A 

since A 

477/|,- is juM tlie aie:i 


of the spherical surface. 

To prove the second part ol the assertion, we write Lq. (3-1 S3) for an 
arbitrary sphere of radius r as 
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7 



Fic.i'Rt }-\(ri. A three-dimensional grid. 


and siibscqucnlly iiileeraic both sides with respect to r: 


f,. 

(j) 6 da 

Jo 



477 (Ir 

1 he left member mlctiratcs to Hence 


(t>n ; ^‘1’' 


(f> dv 


(3-185) 


and this proves the second part of our assertion, since T is the 

\ olumc of the sphere. 

Another wav ol lookintz at the same property is through the notion of the 
derival ivc. Consider a three-dimensional grid, as showm in Fig. 3-16. An 
arbiirarv point ( v, r,r) is shovMi at the intersection of three mutually orthog- 
onal lines oriented parallel to the directions of the coordinate axes. The 
length 2(/ of each line is very small. 

According to the definition of a partial derivative, the rate of increase of 
the potential at is given bv 


df 

dx. 

df 


^ - [(f>(A ; d, ]\ Z) — 6(\\]\Z)] 

d 

^ - ^(.v — (/, p, z)] 

d 


and by 
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Therefore 

def) d(j> 

^ J H 

3.V'^ ^ d 


_[0(v t d,y,:) 
cr 


2(^(v, v,^) I (^(a' - r/, V, r)] 


Similarly, 


^ 1 
dy- d~ 

V 


- 2.A( V, 

r.--) 1 


V - d, z)] 

1 

[</->(-'■, .1 , 

! cf)- 

2<A(-v,; 

I-.--) : 


r.- - d)\ 

\ 


Adding the last three equations gi\es 

^ I [./,(,v ,/. r. r) , M^.y </. .-) 

dx^ ' ar d-J 

i-(/)(A, ]', r lJ) 6rA(v.r,r) M\ tL \\ z) 

<!)(\, V iL z) \\ z </)] (3-lS(i) 

By virtue of Laplace's equation, the sum of the partial deri\ali\es on the kli 

is zero. Hence 

r,r) Si[</k.v (L \\ z) rM\.\ d.z) 6(\.\\z J) 

- (1){\ — i /. 1 , r ) (l){ w \ (L z) (Ia w V, z f / ) 1 (3-1^7) 

and this shows that the potential at the center point is approxi- 

mately equal to the axerage ol its \ allies on the si\ corneis ol the grid. 


PROrrRTY 4^- 


Thc field which results fiaun an interLhange ol the equipolenlial lines aiu! 
the lines of force (streamlines) (*1 ain t w o-Llimeiisional solution ol I apLue'^ 
equation is also a solution of the same equation. 

'Lo proxe this theorem we note that. \\' (h is a l v\ o-dimensional soluiioii 
of f.aplace's equation, then 







dv 


is a vector perpendicular lo the lines of constant potential. At an\ point 
in the field, the ratio Vr/>;|VrA| therelore delines a unit vector tangent to i1k‘ 
local streamline, t the slope ;V/\ ol which is just the slope of the unit langeiit 

^ D. r. Pans, C onjiigalc .SDliiuons of I aplaec's I qiuition. Run. /III., ndI 55, pp. 104 i-tk 
January, 1067. 

In a conductor, streamlines coincide with lines ol current flow. 
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vector. Put mathematically, this leads to 

dy d(l}ldy 
dx d<f>ldx 

for the dilTercntial equation of the streamlines. Integration yields 

rdef. ^ r d<f> , 

I ^ J ^ I constant 

which is the equation of the streamlines. 

On the basis of the foregoing discussion, we definet 

r'd 4 > ^ 
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( 3 - 18 «) 


( 3 - 189 ) 




( 3 - 190 ) 


where A and li are constants, and assert that cf>' is a potential function which 
satisfies I aplace's equation as well as the condition of orthogonality, 
Vc/) ■ Vr/)' 0. 

Proof: VV'c calculate 


ac// 

a 


and note lhai, since V-cA 0. d~(f).d\“ 

a\A 


d-rjildv^ and 




./i 


d-6 , 


d<l> 


hence 


d<l>' 

d.\ 

-1* 

N o W' 


?T- 

d-6 

2 t 

a.x ar 

Siinilarlv , 


dV.' 

dv- 

d-j, 

d vd\ 

1 li ere fore 





Tx-' 

d-<i: 

ar-' 

a-oi 
" '* ^d~y 


2.-1 


d-6 


0 ( 3 - 191 ) 


thill inlci^ials of ihc tv pc shown in paicnlhcscs in Tq. give rise to aihitrary 

.itklilivc ritnclions of a oi r, alone Our dchniiion lequires that these fiinelions be 7 cio. 
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>r}' - Lon'..lant 

^ ‘ constant 

hiCiirRL 3-17 Plot of Ihe two-dimen- 
sional polcntial function - .v)’ and its 
conjugate </»' - a- v“. 


To prove the condition of orthogonality, we calculate 


(1- 

, H \ 

\ dv ^ ' 

d<l>' 

{^<t> 

la.v''" 

' ^ • 

( 

\ 

a, : 2 


a.;i 


9^ \ 


3</>5<A d<f>d<^\ 

- 2A 5 ^ "5“ ) 

d.v dr dr dA' ' 

which proves the second pari of our assertion. 


(3-192) 


Example 3-10 Interchange of Hyperbolic Potentials. Ecu a spcciDc example, let us 
consider the problem of interchanging the equipotcnlial lines and the lines of force 
associated with the hyperbolic potential function </> a v (Pig- 3-17). 

Erom the gradient expression 

Vt/t - ysir H A'a^ 

it follows that the streamlines are defined by the dilTcrential equation 

dv X 
dx V 

This equation can be solved by the method of separation of variables, giving 

ly" Ev" I constant 
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The condition that y - 0 when .v - 0 (45 ’ line in I'lg. 3-17) requires that the value of 
the constant of integration be zero. Hence 

^2 _ ^,2 constant 

defines the family of streamlines associated with (/> - x)\ and 

<li' - A-“ — v" 

defines the conjugate potential for the special case A 1. The proof that <j)' satisfies 
Ui) Laplace's equation, and (h) the orthogonality condition V(/> ■ -- 0 is an 

elementary task. 

PROPERTY 5 

Let </> be a function which satisfies Laplace's equation within a region V 
and which is constant on the bounding surface ii. Then 0 must be constant 
throughout V. 

By virtue of its continuity, the function </> must take on (in the volume V) 
Its maximum value, its minimum value, and every value in between. But 
this is contrary to the conditions expressed by Property 1. The only way 
in which all requirements can be satisfied simultaneously is for ({> to have a 
constant value throughout V equal to its value on the surface X. In par- 
ticular, if (f) - 0 on X, then </> - 0 throughout V. 

fhis, by the way, explains the electrostatic shielding properties of hollow 
metal cavities. 


PROPERTY 6 

Let cf) be a function which satisfies Laplace’s equation within a region V, 
and the normal derivative of which is zero {d^jdn 0) on the bounding 
surface li. Then 0 must be constant throughout V. 

1 o prove the validity of this statement, we apply the divergence theorem 
to the function </► V(/j. Wc have 

J V • 0 (iv (^ (/) • n da (3-193) 

and since 

V • </> (f) I T7(f) • ^(f) - 


Lq. (3-193) transforms to 

Jr 



( 3 - 194 ) 


Moreover, - 0 everywhere on hence 
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The theorem is proved since the integrand is an essentially positive quantity, 
from which il follows at once that |V^|“ — 0, — 0, <f> — constant, in that 

sequence. 


3.15 The Numerical Method. Property 3 of Laplace’s equation provides 
a most useful basis for solving Laplace's equation by the numerical method. 
This is an extremely importanl method because it allows us to proceed to the 
solution of problems beyond the range of purely formal analytical techniques. 
Keep in mind that most problems that can he solved formally have already been 
solved! 

The method can best be introduced with the aid of an examiple, one in 
particular which can be solved analytically, to compare answers.' 


Example 3-11 Covered Trough. Ixt us consider the piobleni of ihe l0ng hollow 
rectangular metal tube of l.xample 3-7. We recall that the bottom three s\dcs of the 
pipe are grounded, that the top side is held at the variable potential 


\ sin - V 

(I 

and that the potential distribution within the pipe is 

\' 7T 7T 

(ft sm - \ sinh - y 

s\nh {tt I a)h a a 

For simplicity, we set y I and a h ttI2. 1 hen, within the pipe, 

sin 2a sinh 2v 

(j) - 

sinh 


(3-196) 


(3-197) 


and the conditions on the boundaries are those indicated in Fig 3-186/. 

The numerical method seeks to determine the potential at every point on a cross 
sectional representation of the geometry in the form of a grid by systematically 
adjusting all unknown potentials until they become equal (within allowable limits) to 
the average of the values of the potentials at all immediately adjacent points on the 
grid. The procedure by which the systematic adjustment is made is called iteration. 
An outline of the detailed calculations follows. 

First, all known potentials are calculated at various points on the grid. In the 
present example, potentials are known for all points on the boundary. Thus, from 
left to right on the lop boundary, in Fig. 3-18/?, the potentials are: 

0.0000 0.5000 0.8660 1. 0000 0.8660 0.5000 0.0000 

consistent with the requirement 7r/2) — sin 2x. At every point on the remaining 
three sides of the boundary, the potential is zero. 

Next, an initial distribution of potentials is assumed at all remaining points. A 
reasonably educated initial estimate will normally suffice. However, fewer iterations 
are required if the assumed distribution approximates the average of the surrounding 
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FiGURt 3-18. A hollow melal tube, (a) Physical 
arrangement; {h) grid of points representing lube 
cross section. 


points An initial guess for the problem at hand is tabulated below: 


0.0000 

0.5000 

0.8660 

l.OOOO 

0.8660 

0.5000 

0.0000 

0.0000 

0.3000 

0.7000 

0.9000 

0.7000 

0.3000 

0.0000 

0.0000 

0.2000 

0.5000 

0.7000 

0.5000 

0.2000 

0.0000 

0.0000 

0.1500 

0.2000 

0.5000 

0.2000 

0.1500 

0.0000 

0.0000 

O.IOOO 

0.1500 

0.3000 

0 1500 

0.1000 

0.0000 

0.0000 

0.0500 

0.1200 

O.IOOO 

0.1200 

0.0500 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 
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This array of numbers is treated as input information. At every interior point 
of the array the computer is programmed to calculate the average of the potential at 
the four adjacent points. For example, at the location of the second row, second 
column, the first calculation would be 


^ . 0.5000 I 0.7000 0 2000 i 0.0000 

Average potential 


0.3500 


(3-198) 


This value difTcrs from the assumed value, 0.3000, by 0.0500 unit. If, arbitrarily, we 
establish 0.0005 as a dilTcrence we are willing to tolerate, the potential at that first 
point in the field does not satisfy this requirement and must therefore be adjusted. A 
suitable adjustment is simply to choose the average of 0.3000 and 0.3500, that is, 
0.3250. Identical operations are then carried out at every interior point of the array. 
If the average potential, as computed m Eq. (3-198), differs from flhe assumed 
potential at any interior point by more than the allowed tolerance (0.0005 un this case), 
a second iteration is required. During the second iteration the a djusted\ values pro- 
duced in the first iteration become the assumed values for calculating the new adjust- 
ment. This process is continued until no adjustments are necessary. In general, 
many iterations are required to satisfy any respectable allowed tolerance 
The answers obtained to the problem of the covered trough are 


0.0000 

0.5000 

0.8660 

1 .0000 

0.8660 

0 5000 

0.0000 

0.0000 

0.2998 

05191 

0 5993 

0.5191 

0.2998 

0 0000 

0 0000 

0 1791 

0 3098 

0 3575 

0.3098 

0.1791 

0 0000 

0.0000 

0.1052 

0 1817 

0.2096 

0.1817 

0.1051 

0.0000 

0.0000 

0.0584 

0 1008 

0 1162 

0.1008 

0.0584 

0.0000 

0.0000 

0.0263 

0.0451 

0.0520 

0.0452 

0.0263 

0.0000 

0.0000 

0 0000 

0 0000 

0 0000 

0.0000 

0 0000 

0.0000 


Forty-eight iterations were required to produce the desired tolerance limit of 0.0005 
unit. These answers compare favorably with the exact values of the potential com- 
puted from F^q, (3-197): 


0.0000 

0.5000 

0 8660 

1 .0000 

0 8660 

0.5000 

0.0000 

0.0000 

0.2951 

0.5112 

0 5903 

05112 

0.2951 

0.0000 

0.0000 

0.1731 

0.2998 

0.3462 

0.2998 

0.1731 

0.0000 

0.0000 

0.0996 

0.1725 

0.1992 

0 1725 

0 0996 

0.0000 

0.0000 

0.0540 

0.0936 

0.1081 

0.0936 

0.0540 

0.0000 

0.0000 

0.0237 

0.0410 

0.0474 

0.0410 

0.0237 

0.0000 

0 0000 

0.0000 

0.0000 

0 0000 

0.0000 

0.0000 

0.0000 


The numerical method always produces approximate results. Several reasons 
account for this behavior. One is that computers inevitably introduce errors due to 
truncation. Second, in the formulation of every problem, a continuous region is 
always represented by a finite set of points. In addition, the tolerance limit in the 
averaging process influences the final accuracy. In most cases the desired accuracy 
will be dictated by the ultimate use of the final results (for example, the calculation of 
resistance or capacitance), and can usually be obtained through proper adjustment of 
grid spacing and tolerance limit. 
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To summarize, Laplace's equation can always be solved by numerical 
lechniques even when the physical boundaries of the problem do not coincide 
with coordinate surfaces. 


3.16 Adapting a Known Solution to a New Problem. In certain cases, 
the known solution of one problem helps expedite the solution of a new, more 
difficult problem. 


Example 3-12 Lecher Two-wire Line. To illustrate this method, let us determine the 
capacitance per unit length of a line formed by two very long parallel cylindrical 
wires, each of radius separated by a distance b. It is possible to solve this problem 
as a boundary-value problem. However, this approach requires use of the unfamiliar 
bipolar coordinates Instead, we begin with a much simpler problem 

We consider a pair of parallel line charges (Fig. 3-19r;) and proceed to determine 
the potential distribution when the left line is charged to a uniform density /o,, while 
the right line is charged to a density p,. 

As a field point, we choose /'(.v,v,0). No generality is lost by choosing a point 
on the -vv plane since the line charges extend the same distance, /, above and below 
the plane. The pair of infinitesimal line charges, -| p, dz and - p, dz, each located a 
distance r away from the .vv plane, account for a contribution to the potential at P of 
magnitude 


P, d: / I 1 \ 

p,dz / 1 

' ) 

477€ (r', r',j 

\Vrr 1 2= 

\ 1 zf 


Taking advantage of symmetry, we obtain by integration 


4* 



\ rr 4 




Pi 

lire 


(in 


/ + ^ G- I 
I f \ r/- f P 



) 


The limit of this expression, as / — ► x , is 


(3-199) 


Pi , 

-In- 

2tt£ r^ 


(3-200) 


Now the generic equation of all equipolential surfaces is obtained by setting ^ 
equal to a constant. Thus, for a line infinite in extent, all surfaces of constant 
potentials are solutions of 



hi - z — In - 

(3-201) 


Ittc /-j 


or 

fe! *■ 

(3-202) 


27^e^l 


where now 

k In-i 

(3-203) 


Pi 
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Substituting the expressions 



into Eq. (3-202) and collecting terms, we obtain 




dk- I 
2 Ar “ - 




ik‘^ - 


for all z 
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(3-204) 

(3-205) 


(3-206) 


From Eq. (3-203) it is clear that the parameter /c is a function of the medium, 
of the density of charge, and of the constant potential selected. So each value of ki 
establishes a dilTerent value for and this in turn, together with c/, establishes values 
for the numerical terms in Eq. (3-206). The form of this equation is easily recognized 
as a pair of cylinders with equal radii kdJik' — 1) centered about a: — - 0, y = 

\ d{k'^ \ l)l2{k- 1 ). 

Figure 3-1% shows a plot of the static field generated by a pair of parallel line 
charges The equipotenlial surfaces arc seen to be nonconcentric cylinders completely 
surrounding the parallel line charges. For very small values of potential (small ki 
and A ), the corresponding radii are large. For zero potential {k = J:l), the radius 
IS infinitely large. Thus, in the xz plane, the potential is zero. On the other hand, 
for very large values of potential (large Ai and k), the cylindrical surfaces become 
diminishingly small and nearly concentric. 

Finally, note that all surfaces with positive potential surround the positively 
charged line on the left, all surfaces with negative potential surround the negatively 
chaiged line on the right This follows from Eq. (3-200), because, for example, 
around the left line, r, and In {rjr^) ' 0. 

Now we are ready to solve the electrostatic problem of the Lecher two-wire line 
(I’ig 3-1 Of). We suppose the line to be infinitely long and each wire to have a radius a. 
The distance of separation between their axes is b. 

It IS conceivable that we might be able to adjust the distance d shown in Fig. 
3-1% in such a way as to make the separation between a corresponding pair of 
cylindrical cquipotential surfaces equal to h. This condition requires that 

k- 4 1 

(3-207) 


At the same time, through proper adjustment of p,, we are also able to adjust k so 
that the conductor surfaces and the same pair of cylindrical equipotential surfaces 
coincide exactly. This second condition requires that 


a 


kd 

k- - 1 


(3-208) 


Equations (3-207) and (3-208) can be solved simultaneously for d and k. However, 
in the present example, we are interested primarily in the value ol k. Dividing the 
latter into the former eliminates d, yielding 


b k '^ -f 1 
a 


k 
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from which it follows that 


h 1 V 

2^ 


Combining this result with Eqs. (3-202) and (3-200) yields 
Left conductor: 


p, h \- \ - 4a^ 

In 

2tt€ 2a 


Right conductor: 


pi h \ h“ 4d^ 
In - 


27Tt 


2a 


(3-209) 


(3-210) 


Since the quantities within the logarithms are the reciprocals of each other, 
Therefore, if a potential difference V is maintained between wires, thcii 


- 4 ,_ - ^ In ^ 

TT€ 2a 


4a‘^ 


and the capacitance per unit length is 


(3-211) 


r - - 


In [(b + V /V- - 4a‘-)l2a] 


(3-212) 


This is the required result. When the separation is large compaicd with wire radius 

(h >.^a), 

(3-213) 

In (b/a) 


This expression should be compared with Eq. (3-153). 

Before terminating this discussion, it is well to note that at every point exterior 
to the wires the field is identical with that of the parallel line charges ; within the wires 
themselves, however, the fields are different. Each wiie, whether hollow or solid, is 
an equipotential region. The field about a two-wire line is shown in Fig. 3-]9il 
Finally, we should note that the distribution of charge on the surface of the two 
conductors is not uniform. It is more dense on the side near the other wire than ii 
is elsewhere. This behavior is called the proximity effect (Prob. 3-37). 


3.17 The Method of Images. The method discussed in the preceding 
section bears a strong resemblance to a special technique known as the method 
of images. 


Example 3-13 Infinite Line Charge Parallel to Axis of a Conductor. To introduce 
this method, let us suppose that the line charge on the right of Fig. 3- 1 9a is removed 
and that a wire of finite radius is put in its place. Let us also suppose that the wire 
carries no charge and that both the line charge and the wire are very long and parallel 
to each other. The potential distribution about the hybrid structure is desired. 

Essentially, the problem is to find a solution of Laplace’s equation which becomes 
undefined at every point along the line charge and which, in the wire, is everywhere 
constant. 
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The method of images asserts that all requirements can be met by a scalar potential 
held which arises from the line charge itself and a suitable imai'e line charge. The 
image charge, opposite in sign, is located at some distance which satisfies Eqs. (3-207) 
and (3-208) simultaneously. Thus 


d h\\ 


b{b .1. b“ - 4a“) 


However, only the positive sign is of interest since the negative sign could make d 
negative; thus 


d - 



4a“ 

b{b-\- \/ b'^ — 4^/^) 


(3-214) 


\ rom Fig. 3-20 it is clear that 


b H d 
2 ~ 


— s 


(3-215) 


where s is the distance from the line charge to the axis of the wire. Therefore, with 
.s known, h and d can be determined from Eqs. (3-214) and (3-215). This is enough 
information to locale the image charge at its proper place. 

The potential external to the wire is given by 




277-e Ko 


(3-20 0) 


The constant potential of the wire can be evaluated by allowing the point P, shown 
in Fig. 3-20, to approach Q \ at that point 


'■i ^ 


b + d 
2 


a 


(3-216) 


ra - a 


b - d 
2 


(3-217) 


Since b and d are both known in terms of a, the constant potential at the surface of 
the conductor can be determined by substituting Eqs. (3-216) and (3-217) in Eq. (3-200). 
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It is clear that some a priori information is needed to solve a problem 
by the method of images. In fact, the solution is seldom straightforward, 
and must be found by experience and, possibly, intuition. 

The preceding example brings out a second important point about the 
general types of problems that can be solved. Normally, a distribution of 
charges and conductors will be given, and the proper (sometimes geometric) 
image charges are to be found by making an educated guess such that, 
together with the real charges, the image charges make all conductor surfaces 
equipotentials. The potential at points exterior to all conductors can then 
be obtained by summing the effects of both real and image charges, pre- 
tending meanwhile that the conductors themselves are all qbsent. The 
induced surface charge on all conductors can be calculated as usbal from the 
normal derivative of the potential. \ 

One point should be emphasized; The field within the \conductors 
cannot be calculated simply by summing the field of the real charts and that 
of the image charges. 

A simple theoretical proof will now be given to show the general validity 
of the method of images. 

We begin by referring to Fig. 3-7, and suppose that the distribution of 
charge is such that the boundary is an cquipotential surface. Then, in 
Eq. (3-58), which is 




1. r tdv+f 

Arre Jr r An 


- V0 - 



* n da 


(3-58) 


the last term on the right may be transformed, using the divergence theorem 
to give 



(3-218) 

remembering, of course, that — constant on But according to Eq. 
(3-51), 


Therefore 


j -- 0 when r f- 0 
^ ^ ^ -nda (3-219) 


As in Sec. 3.6, the volume integral gives the contribution to the potential due 
to charges inside of the volume, and the surface integral gives the contri- 
bution to the potential due to charges outside of the volume. In terms of the 
actual charges, 


I / x 


■ f p.., , 1 r p 
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where V' is the complement of V (assumed to have the same e’s) and p is 
the distribution of charge in V\ It is now clear from a comparison of Eqs. 
(3-219) and (3-220) that, insofar as the field at an interior point of H is 
concerned, the presence of p in V' can be completely accounted for by an 
equivalent surface distribution of charge, e \70 • n ^ € 9 (^/ 9 /?, at every point 
on and conversely. Thus, if 0 constant on X, the field at all interior 
points remains exactly the same when all exterior charges are removed and 
replaced by a charge density e 90/9/? on the equipotential boundary. Con- 
versely, if X is a conducting boundary, the field at all interior points remains 
the same when the conducting boundary and any surface charges on it are 
removed and replaced by an image charge which makes the boundary an 
equipotential surface. The actual distribution of charge induced on the 
conducting boundary can then be determined from the normal derivative of 
the potential so obtained. 


Example 3-14 A Point Charge above a Conducting Plane. As a second example, 
let us consider the case of a point charge q located a distance h above a conducting 
plane of infinite extent. Figure 3-2 1 a shows the pertinent geometry. We wish to 
determine the potential distribution and the electric field intensity in the free space 
above the conducting plane. 

Boundary conditions require that the conducting plane be an equipotential 
surface In particular, the potential of the plane must be zero since, by assumption, 
the plane extends to infinity, where the potential must be zero. 

The solution of this problem by the method of images proceeds as follows. 
First, a charge ^/ is located at the geometric image of the real charge 1 q. Next, 
we conceptually remove the conducting plane, and for any point P above the plane 
wc calculate the potential by superposition: 


477 477€„r_ 


(3-221) 


This expression reduces to zero at z - 0 because, at every point on the conducting 
plane, - /■ — r. The potential and the electric field intensity below the plane 
are zero. At points above the plane, an expression for E may be obtained from 
E - - V</> by first establishing a suitable system of coordinates. Thus, in the notation 
of 1 ig. 3-21tf, the z component of the electric field intensity is 




V ( h- z 
47rt„ -[- V- I (z 


+ 


h \ z 


A)-] ’ 2 -f -f {z H //)“]* 


where a- and y arc measured in the plane of symmetry and z is normal to it. 
surface of the conducting plane, this expression reduces to 




qh 




Incoix- 4 y“ + 2TT€or^ 

The density of the surface charge 

—qh 


(3-222) 
At the 

(3-223) 


(3-224) 
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z 




(i!>) 

Figure 3-21. A point charge over a conducting plane, (a) 
Geometry; (Jb) field distribution. 


induced on the conducting plane is seen to fall off inversely as the cube of the distance 
from the point charge and reaches a maximum immediately below the point charge. 
The total charge on the plane is 


P» da 


f z5!i 

Jv 277/-“ 


da = 


qh p RdcpdR 




(3-225) 


consistent with the basic requirements imposed by Gauss’ law. 
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Summarizing, the method of images, though powerful, can be applied 
only to problems that involve simple geometrical shapes, such as planes, 
cylinders, and spheres. 


3.18 The Method of Conformal Transformations. This method trans- 
forms the geometry of one problem into the simpler geometry of a second 
problem for which the static field is known. In the process, the shape of all 
infinitesimal areas is preserved, a property which accounts for the term 
conformal transformation. Applications of this method to Laplace’s equation 
are limited to two-dimensional fields (uniform geometry in one of three 
mutually orthogonal directions). 

The subject matter of conformal transformations is an extensive one. 
However, because of space limitations, the following treatment will be con- 
fined to a discussion of a simple illustrative example which will merely serve 
as an introduction. For more extensive treatments, the student is referred 
to the literature.! 


Example 3-15 Conducting Wedge. Let us consider the conducting wedge formed by 
two semi-infinite planes, as in Fig. "i-lla. A solution of Laplace's equation is desired 
in the 45"' sector when both planes are grounded (<^ - 0). 

From Sec. 3.10 we recall that a possible solution of Laplace's equation in 
rectangular coordinates is Axy, where A is an arbitrary constant dependent on the 
relative level of excitation This function vanishes on the planes jc — 0 and y — 0. 
Therefore the solution of Laplace’s equation which vanishes on the walls of a 90° 
corner is 

Axy (3-226) 

Figure 7t-21b shows a plot of this field in a 90 corner with both walls extending to 
infinity and grounded. The method of conformal transformations seeks to adapt 
this known field to the problem of the wedge by transforming coordinates in such a 
way as to retain the characteristic orthogonality between field and potential lines. 

Let any point in the two-dimensional region of the corner be denoted by a 
complexj variable 

Z - .X + jy (3-227) 

where /, as usual, denotes the imaginary number V — Let any point in the wedge 
be denoted by another complex variable. 

fV ^ u -h jv (3-228) 

Then consider the relation 

(3-229) 

■ K. J. Binns and P. J. Lawrenson, “Analysis and Computation of Electric and Magnetic 
Fields,” The Macmillan Company, New York, 1963. 

^ The student who is unfamiliar with complex numbers and functions of a complex variable 
may find it helpful to associate the notion of a complex variable with that of a phasor, a 
term sometimes used in circuit theory. Impedance is a complex variable. 
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(a) 



(/>) 


equipotentials 
E lines 



equipotentiols 
E lines 


Figure 3-22. Conformal transformation, (a) 
Geometry of the wedge; [h) geometry and field of 
a 90'" corner; (c) field distribution. 


This formula maps points in one domain to points in the other. To determine the 
specific relations between coordinates, let us introduce in Eq. (3-229) the defining 
equations (3-227) and (3-228). We obtain 

M \-Jv --- {x I (3-230) 

Squaring both sides of this equation and separating real and imaginary parts, we find 

^2 _ i;2 _ JC (3-231) 

2uv — y (3-232) 
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from which we deduce 



Vjc2 ^2 


(3-233) 


V ^ 


y 

(;c zF V _v‘“)/2 


(3-234) 


Now, substituting x and y from Eqs. (3-231) and (3-232) into Eq. (3-226), we 
obtain 


4*' — 2Auv{u^ — r^) 


(3-235) 


Although the rigor of this substitution is unquestionable, the usefulness of as a 
representation of a physically admissible field remains to be shown. To this end, we 
note first that 

0 “ 

- 2A — {i4^v — iw^) f 2A — iw^) 

du* dv~ 


- UAuv - l2Auv - 0 


Thus (fi' is a solution of Laplaces equation. This means that the field lines are 
normal to surfaces of constant <f>'. Under the transformation (3-229), the form of 
all mlinitcsimal areas is seen to have been preserved, and as a consequence the 
transformation itself can rightfully be classified as conformal. 

Now when .v - 0, // v (45 ' plane) and — 0, as required. By uniqueness, 
Eq. (3-235) expresses (to within a multiplicative constant) the only solution to 
Laplace’s equation which vanishes at every boundary on the wedge. A plot of this 
field IS shown in l ig. 3-22c-. 


In the preceding example, the transformation (3-229) is seen to compress, 
literally, the region of the 90' corner into the region of the wedge, without, 
however, in any way afl'ecting the orthogonality between field and potential 
lines. This is a characteristic property of all conformal transformations. 
Typical among these are: 


1. H’ Z’ ' compresses by a factor of 4. 

2. li’ - Z'“ expands by a factor of ?2. 

3. H transforms, for example, a rectangle in the Z domain to one- 

fourth of an annular region (Fig. 3-23^^). 

4. W - tan Z transforms, for example, a coaxial line into a line consisting 
of two flat parallel sheets of infinite extent, which together serve as the 
outer conductor, and an inner conductor of elliptical cross section (Fig. 
3-23/7). 

5. IV A j [(Z - .Yi)' >(Z - ■ (Z - dz (3-236) 

is the so-called Schwarz-Christoffel transformation and maps the real 
axis in the Z plane into a polygon in the W plane. The entire upper half 
ofthe Z plane is mapped into the region interior to the polygon, Xi, x-g, . . . , 




W plane 
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V being the breakpoints, or corners, of the polygon (Fig. 3-23c). The 
angles a, of the polygon are related to the exponents by k^ = olJtt — 1. 

In summary, from the brief presentation just concluded, it is clear that 
the method of conformal transformations is limited in many ways. For 
one thing, it requires a two-dimensional geometry. Second, it requires 
intuition and a priori knowledge of solutions to other problems. Then, too, 
some exposure to the theory of functions of a complex variable is a virtual 
‘^musl” for a complete mastery of the subject. Yet this technique is often 
found very valuable. 


3.19 The Graphical Method. This method, known by the alternative 
name of //t/.r plotting, requires a little drafting experience, much patience, and 
practically no knowledge of formal mathematics. In the past, many highly 
skilled field plotters have applied their talents in the design of all types of 
devices. Today, the digital computer offers a much more versatile and faster 
means of solving similar potential problems. For this reason, we do not 
attempt to give even a short presentation; instead, we refer the interested 
reader to the literature.! 


3.20 The Natural Distribution of Charge. The formula 

= -f I -cJv (3-237) 

47T€ Jr r 

relates charge distribution directly to the potential field. As shown in Sec. 
3.6, the limits of integration in this formula are such as to include all the 
region containing charge. 

In this section we consider the natural distribution of charge on the 
surface of a conductor. It is assumed that the potential of the surface is 
known and that the charge distribution is to be found. Equation (3-237) 
then becomes a complicated integral equation, where the unknown function 
(th'" charge distribution function in this case) appears under the integral sign; 
It may be found in closed form only in a few very simple cases. However, 
most field problems are not simple, and an approximate method of solution 
must be chosen. An approximation useful for field problems is the method 
of suhsections.X An elementary presentation of this method is best given for 

W B. Boast, “Vector Fields,” Harper & Row, Publishers, Incorporated, New York, 
1%4. 

' F. Harrington, Matrix Methods for Field Problems, Proc. IEEE, vol. 55, pp. 136-149, 
February, 1967. 
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f{x) 



Figure 3-24. Partitioning for method of subsections. 


integral equations of a single independent variable of the form 

/(■V) -- g{x) + 4 f " K{x,y)f(y) dy ( 3-23S) 

J a 

where A is a constant, ^ is a known function, and K is the kernel of the 
integral equation and is always known (the kernel is the ratio l/477er in Eq. 
(3-237), and the potential 0 is represented by — ^|. 

Consider the interval [a,b] divided into N (not necessarily equal) sub- 
intervals A.v, as in Fig. 3-24. Define functions 

(\ on /7th subinterval 

fn I 

0 on all other subintervals 

and let /be represented by 

fix) = 2 «„/„ (3-239) 

n-l 

where aj, ag, ag, . . . , need to be determined. The integral equation 
(3-238) becomes 

X r rxn\^xnl 2 

fix) =-- gix) H- 2 «« U K(x,y) dy 

?1- I L J rn~^Xnl2 

where x,^ is chosen as the midpoint of the nth subinterval, and Aa',^ is the 
width of the subinterval. Let take on the values .v^, .Vg, . . . , 
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sequentially. The last equation then transforms to 
,v 

1 ^ -gi\) 1 , 2, 3, . . . , A' 

n-l 

r ‘^11 

A K{.\-,,y)dy i^n 

J Xjj- A£r„/2 

rx,, \ Ax„f» 

— ' 4 v„ v) dy i — n 

J Tn — Aj',,/2 

or in matrix form, 

All ^12 Ai-i ■■■ /I,y-jj-ai-| r--^(Ai)- 

A.ii A„2 A.,3 ■ ■ ■ A^x -gUi) 

- ‘ (3-240) 

-4x2 ><.\3 /IvJLa.xJ L-,?(-T\). 

The linear problem (3-240) can now be solved for the a's. An approximate 
solution to the integral equation (3-238) is then given by Eq. (3-239). 



Example 3-16 Flat Conducting Disk. Consider a charged conducting disk in free 
space, of radius a, coincident with the xy plane, as in Fig. 3-25. The surface of the 
disk IS at a fixed potential It is desired to find the surface charge density (which, 
by symmetry, is only a function of radius). 

Since charge on the conducting disk is distributed over the surface, the amount 
of charge in a differential element of area da will be p^r d(p dr, where p, is the unknown 
sui-race charge distribution The distance in Eq. (3-237) from the source point (r,ip,0) 



FiciUre 3-25. A flat conducting disk. 
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to the point of observation is simply {zq^ + \ — 2rro cos (71 — 9 ?o)]' ’ 

Therefore the potential </»(ro,<Po,^o) can be expressed as 

, , ^ I f dip dr 

'u>¥o,-o ^ cos (ip - 

where S represents the surface of the disk. If the coordinates of the point at which 
<l> is being determined are (ro, 0 , 0 ), the potential will be and the last expression 
will reduce to 

__JL p'r P_srcJ<f dr 

277€„JoJo ir- t r^- 2 rr„ cos 2 


for all r„ in the interval from zero to a. The last equation is the desired integral 
equation by which p,(/') is to be determined. 

To obtain the corresponding system of linear algebraic equations, lit us subdivide 
the interval [ 0 ,£/] into N (not necessarily equal) subintervals, and lel\r„ fall in the 


middle of the nth subinterval According to the method of subsection 
density is a constant, in the n\h interval, so that 


», the charge 


- , p,, 

r d(f dr 

StJ-i Jo 

t /'o‘ 2 rr„ cos 7 ) ' 


This equation is valid at any point (a'„, 0,0), and specifically at all N points / 1 , i j, rg, . 
Ky of the partition It can thus be written N times, giving 


r/--l " „/2 Jo ■ 


dif dr 


Irr, cos 7 ")' 


where / - I, 2, 3 A. Denoting the bracketed expression in this equation by 

gives the matrix equation 


which IS a required intermediate result. 

The numerical evaluation of the matrix elements A,„ is moderately involved, 
though for / -A n it can be readily accomplished on the digital computer by aii) 
standard integration technique (trapezoidal, Simpson's rule, etc ) When / /i, the 

integrand becomes undefined at r r, and (p 0. However, even this singularity 
can be handled successfully, for example, by the method of gaussian quadratures 

Figure 3-26 shows a plotj of the approximate charge density for a disk of 1 -m 
ladius and l-V potential. Two cases are displayed; N - 5 and A 15. It will be 
seen that even in the case of five subintervals, agreement with the exact answer, which 
is known to be ( 1.1 10 '*)/(! is fairly good, especially at points near the 

center of the disk. The lar^e concentration near the edjpe ls typical. Charge lends to 
accumulate on sharp corners and conduct intp-hody extremities 


3.21 Solution of Poisson’s Equation. Laplace's equation applies only 
when the region of interest is free of charge. For a region containing charge, 
Poisson's equation applies: 

W<l> = ( 3 - 241 ) 


t Numerical data courtesy of T. D Slagh. 
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F’iciURE 3-26. Solution of charged-disk problem by the method of 
subsections. 


A solution of Poisson's equation which satisfies known boundary conditions 
IS unique (Sec. 3.11). Hence, once a solution of Eq. (3-241) is obtained, 
expressions for electric field intensity and other field parameters may be 
lound as in preceding sections. 

It should be noted that certain special techniques, such as conformal 
transformations, do not apply to Poisson’s equation. 


Example 3-17 Gimrge in Region between Two Parallel Plates. As an example, 
suppose that the region between plates of the parallel-plate capacitor shown in 
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Fig. 3-1 is filled with charge continuously distributed with a density p{x) — 
where p^ is a constant. We wish to find the resulting electric field, neglecting fringing 
effects. 

Since the problem is one-dimensional, Poisson's equation reduces to 


_ Po 
dx- €o ^ 


(3-242) 


The general solution is of the form 


4 ,^ - -p. x‘-\ Bx f C 


Applying the boundary conditions 



at 

at 


X ^0 

X ^ d 


gives 


- A -f — {xd- 
d ot,, 




The electric field intensity calculated from E — - V<j> is 


E - 


V Po 

- + ^ (3.v2 - d^) 

d 6€o 


(3-243) 


(3-244) 


The distribution of charge on the bottom plate (.v - 0) 



(3-245) 


is seen to differ from the distribution on the top plate (a' - d)\ 



(3-246) 


Therefore the total charges on the top and bottom plates are obviously different from 
each other. This suggests that the term capacitance is meaningless here because it 
can no longer be defined uniquely. 


3.22 Synthesis of Electrostatic Fields. So far our treatment of electro- 
statics has been concerned with the general problem of analysis. That is, 
for a given distribution of charge, we have determined the resulting coulomb 
field. Or for a given geometry of dielectrics and conductors and a known 
deployment of driving sources, we have obtained solutions by several 
techniques for what is, fundamentally, a boundary-value problem. Now 
we are ready to attempt a solution of the inverse problem of synthesis, 
namely, we are to find that system of sources which will generate a given field. 

Suppose that a mathematical expression is given for the potential in a 
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region. A systematic procedure for finding its sources is as follows: 

1. The volume density of the required continuous charge is first determined 
by substituting the given expression in Poisson’s equation: 

p=~€V^<f> (3-247) 

2. The contribution from mathematical point charges, line charges, and other 
types of charge singularities is next established by locating all points in 
space where the potential becomes undefined. For example, a 1/r vari- 
ation, according to Eq. (3-34), will signify the presence of a mathematical 
point charge; a l/r'^ variation, according to Eq. (3-39), will signify the 
presence of a dipole; and so forth. 

3. Finally, the contribution from a surface layer of dipoles is determined by 
examining the regions of space where the given potential function is 
discontinuous. Jt can be shown rigorouslyf that a surface distribution of 
dipoles marks a discontinuity in the potential function, and that the 
dilTerence in potential on opposite sides of the surface is 

^(f> - - (3-248) 

€ 

where denotes the dipole moment per unit area. 


Example 3-18 Electrolytic Battery. Let us synthesize the potential function 


rO 


1 


In (hla) 
0 


In' + 


0 r - a 
a r b 
b 1 .. /■ 


(3-249) 


in the region of a coaxial line having an inner radius a and an outer radius b. In 
Eq. (3-249), r denotes radial distance measured from the axis of the line, and and 
</»o arc constants (Fig. 3-14). 

It can be shown readily that 0, and therefore that p ' 0 everywhere. 

Moreover, </> is nowhere singular. Therefore, no point sources are present. How- 
ever, (/» is discontinuous both at #• — and at r - b Hence the surfaces of both 
conductors are covered by dipole layers. Specifically, at the surface of the inner 
conductor, the dipole moment is, from Eq. (3-248), 

p, — e (3-250) 

the positive layer being the nearest one to the axis. At the surface of the outer 
conductor 

— € A</) - (3-251) 

the positive layer being also the nearest one to the axis. 

The potential, Eq. (3-249), therefore arises from a pair of surface distributions of 
dipoles — one on each cylindrical surface. This situation exists, for instance, in 
short-circuited electrolytic batteries. 

A Stratton, “Electromagnetic Theory,” pp. 188-192, McGraw-Hill Book Company, 
York, 1941. 
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3.23 Summary. This chapter has dealt with electrostatic fields. Every 
electrostatic field is a conservative field. 

We showed that a scalar potential can be associated with every electro- 
static field and that in linear, homogeneous, and isotropic media this potential 
satisfies Poisson’s equation or Laplace's equation. Both equations follow 
directly from Maxwell’s equations. Excepting surface distributions of 
dipoles, the value of the electrostatic potential at a point is always unique 
This property allows us to define the difference in potential between any two 
points uniquely. 

We indicated that Coulomb’s law, as deduced from experimental facts 
or from the general theory of Maxwell's equation, is a law which applies to 
complexes of charged bodies whose physical dimensions are small/compared 
with other macroscopic dimensions of the configuration. 

We next derived a general solution to Poisson's equation altad proved 
that the potential in a closed region can always be represented by ihe super- 
position of a potential arising from interior sources and a second potential 
arising from exterior sources. If the region is source-free, the scalar jpotential 
IS a solution ot Laplace’s equation. In linear, homogeneous, and isotropic 
media, the relation between potential (effect) and charge (cause) is always a 
linear one. 

Then we defined capacitance as charge divided by voltage. Capacitance 
provides a measure of electrostatic coupling between conductors. 

After formulating the boundary-value problem in electrostatics, we 
showed that a potential which satisfies either Poisson’s equation or Laplace's 
equation in a region V and which on its boundary meets the prescribed 
conditions is the only possible solution. Thus the solution of any boundary- 
value problem, obtained either by intuition or by formal methods, is the 
correct potential. 

The solution of the electrostatic boundary-value problem can be 
achieved by one of several formal methods. Many of these were elaborated 

upon to some degree in this chapter. The experimental method is discussed 
in Chap, 5. 

The method of separation of variables provides a tool for obtaining 
c ose - orm solutions of Laplace s equation. Only 1 1 coordinate systems are 
known for which the separation of variables can be achieved. Even in these 
It IS irnpossible to apply boundary conditions unless the physical boundaries 
coinci e with coordinate surfaces. Furthermore, the solution often in- 
cludes an infinite number of terms, and as such it is unwieldly, except when a 
good approximation is given by the first few terms in the series. 

. difficulties encountered when boundaries do not coincide 

wi coordinate surfaces can be overcome by numerical methods. 

o owing a brief exposition of the solution of Poisson’s equation, a 
short discussion of the problem of synthesis was presented. 



PROBLEMS 


189 


Pfobleii^s 

3_1 Coulomb Field. Three point charges, arranged as in the figure, constitute an axial 
cjuaclriipole. Show that, if cl r, the potential at P is given approximately by 

Q(i“ 

<f» ^ (3 cos* 0 — 1) 

47re„r* 

(Hint: Use the binomial theorem and retain the first three terms.) 



Problem 3-1 


3-2 Two Simple Problems. 

(i/) In the accompanying diagram, qi ^ 5 10 “ C and - 10 x 10~“ C. Find 

the total flux of the vector D through the square ABCD. 

(h) Capacitor Ci is initially charged to 10 V, with the polarity as shown. Find the 
voltage across C, when the switch is closed. 


z 




Problem 3-26 
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3-3 Capacitance. Two parallel metal plates, 1 mm apart, are connected to a battery of 
10 V. The battery is then removed, and the separation is increased to 1 cm. Neglecting 
fringing, find the new potential difference between plates. 

3-4 Capacitance. A 9-V battery is connected across a pair of identical parallel-plate 
air capacitors. The battery is next removed, and a block of solid dielectric (e,. = 2) js 
inserted between the plates of one of the capacitors. Neglecting fringing, what is the 
final voltage across the pair 7 

3-5 Capacitance — Dielectric Strength. 

{a) Find the capacitance of a metal sphere in air (e ^ eo)- The radius of the sphcie 
is 0.1 m. 

{b) Find the greatest charge which can be carried by the sphere without breaking 
down the surrounding air (the dielectric strength of air is 3000 kV/m). 

3-6 Capacitance — Formal Solution. A hemispherical indentation is made accidentally 
in one of two larj^e circular plates forming a parallel plate capacitor If the indentation is 
inward at a point remote from the edges, and the radius of the boss resulting from the 
accident is very small compared with the dimensions and separation of the plates, what is 
the change in the capacitance of the condenser? \ 

3-7 Solution of Laplace’s Equation in Rectangular Coordinates. Rc^cr to Fig. 
3-12ci and suppose that the potential along the conducting wall at ,v = a is Ksin (TTylh), 
instead of zero. Find the new potential distribution within the rectangular cavity. 

3-8 Solution of Laplace’s Equation in Rectangular Coordinates. A dielectric slab 
of permittivity e and thickness d partially fills the inlerelectrode space between two parallel 
conducting plates. The plates are separated by a distance /, and they are held at a potential 
difference V. By matching proper solutions of Laplace’s equation in the two regions, find 
expressions for the potential in the dielectric and m the air space between the plates. 


X 



Problem 3-8 


3-9 Coulomb Field. Derive Eqs. (3-70) and (3-71) by integrating Eq. (3-74) over the 
interval [a,h]. 

3-10 Dielectric Strength. Consider an infinitely long coaxial cable. The radius of the 
center conductor is a m, and the inner radius of the outer conductor is ^ m. If the insula- 
tion between conductors has a breakdown strength of K V/m, find the minimum potential 
difference between the two conductors which causes breakdown. Your answer should be 
expressed in terms of a, A, and K. 

3-11 Solution of Laplace’s Equation in Cylindrical Coordinates. A long conduct- 
ing cylinder of radius a is placed in a field which, far from the cylinder, is given by 
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cf, — £> cos (p, where r and (p are the usual cylindrical coordinates and £„ is a constant. 
The z axis is so oriented as to coincide with the axis of the cylinder. 

{a) Determine the field distribution in the region about the cylinder, assuming the 
potential of the cylinder is zero. 

(b) Determine the magnitude and direction of the electrostatic field intensity at 
distant points from the cylinder (r , a). 

3.12 Solution of Laplace’s Equation in Cylindrical Coordinates. A potential 
distribution — £V sin qp exists in an extended dielectric region of permittivity €. A 
7 -dirccted, infinitely long cylindrical cavity is cut out of the substance. Determine the 
resulting potential in the dielectric and in the cavity. 



Problem 3-12 


3-13 Coulomb Field. A charge Qi is distributed uniformly on the surface of a hemi- 
sphere. An infinite number of point charges (two of which are shown in the figure) are 
placed along an axis passing through the center of the hemisphere, perpendicular to the 
plane of its base. The distance to the kih point charge from the center is where 

k 1, 2, 3 Find Q. in terms of if the potential at the center of the hemisphere 

IS zero and the surrounding medium is free space. 



Problem 3-13 
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3-14 Solution of Laplace’s Equation in Spherical Coordinates. Let a sphere of 
permittivity ea be immersed in a medium of permittivity ei, as in Fig. 3-15. Show that in 
this case the potential outside and inside the sphere is given, respectively, by 


and 



r cos 6 




3^1 


2ei H- €2 


r cos 0 


3-15 Solution of Laplace’s Equation in Spherical Coordinates. A spherical 
capacitor is formed by two concentric conducting thin spherical shells of radii a and b 
(b ' a), separated by a dielectric of permittivity c. The outer sphere is grounded, and 
the potential of the inner sphere is held fixed at K volts. 



(a) Derive expressions for potential and electric field intensity in the three regions 
defined by (i) 0 r (ii) a - r ^ b, and (iii) b r. 

(b) Determine the surface charge distributions on both spheres. 

(r) Show that the capacitance of the spherical capacitor is 



3-16 Capacitance. Find the capacitance of the spherical capacitor of Prob. 3-15 if the 
space surrounding the inner sphere is filled with a dielectric of permittivity e up to a radius 
equal to W(a + b). The rest of the space has permittivity 

3-17 Adapting a Known Solution to a New Problem 

{a) Two opposite charges, qi and such that \qi\ - Iq^l, arc separated by a dis- 
tance d. Show that the equipotential surface 0^0 is a sphere of radius 
centered along the line joining the two charges at a point 
distant d(qi^ + q^V'^iqi^ — q^^) from the midpoint of d measured toward q^. 

(b) The point charge q^ is next removed, and an equal amount of charge is placed 
upon the surface of a conducting sphere of radius a, separated from q^ by a 
distance b (b > a). Determine the potential at every point within and outside 
the sphere. {Hint: Place two point charges, one at the center and another 
along the line joining the charge qy to the center of the sphere, at a distance R 
from the center so that ^ Rh and so as to match the boundary conditions 
while maintaining the correct total charge in the sphere.) 
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3-18 Image. A long thin wire carrying a charge of pi C per unit length stretches parallel 
to a very large flat conducting plane. The distance of the wire from the ground plane is h. 
Obtain an expression for the potential at any point P. 

3-19 Coulomb Field. Given the three charges in a line as shown. The charges are in 
niicrocoulombs. Find all points on the x axis where the potential is zero. 





+ 1 

-8 

+ 3 


- 1 cm *1 

5 cm — — 

3 cm —1 

Problem 3-19 



Conformal Mapping. 

Discuss the way in 

which the Z plane is mapped on the 


[V plane by the function 

IV - cosh-^ Z 

3-21 Conformal Transformations. Confirm the transformation shown in Fig. 3-23a. 

3-22 Poisson’s Equation. The interelectrode space of the coaxial line shown in Fig. 
3-14 IS filled with a charge which is distributed with a density p — pojr, where po is a 
constant. Determine the potential distribution in the dielectric between cylindrical 
conductors 

3-23 Synthesis. Determine the sources of the potential — cos r/r, where r is the radial 
distance from the origin to any point within the region bounded by a metal sphere of 
radius R. 

3-24 Synthesis. Consider the following two-dimensional solution to Laplace’s equation 
in cylindrical coordinates 

<f> sin nq) 

{a) Show analytically that d(l>ldx is also a solution to Laplace's equation. 

{h) For n I , synthesize a distribution of sources which will give rise to the 
potential d^jdx in terms of the sources of </>. 

3-25 General. The algebraic sum of the charges on a system of conductors is known to 
be positive. Show that on the surface of at least one conductor the charge density is 
everywhere positive. 

3-26 Capacitance. Figure 5-5 shows several groups of measured points on a sequence 
of equipotential surfaces established in the region between conductors of a rectangular 
coaxial cable. Assuming that the figure is drawn to scale, determine approximately the 
capacitance per meter of the air-filled cable. {Hint: Draw the equipotential lines and, 
normal to them, several streamlines. Then determine the field intensity near the inner 
conductor.) 

3-27 Experimental Proof of the Law of the Inverse Square. Historically, the follow- 
ing experiment has been regarded as proof that the law of electrostatic force must be that 
of the inverse square [Eq. (3-35)]. 

Two spherical shells are concentric and insulated from one another; they can be 
connected electrically by lowering a piece of wire connected to the outer shell through a 
small hole in the outer shell. The experiment is conducted by charging the outer shell 
and then removing the wire, making electric contact between shells. If the outer shell is 
discharged, no charge is found on the inner sphere. 

Prove the validity of the aforementioned deduction. 
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3-28 Convergence. Prove that, if the charge density p is finite at every po^jnt in the 
volume V, the integral \ 



converges for all points in the region. 

3-29 Two-dimensional Dipole. This problem deals with the asymptotic behavior of 
the configuration considered in Example 3-12. As r/ ► 0 while p, cr. in such a way that 
the product pid remains constant, the two-wirc line approaches a two-cJinwnsional dipole. 
Show that, in cylindrical coordinates, the electric field associated with such a dipole is 
given by 

P L 

E - (sin (f Sir - cos (f a„) 

where — p,d is the magnitude of the dipole moment. 

3-30 Synthesis. Find the distribution of sources which gives rise to a static electric 
field defined by (p — e throughout space. In this expression, a is a constant and r is 
the radial distance from the origin of a spherical system of coordinates. 

3-31 Formal Solution. Given a hollow dielectric sphere of dielectric constant and 
internal and external radii a and h, in a uniform external field E„. Show that the electiic 
field intensity in the cavity is given by 

E = 9E„ ^ 

(2e. + IKf. I 2)-2Ur- inalb)‘ 

3-32 Solution of Laplace’s Equation in Cylindrical Coordinates. The solid con- 
ducting cylinder of Prob. 3-11 is replaced by an infinitely long hollow conducting cylindci 
of inner and outer radii a and b {a - h). The externally applied field remains the same. 
Find the electric field everywhere. 

3-33 Solution of Laplace’s Equation in Spherical Coordinates. Three concentric 
thin metal spheres form an electrostatic system. The radius of the inner sphere is Ry m, 
the radius of the intermediate sphere is /? 2 , and the radius of the outer sphere is R^. The 
medium between spheres is free space. The inner and outer spheres are grounded. A 
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charge of Qi C is placed on the intermediate sphere. 

(a) Determine the value of induced charge Qi on the inner sphere. 

(b) Determine the value of induced charge on the outer sphere. 

(f) Determine the value of potential of the intermediate sphere. 

3-34 Reciprocity Theorem. Charges Qi, Q 3 , ■ . ■ , Qn are placed on a system of N 
conductors, all embedded in a linear and isotropic dielectric. Let <^ 2 , <^ 3 , . . . , be 
the corresponding potentials on the conductors. A second set of charges, 

Q'j,, gives rise to a second set of potentials, 0i, ■ ■ ■ > on the same 

system of conductors. Prove that 

a; a; 

^ 2 Qk4*k 

/r-l 

3.35 Reciprocity. Prove that the charge Q induced on a grounded conductor by a 
point charge q placed at some external point P is equal to - where 4*1 is the potential 

at the point P when q is absent, and the conductor is not grounded but charged in such a 
way as to assume a potential <^ 3 . 

3-36 Uniqueness. Prove that a charge placed upon an isolated metal sphere distrib- 
ulcs itself uniformly. 

3-37 Proximity Effect. Determine the distribution of charge on the surfaces of the two 
conductors forming the two-wire line of Example 3-12. 

3-38 Method of Subsections. A conducting wire of radius a and length L stretches 
along the x axis from a' — 0 to a — L; the axis of the wire and the x axis coincide along 
the entire length of wire. It is desired to compute the distribution of a quantity of charge, 
Q, placed upon the wire by the method of subsections, neglecting the effects of end 
sill taecs. 

Assume that the charge density can be approximated by a linear charge density p, on 
the wire axis, and consider the case L — lOOd. Use a total of N equal subintervals, and 
do a parametric study versus N. 

3-39 Image. A point charge q is located within the right angle formed by a pair of 
conducting planes intersecting normally. Show by the method of images that the potential 



Problem 3-39 
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at any point P within the right angle is 



3-40 Image. A point charge q is located within the 60'' angle formed by a pair of 
conducting planes. Confirm that image charges are formed as indicated in the accom- 
panying figure. 



Problem 3-40 


3-41 Uniqueness. A point charge cj is completely enclosed by a metal sphere, as shown 
in the figure. Both inside and outside the sphere the medium is free space. Show that 
outside the spherical shell the potential is 


47reo/' 

independent of the position of q within the sphere. 



Problem 3-41 
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3-42 Adapting a Known Solution to a New Problem. Two parallel infinite conduct- 
ing cylinders of radii a and b are separated by a distance d (where d > a b). 

(fl) Prove that the capacitance per unit length is given by 


cosh [(^/2 - _ b^)i2ab] 

Problem 3-42^ 


(M 


If one cylinder is placed completely inside the other and their axes are at a distance d 
(where d b — a), show that 


C = 


27r€ 

cosh-i [(a^ 1- b^ - d‘^)l2ab] 



Problem 3-426 



CHAPTER 4 


THE MAGNETOSTATIC FIELD 


4.1 Introduction. We shall begin our study of the phenomenipn of the 
magnetic field assuming that we have a general idea of some of me mani- 
festations of such fields from our experience and from our physicslcourses. 
Our objective is to list the properties of magnetic fields and to formulate these 
properties into precise mathematical expressions, sufficiently general to 
permit their use in all situations likely to be encountered. These properties 
are discussed in detail from the viewpoint of Maxwell's equations. 

A magnetic field (whether time-varying or not) has a unique magnitude 
and a unique direction, both of which may vary from point to point in space. 
(Time-varying magnetic fields also vary both in direction and magnitude at 
one point; non-time-varying fields are constant with time at one point.) The 
study of magnetic fields is principally a study of the evaluation of the variations 
in magnitude and direction and of the effects which they produce. 

The two most common sources of macroscopic magnetic fields arc 
permanent magnets and current-carrying conductors. Present-day experi- 
mental and theoretical evidence indicates that there is no fundamental 
difference between the fields produced by these sources, and that, in fact, the 
ultimate mechanism for the production of magnetic fields is the same for the 
two types of sources. It should be emphasized in this connection that unless 
the region in which current flows is electrically neutral at the macroscopic- 
level, an electrostatic field will exist in the region, in addition to the magneto- 
static field. 

The analytical techniques developed in the preceding chapter apply 
largely in this chapter as well. However, aside from possessing a purely 
formal equivalence, a magnetostatic field is fundamentally different from an 
electrostatic field because, as experimental evidence indicates, there is no /w 
magnetic charge, only magnetic dipoles and higher-order singularities. 


4.2 Magnetostatic Field Equations. The relations which describe the 
behavior of stationary magnetic fields are obtained by setting the time 
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derivatives equal to zero in the field equations. We obtain the following 


relations. 

Integral form 

Differential form 

H- dl ^ j 3 - nda ^ I 

(4-1) 

V X H =- J 

(4-2) 

(|) B • n — 0 

(3) 

V-B -- 0 

(III) 

F — 1 p(v X E) dv = J X B dv 
Jr Jr 

(4-3) 

f - p(v X B) = J X B 

(4-4) 


As stated in Chap. 2, Eq. (4-1), known as Ampere's circuital law, implies 
ihal the line integral of the tangential component of H around a closed path is 
equal to the net current enclosed by that path (Fig 2-2). The right side of 
Eq. (4-1) or of Eq. (4-2) is generally not equal to zero. It follows, then, that 
ihe magnetostatic field is not conservative. However, it is solenoidal, 
because Eq. (3) or Eq. (Ill) requires that all lines of magnetic flux close 
upon themselves (or start and terminate at infinity), thus giving the appear- 
ance of a tube, or pipe (a(o?.r]v, pronounced sol-een, in Greek). 

As m the electrostatic case, the differential forms of the magnetostatic 
equations are appropriate for most problems, and the integral form of the 
equations yields closed-form solutions only where the problem has a high 
degree of symmetry. 

Example 4-1 Field within a Toroid. As an example of the use of the integral laws, 
let LIS determine the field inside the toroid shown in Fig. 4-1. A toroid is a volume of 
revolution obtained by rotating any planar geometric area about an axis which is 
external to the area and in the plane of the area. (An automobile lire and a doughnut 
are examples of toroids.) We assume that the toroid is homogeneous, so that is 



Figure 4-J. A toroid. 
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the same at every point. Let the toroid be wound with N turns of wire which are 
uniformly and tightly distributed around the circumference, and let this wire carry / A. 

Consider the circular path of radius r, as shown. From symmetry we expect 
that the magnetic field will have only a tangential component at all points on this 
path. And we also conclude that the magnitude of the magnetic field will be constant 
along such a path. Hence the left side of Eq. (4-1) becomes 


Hd\ 



H^rd(p 


where is the magnitude of the field intensity at all points on the path. Since 
and r are both constant along the path, Eq. (4-1) becomes 


so that inside the toroid. 


H^y r dv' - NJ 



(4-5) 


The direction of the magnetic field intensity vector in the toroid is counterclock- 
wise, m keeping with the convention adopted in Chap. 2 relative to the vector .sym- 
bolism of Eq (4-1). The same direction is predicted by the right-hand rule. 


Some additional mathematical relations pertinent to magnetostatic 
fields are as given below. 

Setting djdt = 0 in the equation of continuity, namely, 



U.J I" -0 
dt 

(4-6) 

we obtain 

V- J - 0 

(4-7) 


This equation shows that a stationary distribution ofeurrent is also solenoidal. 
In practical terms, this equation and the definition of divergence tell us why a 
direct current will not flow through a capacitor; the lines of flow are prevented 
{blocked) from closing upon themselves. 

Discontinuities in the field vectors B and H are expressed by the general 
boundary conditions 

n X (H. H,) - K (VII) 

n . (B. - Bi) = 0 (VIIJ) 

In linear and isotropic media, the general constitutive relation 

B - ^(H) (4-8) 

reduces to B (4-9) 

It is frequently convenient to represent the magnetic flux density vector 
in terms of the vector potential A, discussed in Sec. 2.13. If the medium is 
linear, homogeneous, and isotropic, ^ is a scalar constant and the relation 
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5 - V X A combines with Eq. (4-2) to give 

V X V X A = /iJ (4-10) 

On the other hand, the Lorentz condition, Eq. (2-85), now becomes 

V-A-0 (4-11) 

Therefore, when use is made of the vector identity 

\7 X V X A V(V - A) — V-^A -= (4-12) 

then Eq. (4-10) gives 

V^A juJ (4-13) 

which is just the result obtained by setting the time derivative equal to zero in 
Tq. (2-86). 


4.3 Magnetic Field of a Stationary Current Distribution. The study 
of stationary magnetic fields is in many respects similar to the study of 
stationary electric fields. Aside from questions pertaining to force, energy, 
and power, which are discussed in Chap. 6, magnetostatics, like electrostatics, 
IS generally concerned with three types of problems: 

1. Given all the source current distributions, find the field. 

2. Given the field everywhere, find the sources. 

3. Given a system of conductors, permeable materials, and source currents, 
find the resultant field. 

The first problem is the analysis problem, pure and simple. A function 
ofone, two, or three variables representing the spatial distribution of currents 
Ls the given information. This function is then substituted into formulas, 
derived in this chapter. The rest is a routine application of formal mathe- 
matics, and we have an expression for the field. 

In a practical problem, we seldom know the spatial distribution of 
currents; these must be found as solutions to a boundary-value problem for 
a given geometry of current-carrying conductors, permeable materials, and 
driving current sources. A certain idealization may even be necessary to 
reduce a problem to the class of pure magnetostatic field problems. For 
example, the conductivity of current-carrying conductors may have to be 
assumed infinite. In short, we often have to solve a boundary-value prob- 
lem. Beyond that, in a real-life situation, we may be called upon to 
synthesize a static magnetic field by finding a distribution of source currents 
which will produce a field of a given description. This calls for a lot of 
experience, intuition, and above all, compromise with what is deemed 
practical. 
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The first part of this chapter is devoted to the pure analysis problem. 
Two somewhat different methods are developed for determining the field of a 
known static current distribution. 

The first method of analysis, discussed in this section, is the indirect 
method. The vector potential A is determined first, and then the field is 
found from B — V x A. 

The second method proceeds directly to the field from the sources by 
using a relation, known as the Biot-Savart law, that follows directly from 
Maxwell’s equations. This method is discussed in the next section. 

At this point, let us focus our attention on the first method. 

From Eq. (4-13), we have 


WA, - 

-fiJ^ 

(4-14) 


n 

(4-15) 

VM, - 

-IjJz 

(4-16) 


where each equation bears an obvious resemblance to Poisson’s eq\iation. 
The theory developed in Sec. 3.6 may now be applied directly to each of the 
three equations. If the current distribution is bounded, and if all the 
currents are taken into account, then by analogy with Eq. (3-59) we can write 
the solutions 


..-f f 

Att J y r 

(4-17) 

A i“ I* / 

(4-18) 

ll 

1 

(4-19) 

or in condensed form, 


A.(-Vo,l O'-^o) — ,1 1 

AttJv r 

(4-20) 


The geometry of Fig. 3-7 applies here, as well. It is evident from Eq. (4-20) 
that the relation between the vectors A and J is linear and that, consequently, 
superposition applies. As m the case of the scalar electric potential, Eq. 
(4-20) gives the correct answer (converges) for interior as well as exterior 
points of a bounded current distribution. 

Example 4-2 Straight-line Segment. By way of an example, let us consider a circuit 
(closed conducting loop) which contains a straight section of finite length. This 
circuit carries a current /. 

Let us find that part of the magnetic field produced by the straight conducting 
segment which, as shown in Fig. 4-2, extends in free space from aiob along the x axis. 
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F'lGURb 4-2. A linear distribution of current. 


With the current Howing from left to right, the vector potential A at P is directed 
from left to right, consistent with Rq. (4-17) or Rq. (4-20). Since Jx dv = I dx. 


y4Axo,y,,) - ^ dx 

477 J„ \ v.i- H- (x„ ■ xf 


By analogy with Eq. (3-61), integration leads to 


fi^I (a-q a) -I- V -f (A'o a)" 
^x(Ao,>o) In ^ ^ 


(4-21) 


(4-22) 


The magnetic field is given by B - V„ x A, where the space derivatives are taken 
with respect to the zero-subscripted variables (coordinates of the point of observa- 
tion). We obtain 


and, as in Sec. 3.7, 


r. 

B - - — a* 

(4-23) 

^ (sin a sm (i) 

47Ty^ 

(4-24) 


This indicates that in Fig. 4-2 the magnetic flux density vector is directed out of the 
plane of the paper. Because of symmetry, the vector B is normal to the plane defined 
by the wire and the point of observation. The sense of B is given by the right-hand 
rule: If the fingers of the right hand are wrapped around the wire with the thumb 
pointing in the direction of the flow of current, then the fingers will point in the 
direction of the vector B. Thus, looking down the positive x axis, an observer will 
see the lines of B directed clockwise about the wire. If, in particular, the wire extends 
to infinity in both directions, the observer will sec the lines of B as concentric circles 
(cylinders), because, when ol —fi = rr/l, Eq. (4-24) transforms to 




(4-25) 
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Essentially the same result was deduced in Example 2-2. Thus the field about a 
straight wire of infinite length, obtained cither from Eq. (4-20) or directly from 
Ampere's circuital law, is seen to vary inversely with the perpendicular distance from 
the wire to the point of observation. 

Other degenerate forms of Eq. (4-24) which deserve special consideration are 


P ^ 0: 

P - -a: 


^negative, but p / —a; 


a 


0 ’ 


P--0: 


B. 


sin a 

477-/0 


B. 


Info 


Sin oc 


B, - 


(sin a -i- sin P) 

477^0 


-- 


47ry’o 


Example 4-3 Parallel-wire Line. Figure 4-3 shows two infinitely long wites carrying 
equal and opposite currents. We wish to determine the magnetic field intensity at 
any point in the free space surrounding the two-wire line. 

Without loss in generality, any point P(.v,y,0) on the xy plane may be chosen as 
a point of observation. An expeditious approach to this problem is to start with a 
finite-length wire and to let a — -b and a'o — 0 in Eq. (4-22). The resulting 
expression then gives the magnetic potential at any point on a plane bisecting the 
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current-carrying wire. Thus, with reference to Fig. 4-2, 


Am \ I ^ 

/lx(0,yo) = — In ■ •; 

4n _h + -I- bt 


(4-26) 


Referring now to the geometry of Fig. 4-3, we see immediately that the con- 
tributions to the magnetic potential from the two wires are, respectively, 

..K / m 

(x,y,0) = — In — 

4v _b + + 6" 


Simple addition gives 


Since 


thi-l) , b + -F 6“ 
A, (.r.y.O) - — In 

- 6 + Vr/ -I- 6“ 
A , n\ I /''lb y + b'‘V 

A,{x,y,0) - — In j > ) 

477 b -1- Vri= + 67 

6 + V7^1~b- 

lim - — 1 


h^vjb + vVi^ 1- 6“ 
i( follows that, for a very long transmission line, 

^,(x,y,0) _ — In - — In —J 

277 rj 277 \ (J, _ djiy -I 

The corresponding components of the magnetic field intensity are 


(4-27) 


/ ' 


y + f//2 


(y H- djlf + 
/ / cos 97i cos 


y - dji 


iy — djiy- + 


>s (P2 \ 
'■z / 


I “ 


(y - cijiy + iy + dliy + a:- 
I / sin <p 2 sin 

27 t \ r2 /*! / 


(4-28) 


(4-29) 


Equations (4-28) and (4-29) are much simpler in form at distant points of obser- 
vation. Since 


14 

ri ^ r 1- - sin (p 


d 

r --sm(p 


Eq. (4-27) becomes 


Since, for ;c 1, In (1 -f ;c) x. 


A = In ^ ^ 

Jn ^ \r — d sin (pl2) 


(4-30) 


A (^ + ^sin ffllr) 

2tt ^ — ^sin (pl2r) 

— [In (1 H- c/sin (pl2r) — In (1 — d sin <p/2r)] 

2tt 

fij d sin (p 
— 

2tt r 


(4-31) 
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Using H = (l///o)(^7 X A), we finally find 

H = (cos tp tk, + sin (p a^) (4-32) 

This is the field of a so-called two-dimensional magnetic dipole: it should be compared 
with the two-dimensional electric dipole of Prob. 3-29. 

Example 4-4 The Circular Loop. From large distances of observation, a small 
circular loop (Fig. 4-4) carrying a current / behaves like a three-dimensional magnetic 
dipole. 

To see this, let us calculate the magnetic field at some point F, which, because of 
symmetry, may be taken in the yz plane. In the notation of Fig. 4-4, 

d\ -- dl - a d(r difl, sin (f a^ H cos ly a J 

So Eq. (4-20) gives 

A — - — [ (-sin (p a^ 1 cos (p a^) 

477 R 477- Jo R 

The superposition of elementary contributions to the total vector potential is 
implied by the integral on the right. However, only a net .\-dirccted componeri 
will remain aftei summation, because the contribution to the r component of A horn 
any two current elements symmetrically located about the y axis will cancel. Since, 
at A0,v,r), a^ = - a^, 


fija f-’" sin ff 
4nJ 



Figure. 4-4 A circular loop in free space. 
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The distance R can be expressed in terms of the radius r from the origin to P as 
follows. From the triangle POQ we have 

^ f - 2ar cos a 

Note that the z axis is not necessarily in the plane of the triangle POQ and that, 
therefore, in general, a 1 - 0 7 r/ 2 . However, since r cos a is the projection of r 

onto the radial line OQ, we can express it easily by projecting it first onto the y axis 
and subsequently onto OQ. Thus we obtain 

r cos OL - r sin 0 sin q) 

and P ■ I sin Osin yj)' a 


If /• 


1 — 2 — sin 0 sin ^ r I — sin 0 sin q) } higher-order lerms^ 

where the last approximation follows from a binomial expansion. To a first approxi- 
mation, then, 

I / I " . \ 

— - I - 1 — sin 0 sin 7 ; I 
R \r / 

//„/« 

— J sm I- - sin 0 sm j d<p 


and 


Since I IS independent of y , the integral of sin q>lr around the loop is zero. It follows 
that 


sin 0 f 

; — I 

477/- J„ 


<1 il(p 


/foTra'-I sin 0 


Using B V X A, we now find 


and since B - //oH, 


B - ^ ^2 cos 0 t sm 0 a^) 

477 ^ 


7TU“I 

H (2 cos 0 ar i sin 0 a^) 

47Tr“ 


(4-33) 


(4-34) 


(4-35) 


Apart from an obvious difference in multiplicative constants, Eqs. (3-42) and (4-35) 
are otherwise identical. It is clear, then, that if wc limit consideration to points 
distant from the sources, the magnetic field of a loop will have the same spatial 
distribution as the electric field of an electric dipole. For this reason, a small loop 
IS often described as a magnetic dipole having a moment equal to the product of its 
area and the current /, and a direction parallel to the axis of the loop. Thus 

m - TTflVa. (4-36) 

At this point it seems appropriate to summarize the expressions for 
sialic electric and magnetic singularities in free space of order zero and one. 
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Three-dimensional 



4.4 The Biot-Savart Law. We now observe that the integral in Eq. (4-20) 
superimposes the increments of magnetic potential resulting from infinitesi- 
mal current elements J dv and that the B field can therefore be built up 
directly from the same current elements. It is reasonable to conclude that if 
we can find the B field due to a current clement, we can find it for all currents 
by superposition. Therefore, what we need now is a differential formula 
that gives the magnitude and direction of the contribution to the B field due 
to a current flowing in an incremental length of wire. 

Consider the wire shown in Fig. 4-5. We wish to relate the field dB at 
e point P due to the current / flowing in the length of wire dl. We begin 
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Figure 4-5. The geometry pertinent to the Biot- 
Savart law. 


with Eq. (4-20), and suppose that a current 1 flows in a conductor wl^ose cross 
section da is so small compared with r that, to a good approximation, 

Jdv da d\ - ld\ (4-37) 


where d\ is a vector element of length measured along the tangent to the wire. 
In other words, we assume that the distribution of the current / is uniform 
over the cross-sectional area da, and that J is directed along the filament. 
Since a stationary current distribution is always solenoidal (V • J -- 0), the 
current density J can always be resolved into current filaments, all of which 
close upon themselves. Therefore the magnetic potential of an arbitrary 
current distribution may be obtained by summation over all the current 
filaments. It follows, then, that the contribution from a segment of one 
filament is 




^ r J(x,v,z) r d\ 

sj, 


(4-38) 


where C specifies the filament contour, and r is the distance from the filament 
to the point {xQ,yQ,z^. The magnetic vector B can be obtained directly 
from Eq. (4-38), using the familiar relation B ^ Vq x A, where the zero in the 
operator Vq denotes differentiation with respect to the subscripted (field) 
coordinates. We have 




fiIC„ d\ 


(4-39) 


The integration and the curl operation in this equation can be interchanged 
because they involve different sets of variables. 

The vector element of length d\ is a function of the coordinate triplet 
{x,y,z), and r - [(x - + (y - yoY + (z - z^Y]'^. The integrand m 
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j-q. (4-39) may be expanded according to the identity 

V X yja = x a + x a 

where is a scalar and a is a vector. In the notation of Fig. 4-5, this gives 




(4-40) 


where is a unit vector. Since d\ is independent of the zero-subscripted 
variables, the second term of the expansion x rfl)/r = 0. The relation 


ul 

B{xQ,yQ,Zo) =- — 
477 


r i/I X 

Jr “7^ 


(4-41) 


expresses the magnetic flux density vector as a superposition of elementary 
fields, 

ti/i/I X a,. 

cIB -- ^ ^ (4-42) 

477r‘^ 


produced by each linear current element / d\ of the wire. This is the desired 
form of the result, which is known as the Biot-Savart law\ The direction of 
JB IS perpendicular to the plane defined by d\ and P, and is positive in the 
direction given by the right-hand rule. 

The magnitude of i/B is 

dB - >^ 14 ^ (4-43) 

477r'^ 

where // is the angle defined in Fig. 4-5. 


Example 4-5 Straight-line Segment. Let us use the Biot-Savart law to find the 
answer for IZxample 4-2. Lrom Eq. (4-42), we have 


4777“ 4777-’ 


//o/>’o dx 

477 [(.Vo - x)- -h 


where /) is the angle shown in Fig. 4-5. Therefore 


B 

477 I 


[(.Vo - X)'- f Vo' 


/tofyo V 1 -(jfo - x) ~| 

aj-’u 477 yo"" \ '{Xo - x)^ \- yo“_ a 

Xo — b 1 //of . . 

^ = (sin a ■ 

‘ V - b)- + yo“J 47Tyo 


bJ r Xo — a Xo — b 1 Bof . . 

Z_!!_ — ^ = , = = (sin a - sin fi) 

477^0 L^' (-^0 - a)- -h Vo'* V (jCn - b)- + yo“J 
which fully agrees with Eq. (4-24). 

Summarizing, an alternative method of finding the magnetic field of a 
known current distribution has been discussed. The two methods have a 
common analytical origin, and, as in electrostatics, the choice is one of 
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expediency: we can integrate first and then differentiate (preceding section) 
or we can proceed directly to the evaluation of a vector integral (present 
section). Both methods are equally rigorous. The Biot-Savart law is 
frequently easier to use. 


4.5 Magnetostatic Force. Although a more general study of electro- 
magnetic forces is planned for Chap. 6, it is instructive at this point to under- 
take at least a cursory examination of the forces exerted between current- 
carrying wires. 

Consider a conductor in a magnetic field B, and let / be the current which 
flows in the conductor. Experiments show that the presence of ia magnetic 
field B causes a force to be exerted upon every element of length (of the con- 
ductor. The magnitude and direction of this force arc given by ih\ following 
special form of the Lorentz force density vector: 

f - J X B (4-44) 


The direction of the force, f, is implicit in the vector symbolism of Eq. (4-44). 
Thus f is normal to the plane formed by the local directions of the vectors J 
and B, and B is the local field due to a// sources. In other words, the effect ol 
the particular conductor under observation is always included. 

First, let us examine the force on a current-carrying conductor arisini; 
from the field due to the current in the conductor. We have seen that for a 
very long conductor, the magnetic field displays cylindrical symmetry, and its 
direction is everywhere peripheral. If the conductor is completely isolated, 
the density of the current is uniform. By an elementary application of 
Ampere's circuital law, the field at any point within the wire (Fig. 4-6a) is 
found to be 


H 





(4-45) 


T he complete functional dependence of the magnetic field intensity on radial 
distance is displayed graphically in Fig. 4-6/?. 

Assuming that the permeability of the wire is that of free space, 

(4-46) 

inside the wire. Since J ya^, 

{^Ja,x - - "L (4-47) 

The force is everywhere radial and constant for a fixed value of radius r. 
On diametrically opposite elements of the conductor, the forces will be equal 
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y 






( 6 ) 


Tigurh 4-6. The field about a long wire, (a) Conductor carrying 
a total current /; {h) field intensity versus radial distance in any plane 
perpendicular to the r axis. 


•n magnitude and opposite in direction. Hence the net force per unit length 
will be zero, and the wire will remain in static equilibrium. 

This, however, is not the case if the wire is not straight. In general, 
hiutual forces do exist between elements of an arbitrarily shaped current- 
carrying loop, and between elements of two infinitely long parallel wires, to be 
examined next. The general conducting-loop problem presents formidable 
analytical difficulties. 
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Example 4-6 Force between Parallel Wires. Let us determine the force between two 
parallel conductors carrying equal and opposite currents of / A. In particular, let us 
find the force per unit of length acting on the conductor on the right, shown in Fig. 
4-3. 

Let us assume that the conductors are far enough apart so that the presence of 
one in no way affects the distribution of the current in the other. In other words, 
the distribution is assumed to be uniform in both conductors. From our previous 
work we reason that the net force exerted on the left conductor due to the current in 
that conductor is zero; similarly, the right conductor experiences no self-produced nei 
force. From our previous work we also reason that the left conductor produces a 
magnetic field at the position of the right conductor, which is directed out of the 
plane of the paper (Fig. 4-3) and in the direction of the positive x axis. At every 
point along the right conductor, this field is given by the expression 


On the other hand , 


/^o/ 

2 

Ind 


J — — 
A 


(4-48) 




where A is the wire cross-sectional area. Therefore the force per unit lengtl\ is 

\ 


f _ / ^ 1 / I'o' ) _ I'”'" 


(4-49) 


This equation tells us that when currents flow in opposite directions, the two wires 
will repel each other. It also tells us that the magnitude of f can be expressed as 
BljA, and that therefore the total force acting on a length / of wire is 


F - 



to the approximation that B is uniform over the wire cross section. 


Figure 4-7 shows a partial view of the field configuration around the 
right conductor in Fig. 4-3. The net field due to both conductors is drawn 
in solid lines, and the field due to the conductor on the right is represented by 



f 


Figure 4-7. Flux lines around one conductor of a two-wire 
line. 
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a dotted contour. On the left, the two fields add ; on the right, they subtract. 
Thus the field is stronger on the left and weaker on the right, and the force f 
is directed toward the weaker side of the field. 

It is worth noting that by drawing a simple sketch of this sort it is always 
possible to predict the direction of the force acting on a current-carrying 
conductor. The conductor will always tend to move toward the region where 
the conductor field and the externally applied field oppose each other. 

It is also worth noting that the result, F— BlI, can be extended to 
include every case of a straight wire perpendicular to a uniform B field. In 
ihat case 

F j fdv = l\d\ xB\ = BlI (4-50) 


4.6 Flux Linkages. A concept developed from Maxwell’s first equation, 

si®'"* 

IS that of flux linkages. It is developed as follows. 

First replace the mathematical contour C with a conducting loop. It 
will be found that a current is induced in the conducting loop. Now open 
the loop at some point and measure the scalar potential difference between 
the ends of the loop. Call this potential difference a voltage V. It will be 
found that 

V - - ^ \ B-nda (4-51) 

dt Js 

We say that the voltage V is induced in the conducting loop. 

This result is known as Faraday's /a}v of induction. If we define the 
flux of B through S as 0, the result can be written 



For coils or other conductor configurations which are approximately a 
series of connected loops, it is convenient to modify our concepts and ter- 
minology slightly by observing that the flux O of B through the surface S is 
also the flux of B encircled, or linked, by the conductor and to speak of 
flux linkage by the conductor. To emphasize this point of view, we change 
the notation and use the symbol A instead of O when we speak of flux linkage 
by a conductor. This proves advantageous when discussing multiple-loop 
(or turn) conductor configurations, as will be seen in the following discussion. 
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Consider first a single turn of a line conductor (Fig. 4-8a). 
single turn we have 


Ai = <Di 



B • ncia 


For this 


(4-52) 


where is the total flux linked by the wire contour, and is the surface 
spanned by the conductor. Similarly, if a second turn, bounding a surface 
^ 2 , is present, we have for this conductor 


a>2= [ 

JS‘. 


B ‘nda 


(4-53) 


If these two loops are connected in such a way (Fig. 4-86) that the flux is 
passing through them in the same direction, the total flux linkage of the 
two-turn loop (coil) is 

A - f L - d>i + \ (4-54) 

If the identical flux O passes through both loops, we should have! simply, 


20 


(4-55) 


If there are N loops (turns in the coil), each with identical magnetic flux, 
we should obtain 


2 - NO 


(4-56) 


We should note that this last result would almost always be an ideal- 
ization never achieved in practice since all N turns, because of their physical 
size, could never all be at exactly the same place, and hence will usually not 
enclose exactly the same flux. However, the idealization that all turns of a 
coil enclose identical flux is a good approximation for many problems, and 
leads to considerable simplification of the calculations. 

When different amounts of flux pass through different parts of the same 
coil, the total flux linkage is equal to the sum of the linkages. For the situa- 
tion of Fig. 4-8c, 

2 ^ NiCbi -t- + • ■ ■ + N.O, (4-57) 

In summary, flux linkage of a closed contour is the flux of the vector B 
through an area bounded by the contour. 


4.7 The Inductance Concept. When a circuit (closed conducting path) 
is carrying a steady current /, it produces a magnetic field B in the medium 
surrounding the circuit. This magnetic field has definite flux linkage 2 with 
the circuit itself. If the medium has a constant permeability, the flux linkage 
is proportional to the current, giving 

^ = 1 - LI 


(4-58) 
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To a source or a load 



To a source or a load 



(i?) 


B 


This flux line links 
two turns 


This flux line links 
only one turn 


#1 . ^2 \ iN y 



turns /V^ turns turns 


(c) 

Figure 4-8. Illustrating the concept of flux linkages, (ja) A single-turn loop; 
(6) a two-turn loop; (c) flux-linkage group. 
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where L is a constant of proportionality defined as the self-inductance of liie 
circuit, or 

Inductance L ^ - (4-59) 

When A is given in weber-turns and / in amperes, Eq. (4-59) gives L in henrys. 
An inductor of 1 H is rather large; hence the units millihenry (10 H) and 
microhenry (10 *^ H) are frequently employed. 

Self-inductance specifies the magnitude of the magnetic coupling of a 
circuit with itself. The magnitude of the magnetic coupling of one circuit 
with a second circuit is called mutual inductance. The term inductance 
usually means self-inductance. 

When the medium is linear, the inductance is determined entirely by the 
geometry and by the material of the inductor. I 

It IS important to note that inductance is defined under sfeady-staiv 
conditions. In Chap. 11 we show that the behavior of circuit \elemcnis 
changes with frequency. 


Example 4-7 Inductance of a Toroid. As an example of the determination of iiuliict- 
ance, let us examine the inductance of a toroid of square cross section, as shown in 
Fig. 4-9. Let the inside radius be R m and the total number of turns be A. II a 
current of / A flows through the turns, the flux density in the core of the toroid from 
Eq. (4-5) IS 




nNi 


All the flux which exits in one cross section of the core must link (or encircle) the luins 
on the inside of the toroid. Hence /. is A<1\ where <t> is the flux over the cross- 
sectional area of the toroid. We pick an element of area which is cicir, as shown 
Note that B and n are in the same direction, so that the dot product becomes the 
product of the magnitudes. We have 

(4-60) 


(4-61) 

Note that L is a function of //, A, and inductor geometry only. 


and the inductance is 


" liNI 

N\ - — a dr 

J Ztt/' 


N-Ifia R t a 
In 


N-fui R 
— — in — 


Example 4-8 The Solenoid. In the preceding section we were able, with a few simpO' 
lying assumptions, to obtain an answer for the inductance of a toroid in closed form 
Unfortunately, the analytical difficulties associated with an exact solution ol the 
problem of the solenoid (helical coil) arc overwhelming. Yet the most common 
form of an inductor used in practice is the solenoid. Let us therefore study such a 
coil. 
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/V turns 


dr r 

Section A A 

Fk'iURL 4-9. A toroid of square cross section. 

A solenoid is formed by winding a conductor as a helix, with the turns closely 
spaced at equal intervals along the length of the solenoid Quite frequently the coil 
IS wound on some kind of a paper tube, as indicated in Fig. 4-lOa. In other cases, 
the winding may be completely unsupported, and may have the form of a spring. In 
slill other instances the coil may have more than one layer. This is particularly true 
when the coil is wound on a permeable core (for example, output transformers in 
radios, power transformers in substations and on utility poles, and power-supply 
transformers in television sets). 

The analysis problem of a .solenoid is complicated by flux leakage near the ends 
of the solenoid (Fig 4-10/?) Thus some of the flux established by the coil links only 
a fi actional part of the total number of turns. However, this leakage is mostly 
t.on(ined near the ends Therefore, if the coil is long, a reasonable approximation 
would be to assume that the field is constant along the entire length of the solenoid 
and equal to its value at the center. 

To begin the analysis of the solenoid, let us find the magnetic flux density vector 
on the axis of a loop of wire carrying a current / To this end, let 0 - 0 in Fig. 4-4. 
Fiom Lq (4-43), we then have 

/</ d! sin 1) 

477-(r“ a-) 

Note that /> is 90 in Fig. 4-lOf for every dl on the loop of wire; hence sin ji ^ \ . 
Since f/B is perpendicular to the plane formed by d\ and the point P{0,0,z) on the z 
axis, c/B has a z component but, because of symmetry, no radial or tangential com- 
ponents It can be seen that 

ftldl a 

47^(2- ! V ^ 




dB: dB cos a 


(4-62) 
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Figure 4-10. Cylindrical solenoids, (a) Single-layer cylindrical solenoid; (h) field 
distribution; (c) field on the axis of a single loop; (c/) cross section of a long solenoid, (r) 
multilayer coil dimensions 


We obtain B, at /^(0,0,z) by integrating over all c/Z's of the loop. 

///« fi/a^ 

2(2“ f 

At the center of the loop (z — 0) this reduces to 


-- ^ ^ dl 

47r(z“ I 2 


2a 


(4-63) 


(4-64) 
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Let us now consider the field on the axis of a long straight solenoid as shown in 
Fig. A-\Od. We require that the turns on the solenoid be uniformly distributed, that 
there be a total of N turns, and that they be closely spaced so that the distance between 
turns will be negligible We assume that the current can be treated as a sheet of 
current so that the current in an infinitesimal slice of dz of the solenoid will be 7V7 dzjL 
We want the flux density at P, which is a point on the axis and at a distance Zq from 
one end of the solenoid. 

At the point P the flux density due to the current in the slice dz is, from Eq. (4-63), 


dB^izn) 


/laHNI dzjl) 
2[{z Zo)‘^ -h AT-* 


(4-65) 


The total is obtained by integrating from one end of the coil to the other. Since 
B has the same direction for every element of current, Eq. (4-65) may be integrated 
to give the field at P due to the entire solenoid. Thus 




/ia‘N/ f' J: 

. 1 , ir= 

/iNi r ^ ~ ^11 ^ -o 

' IT \_\ (/ - 2 „)= TT \ H a\ 


(4-66) 


This is the general result. If the point P is located at the center of the solenoid 
//2), the flux density becomes 


On the other hand, when r 


/\ PNI 

2/ \ /“ -} Acr 

0, or when Za - I 



(4-67) 


/iN/ 

- 2Tft^ 


(4-68) 


h IS seen that the Hux density at the end of a long solenoid is less than at the center. 
This IS caused by flux leakage near the ends of the solenoid. 

If the length of the solenoid is large relative to the radius (/ ' a), the flux density 
at the center becomes 


.(') - 

while at the ends 

uNl 

BAO) bad ^ ^ 


(4-69) 

(4-70) 


Thus, because of leakage, the flux density at the ends drops to about one-half of its 
value at the centei . 

We arc now' ready to obtain an expression for the inductance. If / a, end 
ctTects may be neglected, and the magnetic flux density may be taken constant over 
the entire interior of the solenoid both on and ofiT the central axis. From Eq. (4-69), 


B, - 


ftNl 

~T 


(4-71) 


everywhere within the coil As a result, the flux linkage of every individual turn of 
the coil is 


A/ (naDB, - na- — 


(4-72) 
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Since there are N turns, the total flux linkage of the current in the solenoid with its 
own magnetic field is 






(4-73) 


The approximate inductance of a long solenoid of radius a and length / is therefore 
given by 


1 1 


(4-74) 


To get a feeling for the order of magnitudes involved, let us calculate the indiici- 
ance of a solenoid of 200 turns wound tightly on a cylindrical tube 6 cm m diameter. 
The length of the tube is 60 cm, and the medium is air. From Eq. (4-74) we have 


Att . 10-’ 77 (200)“ (3 • 10 “)“ 

60 lO"^^ 


0.237 mH 


Various approximate formulas which are more accurate than Eq M-74) have 
been developed for determining the inductance of solenoids. Most of these formulas 
are empirical or semiempirical Lor example, the inductance of a single-layer helical 
coil is, approximately, 

2.54AV- 

L --- lO-** H (4-75) 

9^/ I 10/ ^ 


where a is the mean radius of the coil (meters), and / is the axial length of the coil 
(also expressed in meters). Of course, N is the number of turns and is a dimensionless 
number. Equation (4-75) is accurate to within 1.1 percent when / 0.8«. 

The inductance of multilayer air-corc coils (F ig. 4-1 0£9 may be calculated fioni 
the formula 


L 


2.03N^a‘^ 

6a~rVl i^/ 


10 « H 


(4-76) 


where all dimensions are in meters. 


Example 4-9 Inductance per Unit Length of a Long Two-wire Line. Let us 

calculate the self-inductance per unit length of a parallel pair of wires, each having 
radius a. The wires are infinitely long, and their axes are separated by a distance ci 
For steady currents, the current distribution in the cross section of each cylindrical 
conducting wire is essentially uniform, particularly if the distance d is appreciably 
larger than the radius a. To a good approximation, then, the magnetostatic field 
outside the cylindrical conductors is identical with the field produced by a pair of 
line conductors, as depicted in Fig. 4-3. More precisely, the field in the region ol 
the yz plane that extends from y =- - djl I o to - djl - a in Fig. 4-11 is approxi- 
mately equal to the field of two infinitely long parallel lines which coincide with the 
axes of the cylinders. From Eqs. (4-28) and (4-29), then, we obtain, by setting x 0, 
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I K.iiRt 4-11. Magnetic field pattern between a parallel pair of cylindrical conductors 
caiiyrng equal but opposite currents. 


Now consider a 1-m length of line The total magnetic flux passing between the 
conductors per meter is 

I UH'l-n) 






(4-79) 


-( f //2 ») 


I herefore the llux linkage between the current / and its own magnetic field per unit 
of length of line is 


Ifr/ 


III (i a 
I (p _ In 


A ^ — In - 


(4-80) 


(4-81) 


77 a 

and m this case (which is the practical case), the inductance, in henrys per meter, is 


H d 
L ^ - \i\- 

/ 77 fl 

It can be shown that, to remove the restriction d a, we must use 

II d 

L — — cosh ^ — 

77 2a 


(4-82) 


(4-83) 


Example 4-10 Inductance per Unit Length of a Coaxial Cable.! In the preceding 
example we neglected to take into account the partial flux linkages inside the wires, 

! Some aspects of this example are difficult for all but the most capable student. Though 
hie derivation is complex, the final results are useful from a practical point of view. 
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Figure 4-12. Magnetostatic field of a coaxial cable, {a) Cieometneal arrange- 
ment and field lines; ih) half slice of inner conductor. 


purposely, of course, to avoid the accompanying analytical difficulties. Wc shall 
demonstrate the effect of partial flux linkages by considering a coaxial line made up 
of a solid inner conductor and a thin-walled outer conductor (Fig. A-\2a). 

Let us suppose that the inner conductor has a radius a and carries a curicnl 1 
which flows out of the plane of the paper toward the observer. Let us also suppose 
that the inside radius of the (thin) outer conductor is 6, and that it carries an equal 
and opposite current /. If the current / is distributed uniformly over the cross section 
of the inner conductor, the current flowing in the portion of the inner conductor Irom 
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zero to any radius r a is The field H is in the (p direction only, and, 

according to Ampere’s circuital law, it is 

0 r < (4-84) 

The permeability of good conductors is approximately that of free space. So 

Figure 4-12/) shows a partial view of the current and field pattern within the inner 
conductor. Consider an annular ring from r to r | dr, 1 m long. The current 
flowing in this ring is [Klnr dr)]lTTd^, and the flux in the ring has a magnitude of 

li„(dr)(\) ^.rdr (4-86) 

This flux IS evidently a function of r, and links only a fraction of the total current 

Mowing along the inner cylinder In fact, the current in the annular ring is linked 

by that portion of the flux within the inner conductor which exists outside the annular 
fing, and also by the total flux which exists in the region between the inner and outer 
cylinders. In that region, of course, 

(4-87) 

^ ZTT/* 


So the total magnetic flux linking the current flowing within the annular ring is, from 
Lqs (4-86) and (4-87), 


,/<I, \" ^.,d, i 

iTTU- iTTr ^TTCr 277 a 


(4-88) 


SiriLC this flux links only a fraction l^rdrl-rra- of the total current /, we must adjust 
the contribution of d<\^ to the total flux linkages by precisely the same factor. In 
other words, for the purpose of calculating inductance per unit length of a coaxial 
line, we must take 


d/. 


'1-nr dr 
■ntr 


c/d) 


(4-89) 


and then integrate this expiession from r 0 to r a to get the net contribution of 
the entire current distribution to the flux linkages associated with this structure. We 
liavc 


/ 



I («- r-)r di ! — In- I r dr 

Jo " Jo 


/hi/ 

877 



(4-90) 


Hence the inductance per unit length is 



(4-91) 
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Figurf 4-13. Magnetic coupling between two conducting 
loops. 


Obviously, the first term on the right arises from the flux linkages internal tc\ the innei 
conductor. For this reason, it is known as the internal nuhictance of the inner con- 
ductor per unit of length of line. The second term arises from the flux linkaj;cs 
between the total current / and the flux which exists in the interelcctrode space. It is 
sometimes referred to as the external inductance of the coaxial line per unit of its 
length. 


Let us next consider the mutual inductance between two circuits. 
Consider the conducting loops Ci and shown in Fig. 4-13. A current 
/j flowing through the first loop will produce a magnetic field such that a 
certain amount of flux will be linked by the second loop. The mutual 
inductance between the two loops is defined as 

Li-, -- — (4-92) 

^1 

Likewise, a current ^ flowing in loop C\, produces a magnetic flux O.^i 
will be linked by loop C^. By definition. 


^21 



(4-93) 


We shall now show that if the surrounding medium is linear, homogeneous, 
and isotropic, 

Ly, - L21 (4-^4) 

To prove this statement, let us suppose that the wires forming the con- 
ducting loops are so thin that the flow of current is virtually confined to line 
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contours. 

Eq. (4-20), 


Then the vector potential caused by current /, is, according to 


Att Jc\ r 


(4-95) 


We recall that this formula is valid only when the permeability is a scalar 
constant. The magnetic flux density at F is obtained from 


B ^ V X A 

(4-96) 

while the total flux linking circuit is 


Oi 2 ^ I B • n da ^ i (V x A) • n da 

(4-97) 

By Stokes’ theorem, the surface integral on the right of this expression may 
be converted to a contour integral: 

^^2 (^ X A) • n r/t/ - (i A • dl^ 

(4-98) 

Hence ^ 

(4-99) 

from which it follows that 



(4-100) 


In this equation r is the distance from a point on Cj to a point on Q. 

It IS obvious that, by repeating the same development for a current 
flowing in circuit C,, we should obtain 


^21 


I. 2 r 


( 4 - 101 ) 


Since the dot product is commutative, the right members in Eqs. (4-100) and 
(4-101) arc identical. This proves the validity of Eq. (4-94). Equation 
(4-101) IS known as the Neumann formula. 


£xample 4-11 Mutual Inductance of Two Coaxial Loops. Figure 4-14 shows two 
very thin coaxial loops in free space. The mutual inductance between the two loops 
IS desired, assuming that the planes of the loops arc parallel to one another and are 
spaced at a distance z much larger than the radii a and b. 

From Eq. (4-33), the vector potential at F, caused by current /i flowing in the 
bottom loop, IS 

sin 6 _ ^ fiod^I^b ^ 

^ ~ 47* 4(6* + 4z* 


(4-102) 
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z 



Figure 4-14. Mutual inductance be- 
tween two coaxial circular loops. 


when c a, h. From Eq. (4-98), 


Thus 


CD, 



ft^,d-lyb 

4,3 


dk 



ffoTTci^h- 


/ioTTtrh-Ji 

2z^ 

^ «, h 


(4-103) 

(4-104) 


In summary, this section has dealt with the subject of inductance. 
Inductance of a circuit specifies the degree of magnetic coupling of a circuit 
either with itself (self-inductance) or with a neighboring circuit (mutual 
inductance). 


4.8 The Scalar Magnetic Potential. In many instances, up to this point, 
the treatment of magnetostatics was facilitated considerably by the intro- 
duction of the vector magnetic potential function A. The availability of this 
function as an artifice in analysis is always assured by the solenoidal character 
(V ■ B ^ 0) of the field vector B. But A is a vector. Life would be simpler 
if, as in electrostatics, we could deal instead with a scalar potential. We 
shall now discuss the possibility of such a scalar magnetic potential, which we 
shall call (phi star). 

Consider a current-free region V. Figure 4-15 shows a plane section 
through such a region, which, as indicated, has the form of a doughnut, and 
hence it is multiply connected. The region V', which complements F, 
contains the sources of the magnetostatic field under consideration. To fix 
ideas, we suppose that the field is produced by a coil wound around the region 
F, as shown in the figure. The coil has N turns and carries a current /. 

At every point in the current-free region K, Eq. (4-2) reduces to 

V X H 0 (4-105) 
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Figure 4 15. A multiply connected region that does 
not contain currents. 


Hence, within K, H may be expressed as the negative gradient of a scalar 
function </>*. 

H - -V0* (4-106) 

The function 0* is the scalar magnetic potential, and is measured in ampere- 
turns (At). By virtue of this definition, it follows that 

I H . - f (™-V0*) . d\ = - 0*(0 (4-107) 

JC'i J (Ji 

where Ci denotes the portion PFQ of the closed contour C in Fjg. 4-15. 
The difference in values that the potential function (f)* assumes at the extreme 
points P and Q of has been traditionally known as the magnetomotive 
force (mmf, for short) between these points. This notion is analogous to 
that of potential difference, or voltage, normally associated with the electro- 
static field. The corresponding term, electromotive force (emf), is normally 
associated with the quasistatic field (Chap. 1 1). 

We saw in Chap. 3 that the electrostatic scalar potential is a single- 
valued function of the coordinates. In direct contrast, the magnetostatic 
scalar potential is generally a multivalued function of position except 
when the region is simply connected and current-free. The validity of this 
statement can be demonstrated as follows. 

From Ampere’s circuital law we have 

= W (4-108) 

This equation states that if the contour C begins and terminates at the same 
point P, the initial and final values of the magnetic potential 0* will be 
different, and will differ by an amount exactly equal to NL In other words, 
Eq. (4-108) tells us that 

^ H • d\ = <^*(P)| - <f>*(P)\ = NI 


[start 


Ifliiish 


(4-109) 
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If the contour is traversed twice, 

2NI (4-110) 

and if thrice, 

<i>*(p)\ ^3NI (4-111) 

and so on. Thus the discontinuity in <f)* is equal to the net current linked by 
the contour. Only when the region is simply connected, or when the current 
density is everywhere zero, does the potential become a single-valued function 
of position. I 

To summarize the points we have made in this section, a ^agnetic 
potential <^*, defined by Eq. (4-106), exists in a region V that does not 
contain currents. When a closed contour C in the region V encircles a net 
current /, the potential function </>* is discontinuous by an amount equal to 7. 

The difference in values of the scalar magnetic potential 0* at any two 
points in V IS called the magnetomotive force, or mmf. In general, the value 
of is dependent on the particular path by which these points are connected. 


4.9 Ferromagnetic Circuits. The scalar magnetic potential is particu- 
larly useful in the analysis of ferromagnetic circuits of such practical devices 
as transformers, motors, generators, and certain microwave ferritet devices 
(Fig. 4-16). It IS advisable then, to consider at this point the most 
pertinent aspects of ferromagnetism. 

For most materials the permeability // has a definite value which is very 
nearly equal to the value for air. For a small but important group of 
materials, of which iron, its alloys, and ferrites are the most common, // is 
not a constant; it has a value which is much larger than the value for air, it 
varies with the magnetic flux density, and it is not uniquely defined by B. 
These materials are called ferromagnetic.^ 

The most important properties of ferromagnetic substances are, from 
our present viewpoint, a nonlinear B-H characteristic (nonlinear con- 
stitutive relation) and hysteresis. 

Let us investigate the B-H relationship for a-toroid (Fig. 4-1) m which 
the core is a ferromagnetic material. The flux density can be measured by 
any one of several available methods. It is found that it depends not only 
on the value of the magnetic field intensity, but also on the past history. A 
typical relationship is shown in Fig. 4- 17a. This figure shows the result that 
would be obtained if one starts with an unmagnetized iron core, increases the 

t Ferrites are really ferrimagnetic materials; the distinction is unnecessary for our present 
purposes. 
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Fkjure 4-16. A latching ferrite phase shifter, (a) Core half slice; (d) phase-shifter 
assembly. (Courtesy of Scientific- Atlanta, Inc.) 
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B 



B 



B 


B 




Figure 4-17. The hysteresis efTect in a ferromagnetic substance, (a) The beginning of a 
hysteresis loop; (b) the first cycle of a hysteresis loop; (c) square hysteresis loop; (^) ^ 
family of hysteresis loops. 
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<,urrent (which increases H) from zero to /, and then reduces it to zero again. 
Since H and / are proportional, Fig. 4-1 7a is plotted against H. 

It is shown in Fig. 4-17a that even when the current is decreased to zero, 
the material retains a certain amount of magnetic flux density This 
quantity is termed the residual flux density. It is a measure of the ability 
of the material to retain the magnetic flux. Accordingly, is called the 
retenfivitv of the material. 

If the current is reversed, we find that a certain negative value of current 
,s necessary to give zero flux density. The (negative) field H, necessary to 
overcome the retentivity is called the coercive force. If the current is in- 
creased below this to a value corresponding to and then returned to 

zero, we find a curve such as shown in Fig. 4-17/?. If the current is taken 
back to the original value in the positive direction, a different curve is ob- 
tained. Hence we conclude that it is necessary to know the past history of 
a piece of iron in order to predict its performance. 

If the current is alternated between definite extreme values, the curve 
settles into a definite closed loop called a hysteresis hop. A particularly 
important type of hysteresis loop is the square hysteresis loop shown in Fig. 
4-17r. This type of hysteresis loop is characteristic of the ferromagnetic 
ceramic material used to construct the basic storage device in a magnetic- 
core memory of a digital computer. It is typical also of the material used to 
construct microwave ferrite devices. 

In order to make the best estimate of //, we utilize a mean magnetization 
curve, which can be obtained by starting with an unmagnetized piece of iron 
and increasing the alternating current gradually. Thus a series of hysteresis 
loops are obtained (Fig. A-Md). A curve is then drawn through the peaks 
of these curves. Examples are shown in Fig. 4-18. We should point out 
lhai the ratio BjH along the mean magnetization curve is the permeability of 
Ihc iron and that it varies with B and current. 

Let us now consider the determination of the total flux in the simple 
configuration shown in Fig. 4-19a. Magnetic flux, like current in an electric 
circuit, seeks the “path of least resistance" (high permeability). If all the 
flux IS in the iron, we need to set the line integral of H around a closed path in 
the iron equal to NI. We know, of course, that the result of the integration is 
A/ for all paths around the iron loop, but we wish to determine B. The line 
integral of H around the two paths shown m the figure, that is, and will 

the same, although B and H are different along the two paths. We 
wonder what path will yield the value of B which will give the total flux when 
n^ultiplied by the area, that is, the average flux density. For most con- 
figurations a rigorous solution is almost impossible. For those cases where 
only engineering accuracy is desired, it turns out that the path along the 
middle of the iron gives the desired answer. 

Under this assumption, the line integral of H around the closed magnetic 
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FiCiiiRt 4-18. Typical magnetization curves. 


circLiil becomes a suinmalion of the average value of H limes the mean path 
length; that is, 


(1) H . cn - 2 

Jr 


(4-112) 


For Fig. 4- 1 9a, - 

Ampere's circuital law. 


IttR, where R denotes the mean radius, so that, b} 


H 




NJ 
277 R 


(4-113) 


For Fig. 4-19/7, — Li ^ Lo i j that is, we take a path from 

corner to corner, going down the center of each leg to obtain the mean 
length. Hence 

— (4-114) 

■" LH L, I Z., f L, 

is the average magnetic field intensity along the mean path. Since the 
magnetization curve for the metal of the core is also a plot of ^a\ versus //. 
we can obtain from the magnetization curve. 

The products ■ ■ ■ , where is the mean path ol 

the magnetic circuit’s /7th segment, are simply the differences in the values 
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Figurf 4-19. Simple magnetic circuit con- 
figurations. (a) Plane section of a toroid; 
(d) a rectangular core 


assumed by the scalar potential function cf,* at the extremities of each path. 
They arc usually designated by the script letter and, as noted earlier, are 
railed magnetomotive forces, or mmfs, for short. In terms of this notation, 
then, Lq. (4-1 12) reads 

.>3 1 -^1 ( 4 - 115 ) 

or 111 general, 

n 

This equation expresses a general law in magnetic circuit analysis, which is 
analogous to Kirchhoff’s voltage law and which eflectively states that around 
any closed path in the magnetic circuit, the algebraic sum of all t e mm s 
acting on the circuit is equal to the net current enclosed by the pat . 

The second law of the magnetic circuit, which is analogous to Kirc - 
hofl-’s current law, states that the net flux entering a junction in a magnetic 
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circuit equals the net flux leaving the junction; that is, 

-0 (4-117) 

where the summation is performed algebraically. This law is a direct 
consequence of the continuity property (V • B - 0) of the magnetic flux 
density vector. 

A useful concept is that of magnetic reluctance. The reluctance of any 
path in a magnetic circuit is defined 

R 

where R - reluctance, A/Wb 

::F - mmf drop along the path, 
d) — total flux, Wb 

If the path is / m long, has an area of T m-, and a permeability // H/m, then 
B - cI)//4, H BIfj, and 

B (D 

- HI - ~ / — / (4-119) 

fi AfJi 

Therefore reluctance can be expressed algebraically in a form analogous to 
resistance (Chap. 5) as 

/ 

R — (4-120) 

fiA 

Of course, /u generally depends upon //, and hence the reluctance R is not a 
constant. 

It IS sometimes helpful to draw a comparison between magnetic circuit 
quantities and electric circuit quantities. This comparison can be sum- 
marized as follows: 




At 


(4-118) 


Mai^ncfic Circuit 

mmf 
Flux 4) 

Reluctance R — 
<D 

O 

Flux density B - — 

Permeability 
D mmfs Nl 
2: cl)’s 0 


DC Circuit 

Voltage, emf, V 
Current / 

V 

Resistance R — 

I 

Current density J ^ 

Conductivity 
Kirchhoff’s voltage law 
KirchhoflF’s current law 


Magnetic-circuit computations in English-speaking countries are usually 
carried out in the so-called mixed English system of units. These units, as 
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^ell as the corresponding units in the rationalized mksc system, are tabulated 
below. 


Uiantity 

Mixed English 

Rationalized mksc 

J 

ampere-turn 

ampere- turn 

(D 

line, or kiloline 

weber (^ 10® lines) 

B 

line per square inch, or kiloline per 

weber per meter squared 


square inch 

64.5 kilolines/in. 

H 

ampere-turn per inch 

ampere-turn per meter 
( - 0.0254 At/in.) 

//« 

3.19 A 10 kilolmc per amperc-inch 

477- X 10 ’ henry per meter 


A useful relation to remember is that, in free space, 

//-313B At/m. (4-121) 

where B is measured in kilolmes per square inch. 

Before proceeding with the analysis of a few typical magnetic circuits, it 
should be pointed out that many magnetic circuits include one or more air 
elements, called air gaps, as integral parts of the circuit. A typical example 
of such a magnetic circuit is shown in Fig. 4-20a. The flux will tend to 
spread out in the air gap much in the manner portrayed by Fig. 4-20^. 
Correction for such fringing may be made by basing the calculation of 
elfectjve area on the formula 

A -^(h -! t){a i 0 (4-122) 

In other words, the gap length 1 is added to each of the two transverse 
dimensions of the air gap. 

It should be noted that magnetic cores of physically large electrical 
devices are usually made from laminations which are punched out of thin 
sheets of ferromagnetic material. The reason for this type of construction is 
to be found in the electrical properties of matter. When flux varies with 
lime, voltages arc induced in the cores, in accordance with Faraday’s law, 
which in turn cause the circulation of eikly currents in the cores; power is then 
lost in the form of heat. However, when the laminations are employed, they 
are always insulated from each other by thin layers of nonconducting material. 
The resistance offered to the flow of eddy currents is increased, thus decreasing 
the power lost. As a result of the space occupied by the insulating layers, 
the cross-sectional area of the actual magnetic path is effectively reduced. 
To account for this reduction, a quantity known as the stacking factor of the 
laminations is multiplied by the actual area of the core. That is, if the 
physical dimensions of the core are a and b in., the magnetic cross-sectional 
is set equal to ab times the stacking factor (for example, 0.9ab). 
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I n.i'Ri 4-20 Magnetic circuii willi .in gap (i/) A \ .n lahle-ieliictance 
switch cnnsist ing tjf a w iic-wduiuI inagnctic loi c and inovahic budge pieee 
that allcTs the coie llu\ pattern tn piodiice an electiic ontpiit iisernl Inr 
switching purposes. (Coinlcw of the \{itiomil Ac}oiiuutn \ o/ul Space 
\ilnnnisiralion.) (h) 1 iingiui: of magnetic llii\ at an an b'ap 


The mt)st satisfactory way ol' demonstrating ihe apjdicalion of the fr)i 
going concepts is by means ol'a few illustralixe examples. 

Example 4-12 A Series Magnetic Circuit. In the magiielie circuit of I ig 4-h 
/-I A-, 7 in. and /., iS m, Ihe coie is made of cast iron (slack; 

lactor 1), and lias a scjuaie cross section ol 2 2 in. If the Ilux in the core 

120,000 lines, lind the ampeic-tuins of the coil 
W^e pioceed as lollows: 

Coreaiea 4 2 2 4 in. ’ 

Mean coie length / 2(7 i 8) .10 in 

Flux density B 120,000/4 .10,000 hncs/in.“ 
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I iitcrin^ llic graph (hig 4-18) at this value of B. we leaJ oir ilic Last-iion cliivc 
U 20 At/in. Ihcicfoic the mnil in the core is /// 20 30 600 At And 

aLeniding to Ampere's eiiLiiital law, A7 600 Al 

1 he inverse problem is that ol linding the llu\ in the coie loi a given niimbei ol 
ampeie-lurns. Suppose, tor e\ample, the eoil has 1200 At then // 1200/30 

40 Al/in , and liom the magneli/ation euive, B 40 kilolines/in “ I heielore 
'!> 40 4 I60kilohnes 

It IS inslriiclivc al this point lo iiiscrl a few observations : 

Since llie B-H relalninship is nonlinear, ihe prt)blem of magnetic circuit 
analysis is a problem m nonhnear anal\ \is. So the technK|Lics which will 
be demonstrated here arc quite general, and mav be carried o\er It) other 
t\])es of luinlmear problems. 

In the preceding example, the Hux was assumed lo be conslanl everywhere 
m the senes magnetic circuit. This is a definite eonslraml on the prob- 
lem We shall lind that diircrent ct)nsliamls are imposed t)n dillerent 
ivpes ol' magnetic circuits 

II the cross section of the core is not unil'orm throughout its length, the 
Ulix density /), and hence //, will be clilVerenl al dil]'ercnl portions o\' the 
senes magnetic circuit; htiwever, the Ilux will still ha\e the same value 
c\erv where m the core. 

I lie relalit)!! t)!' flux direction lo that ol cuirciU Ilow' can ol’ten be estab- 
lished b\ the right-hand rule if, as m Lxample 4- 12, the winding directions 
are known. However, m more ctimplex arrangements, it may be im- 
possible to establish by inspection the direction of Ilux m a given leg ol' 
the magnetic circuit, even though winding and current directions may 
both be knov\n. In such instances, Ilux directions in \arious parts of' the 
urcuit are assigned arbitrarily. T hen, il al the conclusion of the sol- 
ution the algebraic sign of the Ilux m a particular leg is positive, the 
mitiallv assumed direction is correct: but if I he algebraic sign of that Ilux 
IS negatiNC, the actual direction is opposite lo what was initially assumed. 
Note that the abbreviation Al Tor ampere-turn is used m this section and 
hereafler. 


4-13 Series Circuit with Air Oap t igiiic 4-21 shows ..i magnetic ciicuil 
cDnsliuctcd ol shed sled The eioss section ol the coie is uniform and measures 
2 2 in ( ompute llie number of ampere-turns icquiied to produce a Hux of 252 

kilolmes m the circuit Assume a stacking laclor of ()2.> t'oi the laminations 

1 his IS a series circuit in which the total mmf is the sum of the mmf in the iron 
phis the mmf m the air gap. The details of tlie cahiilations aie 

C’oie; 

Aica 2 2 0.7 3.6 in. ~ 

Length 30 in. 

B 252/3.6 70 kilohncs/in.- 
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I lom the gi.iph 

// 

5 At /in. 



/// 

5 30 

150 At 

Air gap • 

A 1 ea 

(2 0 02 

)-' 4-08 in.“ 


1 ength 

0 02 in. 



fi 

252 .'4 08 

0 1 8 kilolines/in “ 


// 

3 13 01 

8 10,343 At; in. 


/// 

10,333 

0 02 387 At 


I'hciclorc iIk' total mint diop in the maanctiL Liiciiit is 150 387 537 ^t 

in aLundaiKC SMth the mml law, \/ 5 "^7 At 

I he in\ ei se [h oblem ol tindiiiL' the Hux i esulling I'l oin, sa\ , 270 At is Lonsiik i 
more tlillK Lilt Hesause ol the iionlineiiiits ol the magnetization enr ve, it is impo 
to deteimine the I1li\ h\ liiietir-.inaK sis methods. I he solution ol the piohlen. 
be ell'estcd, howe\ei. b\ tiial and eiioi. that llie Huv in the core is ass', 
arl'iitrai ilv and the mml letjuired to pioduce this llux is IVuind by the pie\H)Lis iik'' 
If this mml agiees with the specified iiinpeie-lui ns, the sohitiim ol the piobK 
teiminated. Otheiwise the magnetiL lUix is assigned ihlTeienl values sullls 
until one is found vsIikIi retjuiies the spet^ilied ex^it.ition AcLUiacv to wii‘, 
pel Lent is acLeptable foi i,uir pui poses 

A sLVond method ol solution is giaphieal, and will he illuslrateLl latei . 

The In st trial is suc.h that the assumeLl llux I'alls w ithin the lange ol the iiKiL’n'' 
iion CLn\es In the pioblem at hand, a moie a^^Lurate estimate of IUi\ san bi. i 
with the aid ol two e\tieme assumptions. 

1 1 he entile mml is used in the an gap 

2. The entile mml is used in the ecire, 

Eitltei ol these assumptions leads to a value of llux which is highei than ihe ii. 
one. Iheielore a value lowei than either ol these should be selected as a lioa 
II the spccihed 270- At mml is used in its entiiely in the air gap, then 

// 270/0 02 13,500 A t/m 

li 1^,500/313 43 1 kilolines/in - 

<1> 4 08 43.1 l76kilolincs 

Jl Ills used in the coi e, 

// 270/30 OOAt/in. 

li 1 00 kilolincs/in.“ 

100 3.6 360kilolincs 
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As a fiisl trial we take 170 kili)Iines. Next we compute tlic total mmf. 

C ore 

B 170/3.0 47 2 kilolincs/in ’ 

H 2.3 Al/in 

/// 2 3 30 00 At 

\tr ^ap 

B 170/4 OS 41 0 kilolines/in.-^ 

It 313 416 13,000 At/in. 

HI 13,000 0 02 200 At 

Total minf 00 200 320 At 

MiKc Uie dilTerencc, 320 - 2^0 .^0, is hi^hei than 5 peiceiit of 270, a second, lower 

ahie ot must he assumed We ti^ <1> 140 kilcdmes 1 hen, as heloie. 


B 

140/3.0 

hS 0 k ilolmes/in. ' 

H 

2 At/in 


111 

2 30 

(>0 At 

B 

140,, 4. OX 

34 3 kilohnes/m 

n 

3 1 3 34 

3 10,700 Al/in 

/// 

10,700 

0 02 214 At 

1 olal mml 

214 00 

274 At 


1 I'is \aliie ot the total mm) is, loi t>iii piiiposes, suIlKieiill) close to llie gisen 
italioii So the soliilion of oni piohlem is now complete 
As pie\ioiisl\ slated, a diicel ijiaphical anaKsis iec|uiiiii^ no i.'Liessinu is also pos- 
iiiie Let LIS lelei oiko ai:ain to 1 il^ 4-21 Ampeie's ciicuital law ieL|iiiies that. 

■ uind the maLMielic c lie ml, iheal^ehiaic •^mn I'l the mml elu>ps be ecjual io zero, or 

mini', ,,,, mml',,, ,, N / 

Mil I e|. (4-121 ), 

Hind'.,,, //,,, , (313/^,„ „,)(() 02) 

I Ik' same lliix c\isls m both Ihe core ami m the an ^ap I lowe\ ei , because ol Irmyin^, 

V 'e )Ili\ clensitv m the an is smallei than in the soie Me>ie pieeisel\, 

: 2 0 o 3.0 

(2 (U)2i72 0 02) "" 4.0S 

minT,,, .^.52/4,„, 

'0 the eUhei hand, 

mml',.,,, 30//,.^,,., 

! (leieloie the ecpialion oi eumhbi iiim tiece>mes 

30//,,.,. ■ S -"^2/?.,,,,. 270 

' "Is IS a constiMint imposed b\ the niai^nelic ciicinl. A second eonsiiainl is imposed 
ihe material of the eoie m the foim of a nonlinear i elationship, shown m ? i^. 4-lS. 
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I he \;iiiahlcs of ilie piohlL'iii must satisfy bolh conditions simullaneously. IK 
the point (d interscetion ol the piopcr magneli/ation cuive with the plot of the 
ec|Liation maiks tlie values of and which satisfy bolli constraints ai 

same time 11 the mai^neli/ation cuives weie plotted on linear scales, the plot oi 
equation ol equilibnum would be a straight line and, hence, easy to draw. In , 
case, the plot must be made point by point I he student can verify for himsell - 
the two cuives cu^ss at ii .^8.5 kilolines/in 1 1 I.d5 At/in. 


Example 4-14 Incremental Inductance. 1 he topic of mcicmcntal inductance acln, 
helouL’s Lindei lime-vaiving fields lor picsent puipi’ises, however, let us as^i, 
that the field <.|uant ities vai\ so slowb with lime that, to a good approximation 
magnetostatic held etjualions ap[dv 

( onsidei a magnetK ciiciiit willi two coils, as in 1 ig 4-22a I el be a ■ 

cm lent and i, he a slowlv \ar\ing currenl whose amplitude is at all tiinqs veiy ^ 
compaieil with /. 1 hen it is leasoiiable tt> assume that the elTect ol Vml 2 > 
establish a ccnisianl value i>l incieinenlal pei meabilitv (Sec 2 7) tevr the core 
value ol //,,,, Is the slope A/|'A//, at the value of // lived bv coil 2, neglecting , 
Niwv an\ pi olilem concerning coil I can he winked by assumnig /q,j, to havv' 
constant vahic established bv coil 2 Assuming that \, 1000 tin ns, \ , 

turns, coie length / 10 m , coie aiea I in.-, and the core is made i>l sheet 

deteiinmc the value ol /. leqniicd to give coil 1 an iiiciemental inductance cd ^ 
lU dclimtion. 


wheie Ad' denotes the inclement m tcU.d Hux lesulting lioin the How (d lhecu:i 
/, in coil 1 Since Ad'/ 1 , 


Miiltiplving numeratin and denommaloi ol this expiession by Ihe lac lor A,.. 


Now, wc need 


Hence 


and 


\ - 

/ A// 


.A 5 1 1 


2> S 

Ml 


5 Wh/A 10 

( 1000) Mi 

10 - 

10 Ml 

^ 5 kil(dmes/Al in 


kilolines/ A 


1 lom I Ig 4- IK it IS seen that the slc>pc (^f the sheet-steel inagneti/alion cuive ha 
value in ih,e ncighhin hood of// 0 At/in Iheieline 

.V,/, 2000/, 


horn whicli It lollows that !. 0.0.^ A. 

This example is actually a simphtic.ition id the tine pioblem lerionia 
SLih'itanccw exhibit dynamic nt)nhneai dies ol the type illusii ateil m 1 ig 4-22( I 
minor hysleiesis loop shown supei imposed on a relatively large hysteresis looj 
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I ictUki 4-22. IncieincnUiI inductance, (u) Induclur con- 
riginalion, (/>) illustrating the slope (r) minor 

hysteresis loop. 
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rcsiill t)l a small timc-varymg current superimposed on a relatively laryc direct cun .n' 

I \acl analysis of the problem lequiics information about the dynamic bchava.i n\ 
the mateiial Howevci , this inli>rmalion is not readily available, and consequenih 
the ap[M(.)\imale value of obtained as the slope of the magnetization cuiv „ 
IrecjLienlly usetl the true iiKiemental permeability is usually less than the slop, 
the mean magnetization cuive. 

To siimmari/e, this section has been devoted to it development .)[ 
analytical Iccliniqties applicable to rerromagnctic circuifs. Because ol 
many simplifying iisstimptions, the results cT^tained by such techniques ,;rc 
only approximate. 


4.10 The Boundary-value Problem in Magnetostatics. Let \us consnicr 

once agiiin the scalar magnetic potential, discussed ciirlicr in Sec. 4\S. h was 
then shown that in a current-free region the magnetic field intensity vcch\' 
may be derived from the gradient of the scalar magnetic potential: 

H -- - (4-!:o 

If the region \vc tire considering happens to he linear, homogeneous, and 
isotropic, the permeability // is a scalar constant iJnder these conduio 
the pair 

B //H V-B 0 (4-l?4, 

implies that V • 11 0 (4-123: 

and in conjunctuui with f-q (4-123). 

In every currenl-lree region whose magnetic properties arc independeni '! 
p(^sition and t)l level and direction of excitiition, the miignetic poientiiif la 
IS thus seen to satisfv Laplace's equation, iind the methods ol'C'hap. 3 ca;: 
applied directly. 


Example 4-15 Sphere in a Uniform Field. A sphcic of ladius a and pcimcabilils ■ : 
in a magnctiL field vvIiilIi, lar lK>m the sphere, is umloim. the magnelie liekl 
and OLitsule the spheie is desired 

Since the enliie region is curient-IVee and simply eonne(.led, the magnetic nclJ 
may be deiivcd liom a single-valued scalar polenliat which satishes Laplace's et|U.i!JC'n 
rhereU)ie, if the center of the spheie is made to coincide with the origin ol a spliL'n.Ji 
system t)l c(H>idmales (t ig 4-23), the problem is that ol finding a solution !■ 
boimdaiy-valuc pioblem m which’ 

0 every wheie 
0 IS conliniKHis at / a 

The noima! component of the magnetic flux density is cx)ntinuous at r a 
Hut cos 0, / a, where //„ is a constant. 
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I itiiiRF 4-23. Metal sphcic in a unirDi ni field. 


,i lolulion to a similar pioblem (sphere in a iiniloim eleclriL field) was obtained in 
.'.nple 3-9 I ollow ing the same general pit^ediiie, we find that admissible scdiitions 
. (3-173)] I’oi the magnetic potential m the spheic and in the free region outside 


res pec I IV el \ , 


V .1 

n 

1 

D 

C f cos 0 ! — ; C 1 >S 0 
/ ‘ 



‘/•(T ^1.. 

ih 

r 

C „/ cos i) , COS 0 

t ' 



>u (lie boundaiv condition 

at / 

n, we obtain 0, C,i 

//„. 

To avoid 


ipiU' potentials at the origin (r 0), we niiisi take D 0 So 

«/>»' i . Creosf) 

if)* — , //„/ eos 0 * — cos (} 
r / 


■ - ».orUinuity of the normal component of the magnetic flux density vector at the 

' aulaiv r u rec]LMres that 


a0* d<t>: 

dr , dr 


i — //„ cos 0 — ~ cos (A 
\ cr «■* ' 


//((' Cl>S f)) /!„ ( — 

7^0 0, and 

I 

liC /(„ I /A„ — I 


(4-127) 
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On Ihc other hand, continuity of r/>* itself at r — a requires that 


Hence A 0, and 


4 ; Cii cos 0 H»a cos 0 \ — cos 0 

a- 


/^o 

Cu n,,ci I — 

(r 


(4-i: 


Simultaneous solution of \ qs (4-127) and (4-128) i;ives 


2/<o // 




n . 1 / 

A. _ //f. 


-/h) [ // 


so that 


tf) ^ //„ “ — — / cos 0 


0 .r 


I /' 

I V' /U) /' 


/'/ I // 


/ lOS 


\ 




(4-i !0, 


This pair of equations is of the same form as the answers to Piob 3-14. liniquL 
(d' the soIutuMi is assured by the theorems prosed in Sec 3 1 I 
The mai^netic held intensity within the splierc is 


Vc/) ' //„ : 


3n„ 


( cos ha, ‘ sin h a,,) 


//., —a, 

2 n„ II 


(4-! ■' 


from which it is cleai that the sphcie is umloiml) niagneli/ed in one diieLli.iii 
Outside the sphere, 

fn\' II „ II 






/A. I 




/ n \ //„ - n 

\ 7 I 2ll], J! 

whieh, toi / n, rediiLCs to a constant \alue 

1 1„ > /Ai( eos 0 a, sm h a,p 

as required. 

1 Of u /f„, the held becomes 


f ' 2 /f„ /I 
sin 0 a,, 


cos 0 a^ 


//„a 


^0 H ^ 0 


0,T ^ //.. 


C')] 


/ cos 0 


(4- ! i.'i 


(4 Mh 


(4-1 ^4i 


Ho ^ /A. 


cos ha, i //„ 


sin h a, 


V 


These expressions show' a clear similarity to those obtained in I \ample 3-^^ for a ni> lal 
sphere m a unilorm electric held Inside the sphere the mat^netic held iniensp' h 
cssentiall) zero when the permeability is high lloweser, the magnetic Hux dcn ity 
in the sphere remains nonzero and finite because 


hm H lim //H hm /A, ^ — ' jJ — 

H »■ vj /i " ^ /f ► /- -^/h) 1 




(4 ; ^"*1 
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field 


lA.irnplc 4-16 Magnetic Shield. As a second example, Icl us compute the mai^netic 
shielding in air all'ordcd hy a c)lindiical shell of radii a and h and peimeability //. 

A )-difcs(ed uniform magnetic field //„ (that is, sm 7 ) exists in an 

txlended legion of space Into this uniform field is introduced a long cylindrical 
'iiagnctic shell of permeability /i We \Msh to deleimine the field within the shell, 
.CAuming that the axis of the cylinder is cmncident with the r axis of a cylindrical 
ouidinaie system (I ig 4-24) 

I he entiie legion is current-ficc Hence a magnetic potential exists cveiywhcre 


nd satisfies 1 aplace's ecpiation 

Boundary conditions 

are 

•1* 

//„/ sm 7 ' 

r h 


</.f 0 ? and 

dif)* 

dr 

dcf>r 

n =- 

dr 

at 

if)* <f)* and 

dif)* 

n ^ 

' dr 

B4>r 

at 


I ollowing (he technicpics developed in Chap 3 (sec Prob 4-19), wc obtain for 
Hic field in region I 


Hi 


(// : /t^y {crlh~){fi - //„) 

4//0////0 


r sm (f 


{fi I /^o)“ - (crlh-){/4 //(,)“ 


(4-136) 

(4-137) 
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24r. 


h i)r ft //„, the field intensity becomes 


4(/io//0//o 
I {crjtr) 


(4-i ,s, 


and IS seen to vanish with incieasing //. As in Example 4-15, Imi ^ 0. 


1 he foregoing development, together with the subsequent exampLs. 
clearly shows that within a current-free (J 0) region, the magnetoslaiic 
boundary-value problem is mathematically equivalent to an electrostatic 
boundary-value problem. Ihis equivalence is reflected by the identicaj 
forms of the equations which describe the two types of fields Therefore Uu 
same methods discussed in Chap. 3 for solving Laplace's equations appl\ 

In case the region is not current-free, the magnetostatic boundary-vatuc 
problem is not amenable to solution through the scalar potential oml 
recourse must be taken to the magnetic vector p('>tential A or to the field 
vectors (hem selves. 


Example 4-17 Magnetic Field within a Current-carrying Wire. As an cxainpK o\ 
the foiiiial solution using the magnetic vectoi potential, let us take a long wul ('I 
radius n, carrying a longitudinal current along the r axis ol a cylindiical eooidin.ik 
system (I ig A-ba) We suppose that J 7a In this ease, the relation V- 1 
written in cylindrical cooidinales, becomes 


ii’A \ d 4. 

lir ' r dt 




(T-i Vi, 


Because ol cylindiical symmetiy, the cuirent density vectoi .1 is at most ;-dependcni 
In fact, experience suggests that J might be constant thiouglioul the wire cross scxiion 
Theicfoie, assuming that ./ is independent of r, I q. (4-139) gives 


A. 



I he boundary conditions aie that tfie potential must be finite at t 0, in Iuli ut 
can arbitrarily set A 0 at / 0, and thus obtain C\ C, 0, and 


nj 

A - - / -a . 

4 

I rom this, we have 

B V X A 


If the wire is carrying a total current /, then J llna". Therefore, in terms I 



Set. I \2 SUMMARY 


2\9 


Now, as shown in Lxainplc 2-2, the (icid outside the condueltM is 

H (4-141) 

Itti 

>,0 long as the current disti ibution is symmetric about the axis of the conductor At 
/ (/. [:t]s. (4-140) and (4-141) reduce to the same result, namel), 

(4-142) 

ihiis guai anleeing the continuity tangential H. The uniqueness of the solution 
,)1 Poisson's equation, proved in Sec 3.11, assuics the validity of these results, and 
L'onlirms that our initial g/zcAA ot a umlt>rm cuirenl distribution was indeed coriect 

I t) summarize, within a currcnl-rree (J - 0) region, the magnetostatic 
0 mav be derived from a scalar potential f/)^% which is finite and continuous 
iswhcre and satisfies Laplace's equation. Lor such regions the magnelo- 
'it boundary-value problem is mathematically equivalent to an electro- 
lie boundary-value problem, and is amenable to solution by the same 
iKlical techniques. In case the region is not currenl-rree, recourse is 
cn to the vector potential A, which is finite and continuous everywhere and 
ijccl to constraints imposed by the equations V“'A /ul and \7 • A 0. 
.Cl tain cases it is found advantageous to work directly with the field 
MIS themselves, rather than through the vector potential A (Prob. 4-23). 

4.n Synthesis of Magnetostatic Fields. The synthesis problem m 
iiMietostatics IS the I'lndilem ol' finding volume (J V x H) and surface 
II X II) distributions of current which will give rise to a desired magnetic 
uid That IS to say, the synthesis problem is really the design problem, 
in a few instances can an exact solution be t)btained. Moreover, the 
piobicm IS always complicated by extraneous considerations, such as 
u \\ eight, si/c, and time limitations, and by such esoteric consideratnms as 
' iMicnce, iiuiiition. and divine inspiration, which usually compromise the 
} technical aspects o\' the problem and make the exact solution in- 

^ .''prialc. fhe extreme complexitv cd’ the practical design problem 
^ uued by the combination of extraneous, esoteric, and technical ct)nsidcr- 
I ' ns defies a sheud presentation of real-life design procedures, but poses no 
" '1 Us difVicLiltN for the experienced individual wlu) is competent m analysis 
> b,;, 

hfi Summary. This chapter has dealt with magnetostat ic fields, hvery 
, netoslatie field is a solenoidal field; this means that the divergence of the 
'■ iClic flux density \ector is always zero. 

We showed that a vector potential, which is finite and ccmlinuous every- 
^ ne, including at the boundaries, can be associated with every magneto- 
'b' n field, and that this potential satisfies a vector Poisson equation in the 
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general case, or a vector Laplace equation in the restricted, currenl-frec Cu 
Both equations follow directly from Maxwell's equations. The relation ,)[ 
this vector potential to its sources (direct currents) is of the same form as ihr 
relation of the electrostatic potential to its sources (stationary charges). 

The magnetic flux density vector may be determined indirectly from lu* 
curl of the vector potential, or directly from the Biot-Savart law. 

The magnetostatic force density expression is a special case ol 
general Lorentz force density expression. In this connection, we strew ed 
the point that B is the total Held due to all currents. 

Then we defined inductance as flux linkages divided by current. SlIU 
inductance spccilies the magnitude of the magnetic coupling of a chluh 
( closed conducting loop) with itself. Mutual inductance specifies !lic 
magnitude ol' the magnetic coupling of one circuit with a scednd ciixmi 
Inductance of a particular structure can be calculated from a knowledge ol the 
magnetostatic held associated with the structure, or by means of the Neu- 
mann formula. 

We showed that a scalar magnetic potential exists in every current-! rei 
(J 0) region. This potential is discontinLu)us in the region if a net itui- 
zero current is enclosed by at least one closed contour in the region. I lencc 
in general, the value of this potential at a point is not unique, and the magnclk 
potential difference at two points, that is, the mmf, is thcrel\>re dependent on 
the particular path by which the points are connected. (In contrast, ilu 
value of the electrostatic scalar potential is always unique except at surlua- 
dipole layers, and potential ditference in the electric case is always indcpendcir 
of path.) The scalar magnetic potential is useful in the solution of Ilmio- 
magnetic circuit problems. It is also useful as a tool m the analysis of magneto 
static boundary-value problems when the current density vector is ever^when 
zero. This type of boundary-value problem is mathematically equivalent ii 
an electrostatic boundary-value problem because the same types of eqLiainii> 
apply When the region is not free of current, the magnetostatic boundan- 
valuc problem must be formulated in terms of cither the vector potcniial 
the held vectors themselves. 


Problems 

4-1 Field of a Rectangular Loop, f ind ihc expression tor the magnet ic llux 
B at a point a distance h above the center of a leelangnlar loop of wire r/ m on oii'. 
and a m on the other side The loop carries a current of I A 

4-2 Field of a Solenoid. Derive I q. (4-69) using Ampere's circuital law. 

4-3 Single-layer Coil. In order to acquire an appreciation h)r the magnitude oi i!k 
currents needed to obtain a strong magnetic field, calculate the current which will p'^ 
a field of I gauss ( I G 10 ‘ Wb/m-) at the center of a long single-layer solenoid siispci^kd 
in air Assume that the outside diameter of the wire used is approximately ."'E' mil" 
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I , ;il 10 in.) and that the separation between adjacent turns is essentially /.cro. Docs 
answer appear to be practical? 

4 J Magnetic Field of a Current Distribution. A circular disk of radius h and 
^ 1 ., kiiess t carries a current in a circular direction about the center A cylindrical co- 
, ,, .,natc system has the origin at the center of the disk and has the r axis coinciding with 
[\\ axis ol symmetry ol the disk. The current density in the disk is J A/m-, 

V ' :e A IS a real constant greater than zero Derive a formula for the magnetic intensity 
li , i the center of the disk, assuming that the thickness t is very small compaied with h. 

Magnetic Field of a Current Distribution. Two identical pancake coils share a 
, I lion axis and carry equal currents in the same direction. Assuming that the radius a 
i. lich smaller than the distance of separation d, determine the magnetic field in the plane 
^. 1 , \ nimclry, r dl2 



‘l-<> Superposition. I he ligiiic shows a k>ng sliaight wife carrying acuircni ol JO A. 

a conligLiration ol wire, or wires, and the current in this wire, or wires, so that the 
It 1-^ ui ;u iho point P due to the long stiaight wire and the added wire(s) is zero. 


y 



P[2,\) 

• 

10 A 

X 
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4-7 Superposition. Liictibt conductor of radius u contains an ca,,., 

.)/ hhIiu- M/> u/ 4) flic a\cs of the hole and conductor arc parallel and a u!’t 

cipAit. A diicct Liiiicnt ot iinilorn) dcn^^ity J,, flows nlon^ the t-onductor p^j iji 
a\/s Determine the nuo^nctiL field intensity nt iiny point in the hole. ^ 


4-8 Convergence. / 1 vs .is s/unv n in i sample 4-2 that B IS finite e\ en when y 
/i 4 (4-:4)]. Vcl i/ic sccioi potential is iindclincd Ibi an in/initc line Hou 
explain this apparent di^Liepane\ ^ 
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4-10 Flux Linkages. 

flux linked by ilie copi 


cunenl f flows in a livn 
anar conducimg loop 


straight 


lie as shown. 


C aicniatt' iln 


b 
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4-11 Induced Voltace A sin„l . i 

expressed as , |oo sin 400/ A where / ^'e-io, carncs a current which iiu 

'enp.h or a <vso-eondue,or n T’ '’f - 

IliiO (hcthcorv .4 sl-iiic niaenetis helds «•> '■‘I'^'wn in the sketch Asm 

(('hap. II). ‘ elds gives icasonably aceurale results al 400/-'^ 
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h 1 m - 

' ° / 

■' Telephone line 

1 m ^0 

/ / = 100 sin 400/ 

' (d 
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j.i; Magnetic Force. An inilially Linmagncti/ed sphere of pci nicability // and mass ni 
. .,['iiduccd m the center of (he an gap of a permanent magnet. The radius R of tlie 
, . 1 . le IS nuich smaller than the gap length L. so that. Tar from the sphere, the magnetic 
IS Limioim and equal to If the r axis coincides with the local veitical, in 

,.,.i direclion will the sphere move, if at all '^ Pxplain 

t-i::. Inductance. I he first term on the right-hand side of Iq (4-91) gives the internal 
,[i, I A t.inse of the inner conductor per unit length of coaxial line Since a single-wire line 
,'(i inleinal held siruclure which is identical with that of' the center conductor of a 
^ I’, id line, it follows that the internal inductance of an mhmlely long single wire of 
- I lai Lioss section is //o/Htt H per unit length. 

SiiovN that the internal inductance of an arbitiaiy closed loop of circular wire is 
r j I'Aimately equal to /^,/,/^(77■, where A is the mean length of the loop Assume that the 
.a" I' ol cuivatLire is much greater than the wiie radius at c\eiy point along the perimeter 
' !'u loop In particular, show that the internal inductance of a circular loop of wire of 
'i., 1 'adius R IS simply /(uRI^- 

4-M Incremental Inductance. Ciiveii a rectangular cast-iion yoke as shown The 
section IS square, 1/2 in on each side. I he coil has 900 turns and cairies a current 
I I 1 '\ ill) \ md the incremental inductance of the coil, ih) What is the incremental 
k!i, :aiKe ol the coil when it cariics 1 A"’ 



]/[ 900 lurns 

M 
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Parallel Magnetic Circuit with Air Gap. The magnetic circuit shovN n is made 
‘' ‘'-t steel Assuming that 


M 40 turns 
/ - 5 A 



2:)4 


chap 1 nu ma(;ni rosi ATic melh 

Cross section 3 4 in. everywhere 

Stacking factor 0 
Air-gap length 0 03 m 
/,w 30in,/,„; 10 in.,/,,,, 30 in. 

hnd the Hlix thioiigh the pail'i Acr/ 
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4-16 Multiple Excitation, find the current in the 5()-tiirn coil shown if 90 kiio- 

lines. The cross section of the sheet-steel magnetic circuit measures 1 by 1 in. e\L'i\« 
where. 
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4-17 Magnetic Circuit with Nonuniform Core. Ciiven the sheet-steel coic 
windings as shown hind the llux in the core. The thickness is I in everywheie 
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Permanent Magnetization. A long magnetized cylindrical rod of radius a has a 
T^tanl magnetization Mo perpendicular to the rod axis. Neglecting end elTects, prove 
.. tlic magnetic field in the free space surrounding the rod is identical with that of a 

V -dimensional magnetic dipole 

f^(f) Formal Solution. DeiivcHcj (4-136) of I-xample 4-1 6. 

4 fu Magnetic Shield, for the cylindiical magnetic shield of I xample 4-16, let 
1000, t/ 5 cm, and 6 5 1 cm Calculate and sketch the magnetic field 

, asilv and the Hux density both inside and outside the cylinder. 

f„jl Perturbation Method. Repeal the solution of the magnetic-shield problem con- 
td m I xample 4-16, assuming initially that the permeability of the cylinder is infinitely 
, Delcimine B and IT m the cylindrical shell Cor an infinite /f 

Nest obtain a solution lor the case when // is finite but still large compared with //„, 
tiiiinu that, outside the cylinder and m the shell, the magnetic flux density vector td’ the 
,1 > solution IS essentially the same as belore. Based on this assumption, determine the 

V ^-netk licid intensity m the shell and inside the cavity (this is known as the pcrturhation 
M (7 uf solution) 

(-32 Magnetic Shield. A uniform magnetic field exists m an extended region of 
■ M,, Inter this field is mlioduced a spherical shell of ladii a (inner) and h (outei ) and 
> ’ ' kahilil) // Detcimine the shielding properties of the shell, and compare its elTective- 
^ uith the C(.|uivalent clectiostatic ease. 

t-23 Formal Solution. Show that m a linear, homogeneous, and isotropic medium and 
, '•tails magnetic field, Maxwell's ecjualions give 

Vll VxJ 

.'li example ol the use (.rl this ecjualion obtain the solution to the pioblem treated in 

! 'v.imple 4- 1 7 

t-24 Formal Solution. \ sinusoidal surface current K Ai„[sm ( 7 T/n)\]a exists at every 
|K'i/ii 111 [lie plane r /r/2 An equal and opposite surface cuiient, K A'olsin (77/^/)\]a;;, 

' ,il e\ei\ point m the plane i hl2 I^eteimine the magnetic field set up m the 
I'.KC between the two sheets (////// I ind (/>'' as a solution of Laplace's equation.) 

t-'2j Formal .Solution. >\ magnetic i od ol infinite length and constant permeability // 
iMirnei'icd m a magnetic field which is normal to the axis of the rod and which, far from 
'k lod. IS unifoim I mtl the magnetic field inside and outside the rod, and compare 
' >ei answers with the lesults ol f xample 4-16 Also, determine the magnetization 

rou'l M 
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4-26 “Fro-ren” Magnetic Field. F^rc)\c lhal a static magnetic field in a perfeel 
diictof, once established, is ‘diozen" inside the conductor, never to collapse. 

4-27 Formal Solution. A three-phase induction motor is made, basically, of a n 
and a fotor One type ol rotcM , known as a sifniircl-cai^H' rotor, consists of straiLdn 
dueling bars, one in Lach slot i>l the lolor, and short-e ii cuitcd at each end by eondir 
These baiSLaiiy three-phase cm i enis w Inch arc induced as the rotoi moves tli, 
the thiee-phase luagiietK lield produced b^ the stator windings. 

l.et one phase ol the induced curienls be appioximated by a surface lh? 
K A„ sin 7 ii , wlicic A„ is a scalar ci>nstanl and r/' and j- aie the usual c)hndrK.t 
ordinates. At 00 Hz the theory of static fields piovides reasonably accurate piedi. 
of the actiuil fields. 1 !sing the theory of magnctoslal ics, find the magnetic liekl i 
an gap and m the lotin , assuming that the permeability o\' the stator is infimtelv kni.' 
that of the loloi is it: that the sialcn thickness is csscniiallv infinite, and that van.- 
of the held in the ' diie«.tion are negligible 


Stator 


Rotor 

v \ 

\ / I 

\ Rotor / 

\ Winding , ■ / 

' s r / 
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4-28 Synthesis. Curicnt Hows along. i vci\ long ciiculai cvhndiical shell ol i.u't' 
Determine the distribution of the current on the suiLue ol the shell which will pioL, - 
constant field inside the shell and a field outside such that 4 - ' (sin 7 )// 1 he sIk: 

free spave. 

4-29 Field around a Toroid with an Air Gap. A winding with A' tliMls o 
around a higlil\ peimeable (/r //„) t(*roid with a s1k)i t air gap I or .i ciinent / lit > 

through the winding, and neglecting fringing m the an gap, the llnv densilv is 


277/ /r„ ill ^^,)t 

Now , in the permeable substance, JI,,, while in the air gap, J/^ 

toroid substance is (enomagnetic and is initially unmagnetized, then, when the coil lCi 

IS dropped to zerep the relation between anti becomes 


// 

7/ 


•p„ 


t 


t 
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'Jj/ 


inrcU hy Ampcie’s liiciiiRiI law. In (Ulici wdilK, //^ aiul //,, 
d In ihc an gap, aiui arc in Ihc same direction. IIowcnci 
1 opposac\y dnvLicd, and ft is negative. Is this a paiados 

loLn^ai explanation ’ 


O. 



T 


s n f 

r, 


aie tip[)osiiely 
, in the lound. 
Or {.an \ ou 
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THE ELECTROMAGNETOSTATIC FIELD 


5.1 Introduction. An clrclronia^^iictoMaHc lichl is a t'lclcl winch con 
c)l n sialic cIccli K licld and a sialic ina^nclit field coupled IolzciIut in a cm i . ■ ; 
can) me rceion. W'c saw in Chaps. 3 and 4 lhal an clccln^slalic held a 
hami a sialic dislnhiilion ol charges and lhal a maencloslalic field a \ 
Irom a sialic disinbulion ol currcnls An clcclroinaenclic field arises C < 
a siaiie disinhiilion ol charges tnul cnrienis in ihe same reeion The i. ^ 
common media in whieh an eleclromaenelosiatic held can be mamlainca^ . 
condLicline media, as, for example, praclical resislors We kiuw\ line 
Mich media a relalion exisls belween ihe currenl densiu \eclor .1 and ‘ 
maenclic held mlensiU \cclor H Ihis is exidenl b\ inspection u! t 
second Maxwell c\|iialion (Ampere’s eircuilal law) On ihe oiher hanc 
relalum alwass exists m a condiiclme medium belween J and the elc> ’ 
held miensilN \cclor I-’ 'Ihis. m general, lakes on ihc lamihar loim o! i 
consliUiliNc lelalion J ./(K). Ol III the more specialized case ol a lincai , ' 
isolropic medium. ,1 nK. fhercTure, when ir is hnile, ihe \eclor IkA , 
can exist onl\ in llic presence of K. and c()n\crsel\ (. uirenl can exist m ; 
absence of a finite, nonzero F il ihe medium is supeicimduclmi: (o' - - 

Superc»)inlucli\ ilN occurs onl\ undei \er\ special condilions, howexei. > 
rrec]ue!ul\ uselul lo consider eixKl condiiclors lo have appia>ximalel\ ini' ' 
eonducliv il\ 

I ' IS imporlanl lo note lhal iin i'lc( liosUUic fichl is ussoi lafcd a illi (f ; - 
aipcu (I niainic/osfdiK fichl with a pure inJiutoi^ (iiid an clcclnunac* '' 
statu jichl with a puic icsistai 


5.2 Eloctromagnelostatic Field Equations, lor lime-mv arianl i'« 
the held laws aie as sluiwn on paee 2'’4) 

Il is evideni from Lep (5-1) that the sialic eleelrie held F is eonser\a 
On the oilier hand, Lc| (3) shows lhal, as in all eases, the mamielie lie 
IS solenoidal 

In order lo delermine analvlicallx Ihe held vectors ol’an eleelroniain, 
static held, we must lirsl delermine ihe eleelrie field bv lindine ihesohila^' '' 
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Jntci^rdl form 


l'>ijlcf cfUial Ion)] 


(|) t: • </i 0 

. < ' 

(5-1) 

V X i: 

0 

(5- .5) 

r|) H o/l j J ■ n ila / 

cr Js 

(5-2) 

V X 11 

J 

(5-4) 

B • 11 (la 0 

(3) 

V - B 

0 

(III) 

r|) 1) • n i/(/ - 1 f) (Jr 

(4) 

V 1) 

f* 

(l\ ) 

r 1 p( Is V X B) t/? 

. I 

(5) 

f pd'i 

i 

\ X B) 

(>') 


(5-3) and (IN') whicli liLs ihc prcsLiilx'd condilicRis al llic biuindarics. 
1. ^^c can determine J (Vom the e(msuuili\e relation J ./(L) \ inalK, 

an hnd (he magnetic (ield nsina I qs (5-4) and (III) 

i el us no\N he a hi I more specifit and eoivader a conduLlme region which 
linear (oral least piecewise linear), homogeneous, and iscuropie. Wc 
^cd in Chap. 2 dial in such a medium diere can he no permanent dis- 
iiuni ol lrec elnirge 4 herefore f> 0, and 1 .l]. (IN ) then heemnes 

V‘i: 0 (5-5) 


a lue ol 1 L( (5-3). 

Is V<h 


(5-h) 


fl> is a scalar poleiilial W hen tins expression is suhstiluLed m hq. 
L the resull is 

V-6 0 (5-7) 


Micr words, when a et>ndiieling medium is linear, homogene<.uis. lhuI 
>pk, die eleclrie held can he deri\ed (Y<.nn a scalar poieniial which, 
cs i aplace's ecpialion. In (his res|^ccU then, die cIcl troniagnet*.)- 
Iicld IS madieniaticalK analogous lo an electi osialic held in a charge- 
cgjom I he methods de\eloped m Chap. 3 lor ihe solulion ol Laplace's 

lion aj'ipK here as well. W'hat is more, the \alue oT c/) al a point is 
' ic rills means that m a conducting medium of die l\pe we are con- 
aig, poiential dill’eieiice can he delmed unK|iiel\. 


Mple 5-1 Leaky C’.apacitor. \s .ui example, n.msKlei the ease of a pai a 1 lel-plale 
a|\K(icii with an impelled LlieleLlin. W’e suppose tlial Uie parallel [^lales loiming 
le Lapaciloi aie sepaiaied hN a dieleeiiie siihsianee wIikIi is ImeiH, homogeneous. 
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wP 





I I' .1 Kf 1 \ Icjk \ iloi 


.intl opiL , (nil \v liK h poNscsscs a iu»n\ ani'-hini; v.ontjiKl!\ il\ . tiiul lhcj(.'h>i l‘ *i'' 
U' :in iiiipcrkvl iriMit.iU’i I cl - '/,, .inJ ■> he the pjijmcicis ol ilic Ic.ikv die''' 

losiiiipIiU llic aruKsi',, we 4i'.'iinic iIk'.i iItl pl.ne> aic c iicuhii iii shape, ol rae ■ 
.uul sepaiciled h\ a JisiaiKe h (I le ^- 1 ) I'n. upj'>ei piau is held til ti pi k 

'A I , w hiie ilie Iowl ' pitik IS iji ^aiiuied ( •;> Oi \ poiiil tiiu w liei c inihedie’' 

Is kktik\! hi, ilie Lisual cviindiKtii i^o- ikIukiU’s 1,7, tind ‘ 

I i'e Meld \\rutin die tjn,k\iii>. 1 e.ki. lionitiiMieloslaue I he eLi-lMv. held 
siduiiori oi ihe !olio\\ iik: houiidtii \ o aliie piohlein 

Vh/. 0 

I aU h 

u‘- 0 tH 0 

f;,h 

0 at / n 


! he Itik Londitivin lollows iioni ti c tmsidei .Uion ol iIk fael Ihtil Ihe ntirnkil i.(aiipv 
ol .1 al e\ei\ point on the \ liiidi leal hmindtiie niiisl he /eio In tahei woui 
till eet c ui I ent i, tin flow out into the sin i oiindifk' lice spate ,Sinee .1 ole 
It lollows that ilie nornitil e<Mnpoiienl ol .1 is -< and loi n 0, lik ..ond' 

dk; h'/ at ; (oIlt>ws .U oiue 

Now ti solution of I tipltue's et|ualion whieli saiishes all tin ee hoiinelai y etmdi' 
IS, Rntiinalelv, a sini)')le one. 

/ 
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L>t)I 


ihcrclorc - - i* ("i-IO) 

^ 'tE — a (5-11) 

I) 

,;kI this sJiows that Ihc cIcctiiL licki inlciisii\ and the current dcnMi\ xc^lor aic both 
,nslant c\crvvN'hcrc v\ilhin llic dickvlric Now, at all in tenor pcniUs ol the dielcctne, 

_ (7 I 

Vxll .1 - a tS-12) 

h 

V-M 0 ( 5 - 13 ^ 


,,,.iLise ol LiKLilai s\mmeli\ 0), is the onlv adiiiissihle non/ei I'l i^oni- 

Aiiei'l ol II 1 quatKMi (5-12) then i;i\es 


o 11 wliieh It loJlows ilial 


I c 




n I 

h 


II 


fT I 

~2h 


(S-14) 


(5-15) 


1 he (.ompleie solution (<» the eleeti lunaL’ne(o^lal k piohleni ol the leakv Lapa^itor 


I ol 1,1 

a I) a* II /a,, B nj\ .1 -- a (5-in) 

/, 2h ' h 

-tiiiiiiKtiv , I he cc|ualions nl'an elcctroniaiznclnslaiie iicld arc obtained 
‘.me, ihe lime deri\ali\es in ihe lielel ec|Lialions eijtial to zero I'he 
I: miisi he aei om|‘)lished m the lollowme seL(iienee. Tirsl. sol\e ihe 
e.rcUkalK ecjuiNalent eleetrosiaiie problem: second. so!\e the malhe- 
h\ eqLiiNalent maenelosiaiie problem. 


Fhr Resistance Concept. ‘\ C(>neepl mlimateh allied lo an eleelio- 
losialK held is dial ol resistance. 

' ui^alcr two eLjLiipoienl lal siirlaces willim or on the boiindarv of a 
N eonduelme reeion. Lei r/,, be the ctinsiam potential of one surlace, 

' that oh the other, then / </.), f/>> is the j’lotenlial dillerence between 

sLii laces. I \er\ ptnnl whose potential is rA, lies on one snrlaee, 
eiv point whose potential is r/,, lies on the other. I lom piexioiis work 
'ws that the eleetrie held inteiisiiv \eelor, K Vdn is normal lo the 

mtential siirhaecs. VVe kiuu\, als»n that the eurrenl densil\ \eetor 
I'. IS alwa\s di\ ereeiieeless . 

V-J 0 (5-17) 

Her words, a slationaiv how of eleetrieil\ is always solenoidal, and this 
■s that all streamlines, or eurrenl hlamenls, close upon themsehes. 
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2()2 


AddiLionally, this means that any parliciilar sircamiine will penetrate bi 
equipotential snrl'aees and that the total eurrent which crosses one surh- 
will also crtiss the other Lei / be that current. Then the resistance betwe 
the eL|uipotential siirl'aces is defuieil as the ralu') 


This IS the ramous Ohm's hnv. As an experimental law, it delines resislan 
and bums piirt oT the basic theory mcorporalcd into MaxwclTs equatio: 
We ha\e started wilh Maxwell’s equations and deduced Ohm's law. 
deducti\e approach is txj'Jical olThe peunt ot'view stressed m this text. 

Resistance is measured in \ol(s per ampere. T he unil t)l resistance is [ 
ohm (O) When ihe unit is meonvementlv small, units sueh as the kilo! 
( 10* li) or the megcdim ( 10'’ ii) are emploved. Resistance is dependent m 
on the c(mducti\il\ oC the medium and on the particular ecuunclrv ol : 
conduclme body. 

A simple expressiem can be deri\ed lor the resistanee ol a conduct 
bod\ which IS umrorm in cross section and carries a current whose deii'^ 
IS uniform in all planes normal io its liow. \ or slkIi a l>odv, we ha\'e 


1 

r J , 

* / 

/ 


K • J\ 


- ill 


(5 

1 

1 , <1 


• ^ 1 



w here / is the l(Mal current carried b\ the condLictcu'. a its conducli\ il\ , 1 
cross-seciional area, and / its length. The letter stands for a conliiun' 
path., connecting a point a on one end ol the sonducltir to a point /? on t 
other along a particular current streamline. In terms of the sLalar potem; 
then. 

I L • t/I - I V(/) - (l\ [4>ih) ff)(a)\ (5-^ 

\f \be dilYerence in potentuiK f/d/Ol is Lienoled b\ I . then 

/ 

I / 

o-.l 

/ / 

and L cmsequentK R /> - * 

o'T 1 


where p 1 o- is the lesistiiifx of the medium, and is measuied in 
meters (O • m). 

I quation (5-21) nia) be apj’ilied directK to the leaky capasii 
Lxample 5-1. d he resistance between the uj'iper and lower plates is 
given b\ R llowever, this formula does not applv in the 

case. Io show this, let us consider the following illustrative example. 
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2(i:5 


F ree space 



niple 5-2 A Grounded Electrode. I 5-2 siit>\\s a pcik'Ctl) Lomliiclint; hcnu- 

.phciicjl ckvlioclc sunk inlo an exlciulccl ol space, liic ctMiJnc li\ iiy ol uhicli 

non/CK^ bill tinilc Lcl us determine the lesislan^e betv^een this eieclriuie Lind a 
.oneenliie, Iiemisphei ical , perleelly eonductin« suilaee of inlinile radius 

I et us eslablish a splieneal s)slem id' eooiilinales (upside tlinsn) where 7 (not 
.h<iwn) measLiies angles nn die lioii/ontal plane sej^auilin^ die cimdiiciDi lioiii die 
lee space abme Sinee (he spherieal elecliode is a pei'ect cDiiducloi, llie polenlKd 
\Mtl he corisianl at evei v pinnt within and on the suilLice ol this elecliode I tic 
poienlial of the ccmcentiic inlinile lieniispheve will also be constant, and ma) he 
uhiiiLiiilv set cciuliI to /eio Because ol svnimelry about a xeriieal lIms, all iield 
;iULUitiiies will be independent of the xanable 7 Accoi diiiL’lv , <fj I/;, wlieie ,f is a 
L^nstLint. is an admissible general solutum I'f I Liplaee's ecjualion (Sec. 5 1^) that 
.Rislie'' <dl the iec]mienienls 

The .inaKsis is I'acililaled b\ Lissuniin^ that the elecliode is held at some aibilrLtiy 
p.iienlMl I I he Lidual NliIlic ol I is immalei nil since in this Ciise vie lUC inteiested 
'ills 111 the Kitio ol I to llic total curieiit ciossint^ the outer suiface ol' the electrode 
I tills, liI t i/, we have ./) I , and bom this it lollows that I i/I Then 
I (f,'i 

One otliei condition lemaiiis to be lullilled At every point on the inteilaec 
iK’iwceii the conductiiii; lej^ion and the liee space above, the iicMiiial component of J 
iiisi \ anisli I lie \ ecltn 

( di/» \ (I I ii 

— a I — - a, (5-22) 


I ^'les fills condition Moieover. the total cuiienl which l.los^es anv conLeiitiic 
'iiNphei e ol I adius / is 


fT I (/ 477 / - 

/ (cLii lent derisitv haicM) --- ^ - 27t<ujI 


(5-25) 


.'cloie the lecjiiiied expression loi lesistanee is 


1 I I 

7 2 - 77,/ 1 


(5-24) 


' 'S obviously dilleieni fioiii the lesiilt that would be obtained thioii^h a caieless 
jluation ol I c| (5-21) I he icsistunci nf t///i ii>nfii,nn dl lo/i iL'fHtnls upon U\ 


|niio resistor docs not c\isi phvsicallv. Sonic inductance and some 
' Mice arc always associated with exerv practical resistor. Conversely, 
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some resistance and some capacitance are always associated with cvjr\ 
practical inductor, while some resistance and some inductance are alw:;\^ 
associated with every practical capacitor. 

5.4 Duality. Two physical systems, or phenomena, are called dual if i‘ e\ 
arc described by equations of the same mathematical form. 

In linear, homogenecnis, isotropic, and source-IVee media, the s(j!ic 
field vectors D and J satisfy equations and boundary conditions of the s. aic 
mathematical form, as shown in the following comparison, and thus are di^^K 


Field of D 

Field of ^ 

VxD 0 

V X J 0 ' 

V • D 0 

V • .1 - 0 

D eE 

J rrE 

(D, D,) 0 

n ■ (.1, J,) 0 

/D. D,\ 

-- -a 0 

' t, ' 

n X 1— -'1 0 


It IS important to note that cither set ma\ be obtained from the othci a 
mere interchange o{' D with J and r with n This fact is important in i( u’ 
but assumes added signilicance when one notes that a solution ol' one sei ol 
equations, with only minor changes m notation, is also a solution ol 
second set of eqtiations. 

When dualit> exists, there is a relation between resistance and cajTiv- 
tance This relation will now be established. 

C'onsider fig. 3-3. fwo perl'ectiv conducting electrodes are embe<.fU.Li 
in a condticting medium of inhmie extent. Let a total charge (J be disuih- 
uted on the surface of each perfectly conducting electrode bv virtue a 
potential dilference set up by a batlerv suitablv connecied between electrode^ 
The wire current / m Tig. 3-3 is equal to the currenl crossing an imagina!} 
closed surface completely surrounding one electrcxle: 

/ — cl) J • n r/a ~ (p D ■ n r/c/ - (J (5~2:i 

The last step follows directly from Cjatiss’ law. Since Q ~ CL, where ( 
Ihc capacitance ol the electrodes, it follows that 

a 

1 - CV 

e 
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I KiDRi 5-3. Duality between resistance and capaci- 
tance. 


m! resistance 


.-W.re RC - (5-26) 

<T 

lekilK)!! belwcen resistance and capacitance. It shmild be noted that 
' ' 2b) IS valid il' the perlectK conducting electrodes are completely 

r I '.ed in the camducling medium. It cannot be applied to the leaky- 
..lior problem oT lAample 5-1 without Molatmg this condition. I he 
. pal diircicnce is ihtit although the electrostatic held can fringe into the 
pace surrounding the leaky capacitor, the conduct um held is totally 
nied to the region of the leaky dielectric. Thus Lcj. (5-26) can be appilied 
-c leakv-capacitor problem only if the assumption of negligible (ringing 
I'Klueed in the formulalitm of the problem, in which case C’ eTT^rlh, 
_■ R = hfaTrdK it foliow^s that RC c/rr, in (ull agreement with Ec]. 

■ }. 

Duality allows the solution of eleelrostatie pri'iblems by means of con- 
i ui analogs. We saw earlier in this chapter that the scalar potential 
= tied with an clectromagnetostatic lield in a linear, homt^geneous, and 
opie medium satisfies Laplace's equation. Therefore, under the same 
otherwise completely arbitrary) boundary conditions, a conduction 
pioblem may be employed as an analog of an eleetrc^static held problem. 
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LiCiiiUh 5-4. An clcett(4ytic tank (('om few (tf O I Antot f ^ State Vnim^!] 

A convement mclhtid oT crcaliiii: a practical conducting analog )> 
means of an clcctrol\tic tankt (} ig. 5-4). I he physical dimensions p! i 
tank are normally very large compared with llie dimensions of ihe slru^ti 
under investigation. J he tank is lilled with an cleclrolvlic solution (vsau 
lor example), and the hnvered electrodes are constructed with propel sl.aj 
and relative orientation. A source is connected between the cleclrotlcs .i 
the conduction iield is pia)bed b\ means ol'a high-input-impedance voIU k’ 
connected to a probe. ] c|uipoiential surfaces arc established as the 
all points in the liquid Icn* which the voltmeter maintains a c(»nstant reaJai 
The How lines ( J lines, or K-lield lines) are later drawn by hand normal i ’ '« 
eq Li 1 pc^t e n 1 1 a 1 s u r fa ccs . 

A practical method of implementing camduction anah'gs ol 
dimensional fields is by means of resistive-coated paper called 
paper. t In this case, electrodes are painted on the paper with silvci 
(fig. 5-5). It is possible It) record constant-potential lines aultimatit iT 

t t). L. Amoi l I he I kxIiol^liL lank Aiialoe. / le( tio-l cclinal ( Ncn )()rk), \ol >' 
86 92, July, 1962 

X D Vitkovik'li, "4 leld Analvsis,” D. Van Nosli and C’onip.niy, Inc , PiiiKcion, N 



c 5-5 BOUNDARY-VALUE PROBLEM IN ELECTR0MAC;NET0STATICS 267 



1 K.i Kf -^-5 Parlial field map of onc-c|Liatlcr of a coaxial (rectangular) 
tofuliiLlur, showing incasuicd pomK on ccjuipolcnlial sin faces {C'aurtcsv 
(if /). ( A’m , Cjcoh^'ui Institulc of Tci hnoloi^v ) 


5 The Boundary-value Problem in Electromagnetostatics. 1 he 

! -Liincnt.il approach to the boundarv-xaluc problem in clcetromagncto- 
iiic Is no dillerenl than it is in elcetroslalies or magnelostaties. If the 
SC' V. ling medium is linear, homogeneous, and isotropic, the eleelro- 
i.^.^istatie held, as shown earlier, is derixablc from a scalar potential 
ni.< satislies Laiplace's CLjuation. 1'he theory developed m Chap. 3 for the 
'I 'l II of I aplaee’s etpiation applies here as well. In particular, the 
Liiiiciical methiKl may be used most eneclively to lind the resistance of 
iiU' .ling conligurations with geimielrically irregular boundaries. For 
It would be extremely dillicult, if not impossible, to (ormulate 
l iii' maiieail) the boundary-\ alue problem for the arbitrary resistor con- 
■‘•m. shown in Fig. 5-6, even if the problem of the actual resistor were 
^ '' ideali/ed to a two-dimensional geometry. In direct contrast, the 
aal method always allows us to obtain a solution, 
ue problem is set up in exactly the same waiy as m Sec. 3.15. As belore, 
> IS IS Properly 3 of Laplace's equation. The only ditfcrence is that an 
'magnetostatic problem will normally involve mixed boundary con- 
' For example, m Fig. 5-6, values for the scalar potential would be 
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F u.i'RL 5-6. An arbitrary icsislor 
configuration. 


Specified on the sides ad|acent to the infinitely conducting regions. 1 L.ii ;! 
solution to L.aplace\ ec| nation would be sought which tils tl\e spCLiiicJ 
potential on these boundaries; on the remaining portnm of the bohndarx ilu 
normal derivati\c of this solution would have to vanish. With refercikc i,, 
Fig. 5-6, would be set equal to r/d/*)- I'hcn, applying the average-', iliu* 

theorem at P, we should have (assuming a two-dimensional configiu:j!!>'iii 

J,n, ^A<k) <Hf\) 


or by virtue of the equality 

Mn 

The normal a\eraging implied bv Lq. (5-27) would, naluralK, applv k' ,i.' 
interior points (such as P^p of the conductor configuration. Aside rnnn ib ^ 
small dilTerence, the computer program for this problem would be idesii'u:' 
with that discussed in Lxample 3-11. 


5.6 Summary. In the general time-vary ing case, a ccniplmg exists bci ACJ^ 
the vectors D and Is, w Inch describe the electric held, and the vectors B a:iil H 
which describe the magnetic held, therefore, m general, neither pair Iv 
determined independently of the other. C'tniphng between the electis 
magnetic fields disappears ifand only li' djdt 0 and J -- 0. It is pre-er\cu 
when J / 0, even though the iield itself mav not vary with time, 
case the held is a coupled time-invariant electric and magnetic field, cal^sUr'' 
ele ctromai^nc i o.\ la / / c fi e 1 d . 

An electromagnetostatic held is cncamntcred in conducting regio:!^ 1''* 
which (7 IS finite. For such regions. Ohm’s law slates that resistance 
voltage divided by current. Strictly speaking, resistance can be dernu'^ 
only it didt - 0. A resistor is a conductor configuration, of arbitrary sfkip''' 
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6 impedes the flow of current. The field within a resistor is clectro- 
-ctoslalie. 

5 II a linear, homogeneous, and isotropic medium, an eleclromagncto- 
iield can be derived from a scalar potential which satisfies Laplace’s 
ion. As a result, the static fields of the vectors D and J are duals, 
property establishes a relatum ( RC e/rr) between resistance and capaci- 
, and also provides the theoretical basis for the solution of electrostatic 
pioblems by conduction analogs. In practice, these analogs normally 
!hc form of an electrolytic tank (three-dimensional fields) or resistance 
{two-dimensional tields). 

i he boundary-value problem in electromagnetostatics, from the analysis 
■ of view, is basically the same as the boundary-value problem in electro- 


PrtaU'ms 

,-1 {.{‘iiky Capacitor. INiiig the intcsial lav\'s, obtain the solution of the leaky 
^ j, iMi piobicni of t' sample 5-1. 

'y.'] boundary Conditions. A plane suifacc ,S separates t\^o linear, homogenetnis, an' 
, , 1 ,. Londucting media Show that, if a time-invariant current cr'osses from on 

. , ... , ...r.,.. K .11 .X.1 e W IWX,.. .(,/ .L 




J, • 



Pkoml I M 5-2 

Hoiindary Conditions. l')etcrminc the surlacc distribution ol charge on the 1 
‘‘'Hi [) iinii o( the capacitor sliown m I ig 5-1. 

Lvlaxation. The parallel-plate capacitoi of t ig. 5-1 is disconnected from a halt 
’ h^ Calculate the lime al'lei which the potential across the condenser has fal 



270 


C h.ip. 5 THT life I UOMACNllOS I'A'I IC HI IP 


5-5 Duality. A battLMy is connected to a pan of piobc clecliodcs tlie lips of v\i 
make elcLlnc contact with Ivno pi>ints on a Londiittm^ plane (thin conduclini^ slice 
intinile extent Sliow that the eLiiient Hows I'loni one elcLtrode to the other alon^ ar 
elides. \Hint Use El\s. (3-18n) and (3-200).] 

5-6 Inhomogeneous C4onducling Medium. A splierical electrode of radius i 
siiiroLinded by a conccnliie sphci ical shell of radius /> The inlet veninj^ space is !’ 
VNith a medium whose condiiel iv ily \aiics piopoi lionally (fT/i constanl) with disi 
fiom the eominon scntci ol Ihe spheics If a potential dilTcrenLC of I volls is mainlj, 
between spheies, with the inner eleclrtide ^lounded, what is the potential at a disu 
/ ((/ I h) fiom the ecu lei ’ 

5-7 Noninductive Resistor. Wiie-wound resistors arc constiucted by winding the 
on a cylindrical lube Mow vnoliIcI you wind such a resistor so as to minimize the in^ 
ance of the conhgui al ion ’ 

5-8 Formal Solution. A huge ctindiiclmg plane caiiies a direct curienl wljiich, fai 
the center, is uniform, .1 Obtain an expression for .1 after a hole c^f radius i.- 

been cut out ol the metal sheet at the point a 0, r 0. f md the maximui\i magiu; 
of 7 and the poml(s) c^n the sheet wheie this maximum occuis. 
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5-9 Resistance, f ind the suiface resistance between the silver -painted equipolei.i 
Assume that the snrjacc rtwi.s/irify of the sheet is o, n pet square. 

> 



Probli M 5-9 
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Inhomogeneous Conducting Medium. Lcl rr and e be fiinetiDns of position, 
sliow that a timc-invanant current llowing thrt>iigh a condiictini; medium will 
lisli a volume distribution t>rchari^e whose density is 

p - — (n\7c - eVrr) ■ Vt/i 

rr 

that the electi omagnetostatic held that arises fiom the How of CLirrent can still be 
from a scalar potential, but the potential ilself no longer satishes Laplace's 
, 1 ( 111 , because p ' 0. 

Formal Solution. A cm rent / Hows through diametiically opposite arcs, of very 
, width 2A7 , on the perimeter of a com, such as a copper penny. The contiuct ivity 
cOin IS umlorm, and the thickness is so small that all held Ljiianlitics within the coin 
, .iliially independent of depth. Assuming that m the intervals 77/2 (p : 

A7 and 37 t/ 2 Ay y- 3 ttI 2 i Ay, on the perimeter of the coin, the cuirent 
u vector is radial and independent of y , calculate the distribution of the potential in 
' w o-dimensional) region ol the coin. 

I 


J 

Probli m 5-1 1 

-12 Formal Solution. The vertical, perfectly conducting wire shown in the figure 
I a current / into a semi-inhmte medium of uniform conductivity a. Determine the 
1'-' 'll both media. 



r 



Problem 5-12 
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5-13 Electrolytic Battery. The open-circuit voltage of a cylindrical electrolytic bauery 
is l^oc =" ^ Kj, where is the potential difference between the two sides of the dipof^. 

layer built up on the surface of the inner electrode, and Kg is the potential difference ut tlm 
outer electrode. Show that the internal resistance of the battery is given by the rcldtmn 
^ In ( 6 /fl)/ 27 T< 7 L. 



U 

PRoniFM 5-13 


5-14 Numerical Analysis. Write a computer program to calculate the surface resist- 
ance between a point /’(.v„, v„) and (he silver-painicd electrode at v — a, in terms of o, the 
surface resistivity of the conducting sheet. 



hm f ondiji' liTifj 


Problfm 5-14 



CHAPTER 6 


ELECTROMAGNETIC ENERGY, POWER, STRESS, 
AND MOMENTUM 


(>.l Introduction. Although our ideas about forces stem largely from 
.'VLivday experiences, the precise delinition of Ihe concept of force presents 
.is^uncwhal dillicull problem It is true that force is the lime rale of change 
,ii iv.omentum. However, this definition is deceptively simple, since it is 
iMSL\! on the assumption that we have a fairly clear understanding of what 
\u' mean by momentum, which in turn implies that we have a clear under- 
simuliiig of mass, length, and time. 

C losely related to the idea of force arc the ideas of energy and power. 
Ihc unporlance of these ideas in electromagnetic theory cannot be over- 
niipliasized. Electromagnetic ener^^v is the only form of enerj^v yhich can he 
hiin^initted throw^h racuum under controlled conditions, and hy means of 
\\h:h intelligence can he processed and transferred effectively even over 
nlfi'inely lone, distances. 

l:i electromechamcs we have a wedding of electrical and mechanical 
rficiiiimcna. Tor this reason, weRnd ourselves using concepts and definitions 
Mkh as force, energy, power, and momentum in contexts and situations 
\vhiih are foreign to our basic (and sometimes intuitive) mechanical definitions 
^'1 the lerins. In particular, we find it necessary to extend our definitions of 
and power to include situations which are wholly electrical. The 
'LMilline electrical definitions are seemingly divorced from their mechanical 
With this warning of a possible conceptual dilficulty associated 
^'itli !hc need for the use of mechanical and electrical concepts simultaneously, 
that those situations where both of these aspects of a phenomenon or 
must be considered simultaneously are the subject of this chapter. 


^‘2 General Energy Relations. An excellent point of departure in a 
^i^ciisMon of energy relations in the electromagnetic field is furnished by 
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Poynting’s theorem. This was first taken up in Sec. 2.11. We recall 


is the diH'erential form of Poyntmg’s theorem, and that 

- ^ (E X H) • n Jfl =- E • J ^/«; + ^E • ^ + H . ^dv 


(f>-2) 


is the integral form. We also recall that either of these expressions is simply 
a restatement of the law of conservation of energy, and that each term m 
the integral form has the dimensions of power, and hence can be written as 
the time rate of change of an energy. Accordingly, let W b|p the energy 
associated with the last integral on the right of Eq. (6-2). Thei^ 


dW 

dT 

If the substitutions 


E 




dtl 

B V X A 


( 0-31 


are introduced in the integrand of Eq. (6-3), wc obtain 




„ , 9D dA dD , d{V x A) 

V0 • • li 

df dr dr dr 


Using the vector identities of Chap. 1, we find 


Vc/; 


30 


and 


H 


dr 

d{V X A) 

Fr 


It follows that 
dlV 

~dr 






d 


V ■ 


1 \ 


dA 

Ji 


(V X H) 


d / 0D\ 

^|0-pV.D) . (vxH-_). 

dt 


0D\ dA 
dA 


/ , 0Dt „ / aAi1 

i ■ n ila (6''^) 


dt I 


(/r -- 


, do dA\ 


Equations (TI) and (IV) and the divergence theorem were used to ariivc^it 
Eq. (6-4). 

It was shown earlier that when all the sources are within a finite distance 
from the origin, and when the time variations are very slow, the field vectors 



See. 6.2 GENERAL ENERGY RELATIONS 


275 


l/r^, where r is the distance from the origin to an arbitrary point of 
^^bsO'vation. Under the same conditions, the potentials vary as 1/r. If 2 
.tcs the surface of a sphere centered about the origin, then, as the radius 
,, - -IS sphere is allowed to increase without limit, the integrand under the 
siir integral will vanish as 1/r, and the integral itself will become zero. 
[P, bMs case,t 


W 


dW 

dt 

dW , 
dt 






(6-5) 


+ J 


dK 

Tt 


)-] 


dt 


InfL I changing the order of integration allows us to make a change of vari- 
.ihtcs by noting the equality 

/ dp 9A\ 

( + J • I <// -- (5A 


\\!k‘ic h denotes a dilTercntial change at a point. Thus we obtain 


W 


r ( ! f'j-M) 

’ \ •/ 0 •/ 0 / 


dv 


( 6 - 6 ) 


|u.iii<'ii (6-6) represents the sum of the work required to set up a continuous 
h.ii^e density p. that is, 

IK - j*^ ( -V) (6-7) 


iiLi'i ihc work required to set up a continuous current distribution J, that is, 


W 


tn 


J - (U dr 


( 6 - 8 ) 


n 1 (j. (6-7), electric energy is referred to the zero state at p — 0, and in 
Uj ((> S) magnetic energy is referred to the zero state at J - 0. 

hen the medium is linear, multiplication of the charge density at all 
hv a scalar constant A multiplies the potential at all points by the same 
constant. In the integral 

r <i>dp 

Jo 

t M (6-7), the charge buildup from zero to p is actually a continuous 
chui, during which the constant A varies from 0 to 1. From this point of 
’he intermediate values of potential and charge are k(f) and kp, so that 

* icsult is true for arbitrary time variations since only the transverse components 

licld (Chap. 10) vary as i/r All others go down faster than 1/r. 
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dp — pdk, and the integral itself is 


f M- 

Jo 


where (f) and p arc now the final values corresponding to = 1. By sinipj^ 
integration this integral gives l<f>p, and Eq. (6-7) then becomes 


*' ^ I-' 


In a similar manner, we can show that for linear media Eq. (6-8) leads I 

^ f - J ■ A dv (6-l( 


The extension of the preceding energy expressions to the case In which iho 
source distributions arc other than continuous is an elementary 'task. 1 (^r 
example, if charge is distributed in thin layers over the surfaces of cnn- 
ductors, Eq. (6-7) reduces to 


(f) ()p^ del 


Also, from Eq. (6-9) it follows that the energy of a group ('jf N point chaii^c^ 
arbitrarily placed in a linear medium is 


w'here (f)^ is the potential at due to the remaining N -- 1 charges of ihi' 
group. This represents the amount of work done when the charges me 
brought from infinity to specified points in the medium when no other soune'\ 
arc present. 


6.3 Energy Relations in the Electrostatic Field. Equation (6-7) sluu-v^ 
that the work AH', required to increase the charge density at every point in i 
by an amount hp is 

AB; - I (fyhpdv (fvl.l) 

Jr 

where (f) is the potential due to the initial distribution p. Based on this 
expression we shall now derive an alternative expression for electrostatic 
energy as a function of field intensity. 

From the field equation V • D ~ p, we have! 

()p • D) V • 

t This proof assumes that the volume K contains only dielectrics. If conductors arc 
present, the proof is more complicated, but the result, Lq. (6-1 5), is still the same as 
in J. A. Stratton, "‘Electromagnetic Theory,” pp. 107 111, McGraw-Hill Book Compan}. 
New York, 1941 . 
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:ird using E ^ 

(j) dp — • (^D - - V ■ 0 fbD - - dD ‘ V ■ (^ f^D I E • 

XV i ere the second equality follows identically. Thus 

IT, - V . (/) dU eh I- E - dD eh - (^ 0 dD ■ n ela -\ j E r^D eh 

li me surface 1) is allowed to expand into a sphere of infinite radius about 
some arbitrary origin, then, at every point on this surface, </> will vary as 1/r 
O as l/r“. Hence the surface integral ilsell Will vary as 1/r, and will 
iio icforc vanish in the limit as r ^ fx . hor an electrostatic field, then, 

AH', K ‘ dD elr (6-14) 

tind the total energy stored in such a field, ihe increment AH^, must be 
0 . Mated between the limits zero and D. 

», Id ”e- ilv (6-15) 

\ .jiialion (6-15) is an expression lor the eledroslatic energy as a function of 
iiclsl intensity. For fields m the stationary slate, this expression is completely 
wai'valenl to, and always interchangeable with, Lq. (6-7). If the medium 
is linear and isotropic, it becomes 

IT. \E’Deh UE-eh (6-16) 


in liiii agreement with Lq. (2-71). 

Actually, in view of its origin, the result expressed by Eq. (6-15) is not 
\:r\ surprising. We started out by integrating the right side of Lq. (6-3) over 
.i iiMie inierval [(),/], during which the field quantities v^ere generally expected 
Gtange. At that point of the development, and through a change of 
nn'x j'-endent variables, we could have written at once 


W. 



dD 

Tt 


eh 


)■" Ki:- 


dD 


\ 

I 


iit'Migli longer, the former route is more instructive m some aspects. 

A most useful relation is easily derived from Eq. (6-11). Consider a 
Giixisitor with charge Q and potential difTerence V ^\ — shown in 

If the conductors and dielectrics which make up this capacitor are 
an analysis similar to that which led to Eq. (6-9) will show that 





da 


(6-17) 



278 Chap. G ELECTROMAGNETIC ENERGY, POWER, STRESS, AND MOMENT' m 



where the integration extends over the surfaces of both conduetj^rs. Noiiiu^ 
that each conductor surface is an equipotenlial, we obtain 

14\ — Icjy ^ j p, :1a i l(/) \4* Q “ l^Q (h-18) 

or making use ol' the defining relation Q - CV, 

K- - lyQ 

Equation (6-19) is an expression for the amount of energy stored in a capacilDr 
C, the conductors of which are held at a fixed potential difference V. 

It is important to note that the preceding expressions apply only when 
the system is complete, or closed. Assume that some external system "i 
charges gives rise to a static field E. Then the force exerted on a poiin 
charge^ is r/E, and the work done hv the forces of the field, in a displaceineiu ('i 
q from a point « to a second point h along a contour C (Pit^. 6-2), is given 

by 

W q ^ il\ — q{<f>(a) 4^(h)] 

J (I 

When a field extends over all space, it is customary to set (/>( oc) 0. There- 
fore, if we let the point b recede to infinity, the work done against the hirce^. 


t 



Figure 6-2. An arbitrary contour C. 
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he field in bringing q from infinity to the point a is 

W - qif>{a) ( 6 - 21 ) 

lew of this, the scalar potential <f){a) may be interpreted as the work done 
^ rist the forces of the field when a unit positive charge is brought from 
.;sily to the point a. 

0(cf) -- I E ■ d\ -- - r E . d\ (6-22) 

J (l J 'X) 

i^. by the way, is the classical definition of potential. 

On the basis of the foregoing discussion we conclude that the energy of 
Jiscrctc charges in an external field is obtained by combining Eqs. 
2) and (6-21). 

i i M I- i M (6-23) 

To summarize, an expression for the electrostatic energy of a closed 
sN^icm as a function of field intensity was derived. Fhis is given by Eq. 
i(v[5). An alternative expression is Eq. (6-7). The energy stored in a 
L'apaeilor, with linear elements, is specified by Eq. (6-19). The eifects of an 
cMenial held are taken into account by Eq. (6-23). 

6.4 Thomson’s Theorem. Thomson's theorem expresses a principle 
wIikIi is the electrostatic analog of the familiar phenomenon that water 
.ilu.iNs Hows downhill. 

II we place a system of charges on the surfaces of conductors which are 
cmhc(.lded in a linear and isotropic dielectric, Thomson's theorem asserts that, 
.sluii the charges come to a complete rest, the e/zcrgi’ oj the rcsultuu^ clccfro- 
^UitiL field is edways a minimum. 

\Vc could simply accept 1 homson's theorem as a postulate and proceed 
U’ Ll^e It. However, a formal proof is a good exercise in some typical 
L'lcL'iio magnetic field manipulations, and is given below. 

lo prove Thomson’s theorem, we suppose to the contrary that there is 
aiiui cr possible charge distribution and its associated electrostatic field, the 
oic! V of which is less than that of the actual field. Both the actual field and 
cond licld satisfy Maxwell’s equations. In particular, we have for the 
held 


V X E -- 0 

i'liJ iiir the second field, 

V • D - p 

E = 

-V<j> 

(6-24) 

V X E' 0 

V • D' p 

E' -- 

-Vf 

(6-25) 


Hv,; \oIume charge density p is presumed to be bound in the dielectric, and 
hciiu' slays the same. Although the total charge on each conductor surface, 
! 'mains constant, the surface charge density will be different in the two 



280 C:hap h ELECTROMAGNETIC ENERGY, POWER, STRESS, AND MOMENri:\, 

cases, and as a result the potential </»,' on each conductor surface will 
necessarily remain constant. Thus 

V • (D' — D) - 0 (6-26, 

cj; (D' D) • n da = 0 (6-27i 

According to I’q. (6-16), the difference in the electrostatic energies of 
two fields IS 


li ' H : i(E' • D' E ■ D)dr 


The lields at all interior points in the conductors arc zero. Hence, in this 
equation, the integration covers the region occupied by the dielictric, win^h 
IS bounded by the surface at infinitv and the surfaces Since p eh and 
D' eE', it follows that 

E D E . (E eE ’E D . E 

and that, conscquentl\ , 

M; n, I \{E' E)-(D' D)c//‘ , I E-(D' D) ^/r (6-2M 

With the aid c>f the idenlitv 

V » i/'A A • Vy’ , i/’V • A 
the second integrand in Tq. (6-2S) can be written 
E ■ (D - D) V4> (D D) 

V.[(/,(D' D)J : c/,V.(D' D) V- [(/»(!)' I))i 
where the last equalilv follows directlx from Eq. (6-26) 'fhiis 

I E-(D' D)(/( j D)]<ir (|) f/.(iy - D) • n ,/. 

On the conductor surfaces constant; hence it may be pulled oui lioii' 
under the surface integral, and by virtue of (6-27), the integral ilsell then 
vanishes. Moreover, on the surface at infinity, the scalar ptUcnlial vaiihl^'^ 
as 1/r, w'hile the vectors D and D' vanish as 1// “', hence the surface iiiieiiKii 
itself also vanishes, and hq. (6-28) reduces to 

»y; fy,, j i(E' E)-(D' D)t/r j U{h' l-fJi 

Since the integrand on the right of this expression is an essentially posiU^^’ 
quantity, the dilference 14 / is always positive, and this means tliai 1^ 

is greater than . 
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+ 0 





I ^ L 

hiGDRH 6-3 I'arallcl-plalc capacitor with partially 
inserted dielectric 

f'Aaniple 6-1. Parallel-plate Capacitor. A capacMol is formed by two rectangular 
jMiallel conducting plates of area A as shown in Ejg 6-3. bach plate carries an 
.'icctnc charge t)l magnitude Q. A slab ol dielectric is inserted between the plates so 
rui only a portion of the slab actually lies between the plates. In which direction 
ni! 1 the slab tend to move ’ 

We consider two cstreme cases In one ease, the spnee between the plates of the 
.ipacitoi IS ctrmplelely empty, and in the second case the space between the plates is 
. >Miiplelel\ filled bv the slab Ignoring end etrects (fringing), the energies of the 
u ^lilting elecii oslalic fields in the t\M> cases are, respectively. 



Siiiic ( t„, It folltnvs that H R „ B\ I homson's theorem, this system must 

nvk llic stale of loveest encig) Hence the force acting on the dielectric will tend to 
paM It into the mleielectrode region. 


f),5 Liiergy Relations in the Magnetostatic Field. According lo hq. 

AH J-rUc/r (6-30) 

otiic dillcrciUml amount ol work required to increase the vector potential at 
poitu in the field by an amount Based on this expression, we shall 

'' '' J iixe an alternative expression tor magnetostatic energy as a function 
itUensilv . 

L know that, m the slationarx slate. V x II J. In terms ol this 
the integrand m l:q. (6-30) becamies 

J • r>A (V X II) ■ rU V • (H X ()A) H • V X r)A 

^dicic the last euualilv is a vector identit>. furthermore, using B 
^ X \ 


J f)A V ■ (H X f)A) ; H ■ f)B 
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Introducing this result in hq. (6-30) and applying the divergence thec^^^^i 
gives 

AH',„ 1"^ II ■ (/(■ i (H X ■ n ila 

If the surface D is allowed to expand into a sphere of infinite radius about s, 
arbitrary origin, the contribution of the surface integral vanishes. This is si. 
because A and B vanish as l/r and I/r“, respectively , and the surface incriMsiA 
only as Thus, if the integration extends over all space, the expressK^ii 

I (A^3I) 

J I 

specifics the incremental energy required to establish a statioHary cunciu 
distribution in the absence of a fixed external field, such as mi^ht be pto 
duced by one or more permanent magnets. 

To lind the total energy stored in such a field, the increment A M nnisi 
be integrated IVom zero to B. Interchanging the (’irdcr of integration wj 
obtain 

li I 1 1 

• I • (I 

as an expression for magnetostatic energ\ in terms of field intensil) I m 
fields in the stationary state, this expiession is completel\ equivalent to. Liuti 
alwa\s interchangeable with, l.q. (6-S). 

irihe medium is linear and isotropic. Tq (()-32) becomes 

11 j iH-B</( j \tiH-ilr 1(1-3.'! 

which isobvioLisI) in accen'd with 1: q. (2-71 ). If, on thecoiUrar>, the mcdiuni 
IS nonlinear, the cnerg) required to set up a magnetostatic field miisi hr 
found bv integration, as indicated b> the shaded area in F ig 6-4. 


Area propomonoi 



f Ka'Ri 6-4 I valuation of the quantity 


H f)B 
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F K.LiRi 6-5 A cunenl filament. [ he contour C is 
leprcscnled by the dotted line 


i ol us apply the preceding results to a current filament. Figure 6-5 
sh. '.vs a filament r which bounds an open surface *S'. The area of the filament 
, ioss section is denoted by Ac/, and an element of area on S is represented by 
Ja 1 he direction of the unit vector n, drawn normal to A, is fixed relative to 
( h\ the conventional right-hand-screw rule. 

We wish to determine the amount of energy required to force a steady 
uiiicni / through the filament C. According to Eq. (6-8), 

H'„, j I j 'j • m) cIv - j) ( 

Sikc J Scull - /</!. 

H j (j) / • cl\ 

.hi .f' 

Bv Siokes' theorem, 

H j j /(V X f>A) ’ n (Ui j j / r^B • n da 
.hi J.s' Jo Js 

l^viiuiing ihe incremental magnetic flux threading the contour T by rVI>, we 

H’,„ I (6-34) 

Jo 

^Agiaiion (6-34) is an expression for the total energy stored in the magnetic 
a single filameni carrying a current /. When the relation between 
f IS linear, 

H .Id)/ \Lr (6-35) 

^lieii / (j)^/ jv^ sclf-mductance of the loop. For a configuration of N 

lilamcnls, all of which carry the same current / and also thread the 
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same flux O (as in ideal inductors), the magnetic energy is 

where L A'th// is the sell-inductance of the new configuration. 

In summary, an expression for the magnetostatic energy of a closcu 
system as a function of field intensity was derived. This is given by [ q 
(6-32). An alternative expression is Eq. (6-S). The energy stored in j 
linear inductor is specified by Eq. (6-36). 


6.6 Energy Considerations in Physical Media. Let us nim consider 

some of' the aspects of power transfer through a closed surface within the 
boundaries of which are present not only Jiec charges and currents, bui alsw 
hound and currents, accounting for the presence of polarizable and 

magnetizable matter within the enclosed volume V. 

Let us first determine the amount of work required to introduce a 
dielectric substance intc^ the field of fixed distribution of static charges. 

Consider Tig. 6-6a. Let f , be a linear and isotropic dielectric ol 
mitiivity tT, and I ^ be the volume displaced by a linear and isotropic di- 
electric body of permittivity €^. The total charge on each conductor surtaci 
IS assumed to be fixed. With d/dt 0, the energy change resulting from Ihe 
introduction of the dielectric body is 


AW 


l(i: • D - E ■ D) dr 


.d 


i(E' 4 E) • (D' D) dr 


l(E • D 


D) di 


( f)-37 


where I - E V0 and D represent the initial field, and \ 

— Vcj)' and D' represeni the final field. With the aid of the identit) 


V • V'A A • Vi/’ , V'V • A 


and the divergence theorem, the first integral on the right of Fq. (6-37) caii 
be written 

- |'^ V</)) • (D' D) dr '■ - D) • n da 

\ I .i(f ; <f,)V . (D' 

Now the right side of this expression is equal to zero because, by assumption- 
the source charges are fixed. Therefore V • (D' D) 0 throughout L 
and the volume integral vanishes. Over the conductor surfaces, which lornt 
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(t>) 

f-KiUKh 6-6 Pertaining to discussion on energy 
m physical media, (ti) Polari/ahle media, (/?) 
mai^nclizable media {J 0). 

'Miicr btujndary of the potential is constant, and the total surface 
)s fixed; hence that portion of the surface integral vanishes identically, 
ihc finlikc surfaces from the interior conductors to the outer surface 
^ liarge-free and contribute nothing to the integral. Finally, the outer 
'Hiiidary o{"^ may be allowed to expand to infinity so as to include all space, 
f^lcr these conditions the corresponding portion of the surface integral 
V, In /^-ro, since at inlinity the integrand vanishes faster than the surface 
Ii*nce 

I .](K' ! E)-(D' D)^/r 0 
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The second integral on the right ofhq. (6-37) can be written as the sum 


-| l(K-D' ■ 

D)^/r d UK- D' - E' • D) t/r 


- - UE-D' - E'.n,j, 

Since in t , 

E 

■ D E-t,E £,E E DE 

which makes the integral over t, identically zero. In T., D' ^,E' anti 

D 6,E, so that 


■1) E'-D)Jr j Ue, e,)E-E'e/r 

‘ ^ - 1 

and thus, finally. 

AH, 1 Ufj t,)E-EA/i (/i-3s 

This IS the required result, lie, - e,,, then in 1 ^ 

D e.E e„E P 

SO that 

P (e, £„)E' 


and Ecj. (6-3S) becomes 

An,- I \F'-Fw/r (h-3‘)i 

• I j 

Tcjuation (6-39) expresses, m terms of the polarization \cctor P', the ciicil^ 
required to inlrodiice a dielectric substance into a lixed-source static cIcciiil 
lield in Tree space. 

The dexelopmenl I'or magnclcAtalics follows a similar course. I iiiiiu 
6-66 shcnvs a sNstem of permanent magnets and a configuralum cd' line;ir aiiu 
isotropic substances in which J 0. The energv change resulting iVoni ihc 
intioduction (d'the magnetizable bod\ is 

AH „ I l(H' ■ H - H • B) i// 

.1 

I i(H' H)-(B' B)</r I H' ■ B) </i ('O'" 

Noting that V ■ B 0. that (B' B) • n 0 on the boundaries ol 
manenl magnets, and that in a current-free region H Vf//'*', 
trace, step by step, the development leading to hq. (6-3S), and obtain tin’ 
corresponding result 

AH'... 1 U/-'-. /v,)H-H'Jc 


( 6 - 41 ) 
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2H7 


then in V., 

M' 


11 ' i c]. (6-41 ) becomes 


AW' 


III 



/<o)H' 



(6-42) 


6-2 Energy of a Magnetized Sphere. As an example, let us cleteiminc the 
required to introduce an initially iinmai^netized sphere of radius R and pernie- 
>.Mlily /( into the air gaf3 of a permanent magnet. We suppose that the ladius t>r the 
'>Iiere is suftieienlly small eompaied with the dimensions of the gap so that, to a good 
.,,pio\imalion, the field aiound the entire boundary (^f the air gap is essentially 
,.,t|i)rm, has a magnitude //„, and is in the negative z diicetR)n. 

II the cenler of the spheie coineides with the origin of a spherical system of 
^^)dlnales, the field at eveiy interior point of the sphere is, according to F q (4-131), 

H — //„( cos 0 a, sin 0 an) — 

. 2/r„ 

li iiodiiLing this lesLill into t q ((>-41), we obtain 

r 

Uu /(,) 

Jf n 2 //„ 

i‘ '! ' /(„. then 

AM,,. 277Uo/?=VY,r 




(f>-43) 


f).7 Circuit Concept of Power. To preface the development of this 
oMK^pt. let Lis discuss a question arising in network theory. Let f' denote 
il c diiicrence \(j){a) f/d6)l m b.q. (6-20), Then W’ r/C is the amount of 
iransferrcd in a displacement of (/ through a potential dilTercncc V. 
'\.v«-r'iing fiom mechanics the definition of power, we have 

clW clq JV ill' , ,,, 

^)wei -- 1 - q T/ q (6-44) 

ill Jt (If clt 

'‘'dc.'.i \h)lalion, however, of the well-known principle that circuit power is 
aKsz ^ equal to the priulucl of voltage times current. Hciw arc we then to 
auoaiii lor the second term on the right? 

1 <'i Uinaleiv , wc need not think very hard lo detect the lallacy. We 
ill iiuit l.q. (6-20) IS valid onlv for lields in the stationary state (djdt 0). 
wc arc not entitled lo lake derivatives with respect to lime, expecting 
h'aMi . at \alid results. Instead, the answers vve arc seeking must be sought 
lKuvv) jil very c^ngin of Tq (6-20), which, vve recall, is Poyntmg s 
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Eic.URt 6-7. I he power aspects of a liicuiI (a) A i^eiieial 
Lircinl; (/;) a Iwo-poil cirLUil. 

Let US apply this theorem to the geometry shown in hig. b-hi 
suppose that the closed siirlace X encloses a circuit, the elements ol whiih 
fed by a group of A' filamentary wires carrying currents /,, /;i, 

The circuit itself may include active as well as passive elements. The povNcr 
entering the vi)lumc enclosed by 1) is given by 

P (|) (E X H) • n t/a j V ■ (E X H) dv 

and according to Eq. (6-1), 

-V.(ExH). E.J : (e.^ i H.-^) 
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lirsl term on the right side of this equation can be transformed with the 
oi E —dAldf and the identity 


VVe liave 

V ■ y»C 

G • Vy -| 

yiV • G 


(6-46) 

E ■ J - 

( 

dA\ 

-s)"’ 


^4 

at 




1 #V-J 

•-■T 

dt 





4 , - ■’ 

dA 

■ 


(6-47) 

( . wiscGuentlv, 






V (E X H) 

V • </.J - 

i4 ^ 

dA\ 

‘Tt’’ 

i aD 

38 \ 

niici 

/' ^ ‘ 

• I 


■ 4 ) 

'''■ ^ J, ( 

dt 

38 \ 


(6-48) 


!: (iiiic variations are sulTiciently slow, the last two terms may be neglected, 
ciiui power is then given by 

r 1”^ V ■ (/.J (h (6-49) 

I ni.iliv, ihc divergence theorem gives 

P (|)(/jJ ■ II da - (/)J • ( n) da - ^ (6-50) 

IS the familiar relation for power. Specifically, for the two-por 
in fig. 6-7/?, this relation gives 

P \\L iJ. 


^•8 Electromagnetic Stress and Momentum. In this section we discus; 

cspression for the total force acting on a system of charges and/or current; 
^f^'othuied with arbitrary densities over an extended region of space. Thi: 
^^Hlopmcnt is confined to the case of a linear, homogeneous, and isotropii 



290 c liap () lire lUOMACiNLilC INFIU.Y, POWI-R, STKLSS, AND Me^MF.N | , ^ 

Starling with the iickl equations and following a rather long, invu!,^^l 
series ol' manipulations,!' it can be shown that the total foree is given \\ 


j” (pE i .lx 


B) Jr 


eE(E • n) - L-n 


del 


Hi r ^ . 

//H(H-n) - A/“n da ej ^ ^ dr (i»-S[) 


In this expression Ihe held veetcus represent the total held, produced in pan 
by charges and currcnls within the region l \ and in part by sources exiinti, 
to It. If we suppose lhal the sources within were purposely introducL'd 
measure Ihc inlcnsily of the held, it is obvious that the held is altered h\ Un^- 
probe sources IhcmseKes, and because (h' this distortion it is never possibi,' 
to attain a true measure of the undistortcd ticlds. 

We saw in Sec. 2.4 that an electromagnetic iickl may be delined as ih^' 
transmitter of force interactions between charges at rest and/or in luiuian 
Accordingly, Lq. (6-51) is an expression for the force transmitted IVt'in nik 
region to aiuUher, much like the IVnce transmitted from one point nl a 
stretched rubber band to another. Indeed, if we think of lines of have .n 
miniature rubber bands, which conceptually cross every imaginary siiiLkc 
the region itself may be viewed as an imaginary clastic medium liiuIlm .i 
hctitunis state of stress. VVe must be careful, hovNCvcr, not to carr\ iliis 
analogy too far because cicctromagnelic f(n'ces can be transmitted ihionul' 
space even in the absence of material substances. 

hor iickis m the stationary state, the volume integral vanishes, and iiic 
force IS given by the surface integrals only. It is then expressible in leuiis^'l 
stresses, Irequently called Ma\]\cll \ticsscs^ which are transmitted thmiiH’ 
the elements ol the surface In particular, purely electrostatic foRes^aii 
be correctly evaluated from 


E, I pE f/r (j; tE(E-n)-- ~ 


da 


while purely magnetostatic forces can be calculated from 
F,„ f (J X B) Jr /,H(H • n) - 


//-n 


da 


(b -^2 




i The proof is rather involved, and is omitted It may be loiind m J A 
“hlcclromagnetic Theory,” chap 2, McCnaw-Mill Rook ( ompany. New Yoik 
Properlv modified, tins entire tlenvalion can be duplicated step by step lor arbltlaI^ 
provided J is replaced by J V x M and /> is replaced by V ■ ** 

2-26). 



Sci () ^5 I I 1 C ’1 KC^M ACiNM K SrUl.SS ANl') MOMliN 7 UM 


291 


Obviously, the net force transmitted through X is zero when the region 
„>Li.idccl by this closed surface contains no sources, and d/df - (). If, on 
cemtrary, djdt /- 0, then the force F / 0, even though there are no 
, ,ccs in ihe region bounded by i:. The classical explanation of this 
p ,;rcnt paradox is based on the mechanical definition of momentum. In 
, Aionian mechanics, force is defined as the time derivative of momentum. 

I s :'.o this notation as a basis, we conclude from the last term in Eq. (6-51) 
1 ,,, with every time-varying electromagnetic field, we can associate a 
, 1 , nicn turn whose density is 

K X B) (0-54) 

:\cvy point in I . 

!n closing we should note that the force expressed by tq. (6-51 ) is purely 
ic. iroinagnetic in nature and that equilibrium can be established and main- 
only by means of mechanical forces. 


6-3 Attracting Force of Magnets. A coil ol 60 turns is wound around an 
non nil” {ii, 1000) having a 20-cm diameter and a 10-cm" cioss section As 
cidi^aicd in I ig 6-S, the ring contains an air gap of length t 0 1 mm, which is 
>nKill cMKHigh so that h inging in the air gap may be neglected We wish to determine 
ihe loicc acting betw'cen the pole pieces of the iron ring when the current / 1 A. 

Mils pioblem invobes a direct application of hq (6-53) The lield may be 
deu nnined b) the methods developed in ('hap 4. Thus the magnetic Hiiv density in 
die I ini: IS 



hic.DRi 6-8 The attracting force of magnets. 
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The magnetic field intensities in the iron and in the air gap arc //, -- fl///,,/,, 

//„ respectively. It is clear tha« //, « //„, and that the contribution o! // 

the force expression may therefore be neglected. Accordingly, 

K,„ f //„ir„(II,-n) - ^’//,rn 

The magnilLide of this force is 

B'.i ( 0 . 111 )- .10 10 ' 

F.., 5 N 

2 2//„ 2 47t 10 ’ 

and the diicclion along the normal \cctor n. This means that the pole pieces uml 
attiact each other. 


c/a 




eJa 


6.9 The Principle of Virtual Work, lii jls simplest form, this piinujilL^ 
is merely a resUitemenl ol' the principle of conservation of energ\ || 
system were given a small displacement, the mechanical work perlornicd ih 
the process, when added to the increments in electromagnetic enerpv sioiji^c 
and losses, must equal the sum of energy increments from all st)urces, hji 
mathematically, this statement is 

All energy terms alTected by the \irtual displacement must be mcludetl mi f,!, 
energy balance. Subsequenti\ , this alUnvs us to determine the meciiaiiiui' 
force assoeiaied with such a displacement, because bv definition 

where hv is the mechanical displacement. I'pon iniroducmg the rclaliiMi 
[6-56) m hq. (6-55) and transj-iosmg terms, we obtain 



in the limit as ().\ 0, 

Although Eq. (6-58) is correct, it is dilficull to include loss terms bccaihL* 
lissipative effects generally depend on the rale at which the system i'' 
Lirbcd. Hence the principle of virtual work is usually applied onlv 
|uasislatic reversible processes. 

Example 6-4 Force on a Dielectric Slab. As an example, let us deteriliinL llic 
tending !o draw the dielectric into the parallel-plate capacitor shown in 1 ig 
We shall consider that the depth of the capacitor is A, although for oiii 
the depth is immaterial so long as fringing is neglected, the eleelroslatfi cin'C) 


AM , 



A.v 

Av 

aT 

dtt 

5m;„„ 


l)v 

Bk 

a.v 
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^tcircd in the system, when the slab edge is located at a, is given by 



V, here i is the potential dilRcrence between the plates, Lonsidered m this vase to be 
iicld constant by an externally applied source (not shown in \ ig. 6-3) It a virtual 
Jisplaccment fVv is postulated, the energy storage will change by an anuiuni f)IT, such 
lii.U the total cncigy is 

I he tliange may be found by ^ubtractlng the last (wo expressions We obtain 

All -U)/.,/ i LI' 

hold Ihc potential difTcicncc Tat a fixed value, the external souicc must furnish a 
vliJitte h(2 lo (he plates such that 






I h 

-J (t - f 0 ) \ 


\ lerc €„( i'll and (.1 iil repicsent suilace chaige densities on the inlinitesimal strip 
n' !!h’ plates, bcloic and after the viitual dispkuement In so doing, the external 
s.Mi^e (uinishcs an amount of energy 

f -h 


!i 'he s\slcm is lossless, f) 11 i,,,,,, 0 and t q. (6-57) then gives 


fWf (HI 

() \ f) \ 


I II -/? 1 I '-/? 

—7 (» O.) - (t f„) - — — (e c„) 

il 2 i! 2 (I 


' »i,, the diiection of /’i,,.., i, is such as to diavv the dielccliic faither into the 

:\'i eiiel-plalc capacitoi 


\ !iii)e consideration will show that the principle of virtual W'ork is a 
rcu consequence ol* Poynting's theorem: 

^(K X ID . II </(/ j K-Jf/r I (6-59) 

^oMc.mg to classical inlerprelations, the left side of this equation represents 
n\ci cnicring a region \ through the bounding surface 1). On the other 
''i'- lirst term on the right side represents the power transformed ir- 
Uhsihtv in the volume T, while the second integral on the right represents 
biiic late of change of energy which is stored m the electromagnetic field 
clwiiys recoverable. llpt)n integrating both sides of Eq. (6-59) with 



2!)4 tliar <’ 
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respect to lime, we obtain an enertiy balance ecjualion, which may be s, 


thus: 


Total energy input - 


energy translbrmed 
irreversibly 


elect romagnetic 
energy storage 


The lirsL term on the right may include losses due to heat, as well as to 
Ibrmation of electric energy into mechanical energy. In mathcmirical 
notation we have, then. 






h; 
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which IS just another form ofrq. (6-5S). 

Summarizing, the principle of virtual work provides a simple methtid I'i 
calculating IVu'ces in any system having electrical as well as mechamcal aspciis 
The principle states simply that energy is conserved. 


6.10 Summary. This chapter has been devoted tc> a discussion ofctK'i'j'i 
exchanges and I'ln'ces in electromagnetic systems. Starting with Poynlinp's 
theorem, we derived, lirst, an expression Tor the total wc^rk required to v.oi up 
continuous source densities, p and J , at every point m the field. 1'he Toi nuiLi 

n — j I j (f) ()p j J ■ AA j (Ir (6-t)) 

' do do ' 

represents total energv storage when rel'erred to a zero state p 0, ,1 0 

Based on this expression, special fi^rms for electr(.)static and magnetostaiiL 
energy were derived in terms of field intensities: 



\: . ()D 

1 (Ir 

(6-l.\ 

kj 

I H-<>B 

(1 ^ 

dr 

((v32 


The same general expression for IT was also used to derive the familiar ex- 
pressions CK-/2 and L/“/2 for energy stored in a capacitor C and in an 
inductor T, respectively. 

A theorem on energy minimi/ation, Thomson’s theorem, was disciis^eJ 
The essence of this theorem is that the arrangement of charges undci siaiic 
conditions is such as to minimize the total energy stored m the resalung 
electrostatic field. 

Next we showed that the familiar expression for circuit power (power 
K/) follows from Pciyntmg’s theorem, which in turn follows from MunwcIIj* 
equations. 
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\Vc then displayed the relation 


|) fE(E • n) — - E'n 

r 3 

— (E X B)(lr (6-51) 

loi !fie total force acting on a system of sources contained within a region V. 

] I . n)rmula defines force in terms of the /o/r/Z field present in the region, that 
lo the sources within V as well as exterior to it. The surface integrals 
iiMially interpreted in terms of stresses in the medium, while the volume 
ini, ral is interpreted in terms of electromagnetic momentum. 

f| a system is given in infinitesimal displacement about a position of 
. qu'hbrium, then conservation of energy requires that 

rUT, (6-55) 

^ i'^ the statement of the principle of virtual work. 


(la 


/^H(H • n) 




(la 


Problems 

0-1 Electrostatic Energy. EintI the total energy stoied in a concenlnc spherical 
of radii a and h, assuming tlial equal and opposite amounts of charge Q are 
disii ilmicd uniformly on both electrode surfaces. 

6-2 Magnetostatic Pressure. a\ long stiaight wire of ladius a cariies a steady current 
( 1 lui the net hMce pei unit length which at any radius r tends to reduce the 

vi I icni Li OSS section 

6-J Magnetostatic Energy. I^rove that tlie total energy stoied in a system of two 
vMul'k'.ing loops IS given by 

n UrLi, 

v^tlLlc /, and I, currents in the two loops 
/ ..and L., scIf-inductanccs 

L,; mutual inductance between the loops 

M Energy Minimization. Prove that a static distribution of currents is such that the 
.viKiatcd IS minimum. Assume that the medium is linear and isotropic. 

G-'i Electrostatic Deflection. This problem is concerned with the motion of charged 
(mass m, charge c) in a unifoim electrostatic held, as it occurs in certain types of 
ciuh ic.c-ray lubes (sec figure). 

if a uithodc-ray tube, a beam of electrons enters the region between deflecting plates 
a velocity imparled to all elements of the beam by a high accelerating potential To. 
i'-tm IS deflected by a transverse electric field set up between the plates by applying a 
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Deflecting plates 



Electron , ^ 2 

gun / J 


Trajectory 


I 

d 

I 

1 


" - Screen 


Prorixm 6-5 


potential dilTercnce between the plates. The beam so deflected then strike'^ the 
fluorescent screen at a distance 


Derive this expression for d. 

6-6 Magnetostatic Deflection. Assume that the transverse elcLtiic field of Pioh 
has been replaced by a unifoim static magnetic field directed out of the plane 0 ! hk 
page. Deiive the new expression for d \ahd for small deflections. 


6-7 Force in Terms of Energy Exchanges (Vacuum Diode). C harge is distiihuial 

with density p throughout a region of space bounded by two parallel plates The plJk^ 
are separated by a distance which is small relative to their lateral dimensions, and an. 
maintained at a potential diflcrence I with one plate grounded. 1 he mass <'l ihc 
charged particles is m, and their charge is c. Distance from the gioundcd plate is meaMiicc 
by the cooidinatc .v. 

Let f/j denote the potential at any point m the region bounded by the plates, and 
show that Poisson’s equation and the principle of conservation of energy lead to 


/ di/) \ ./ / nuf) 


constant 


which IS the determinantal equation for c/> In this expression J denotes convection < uiiciif 
density (charge density times vehKity). 

Assuming that dcf^ldx 0 at the grounded plate, show that the solution ol iht 
above difTcrcntial equation is 

J = Kr‘- 


where K is a constant. This is known as the Child-Lam^nmir law. 

6-8 Lorentz Force. Find the force between a conducting sphere of radius R can vini;^^ 
charge Q and a point charge (j of the same sign located a distance d {d R) hoin 
center of the sphere. {Hint' See Prob 3-17 ) 

Prove that under certain conditions the charges may attract each other, and cakulatc 
the point at which the force changes direction. (Is this attraction physically possible 
Explain.) 

6-9 Magnetostatic Force. An infinitely long conductor in free space, carrying a ciineiH 
/, IS parallel to an infinite plane surface marking the boundary of a semi-infinite slab 
iron of permeability //. Calculate the force acting on the conductor per unit of its icnglli- 
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Wire in free space 


h 



Iron [jj.) 


Problem 6-9 



6-10 Lorentz Force. A conducting bar is placed on a line which is fed by a lime- 
injLi'cndcnt current source. Will the bar move away or toward the source'^ 


CurrenI 

source 



Bar (free to roll) 


Problem 6-10 


(i-p. Electrostatic Stress. Determine the mutual force acting bctvvcen the plates of a 
ixiiaiiji'pliitc capacitor. Assume that r €«. 

(,-12 Electrostatic Stress. Tvno equal and opposite point chaigcs (j arc separated by a 
virMiiLC 2// in free space. \ md the force acting on the negative chaige by integrating 
Lli L'Lii\ (he surlacc integral in Lq. (6-52) over an inlinite plane surface bisecting perpen- 
dkiil.uK the distance between the two like chafes 

6-13 Principle of Virtual Work. Solve the problem of Example 6-4 for the case in 
il,c voltage across the capacitor plates is allowed to vary but the total charge Q is 

licK! o>nslant 

6.H The Hall Effect. The Hall etfcct is the appearance of an clcctiic held mutually 
j)L“, jvnJit^ulai to a longitudinal electric field and a transveise magnetic field. Thus, il an 
v'kviiiL LLirrenl is (lowing in the .v direction, an clecliic field L// will appear in the y 
diiVLiiiiii when a magnetic held B is applied m the r direction. Prove that in metals, 
‘II jB, where r is the velocity of electrons in the v direction. 

6-15 Principle of Virtual Work. Two parallel metal plates separated by a distance of 
I -u' .c. Jiaigcd by a battery of 10 V 1 he battery is then disconnected, and the plates 
scpu.^!ccl to a distance of 2 cm If the area of the plates is 400 enr , find the work done in 
''vpaMiitig the plates Neglect fnngmg, and assume that the medium between the plates 

hec >pace. 

6-16 Principle of Virtual Work. An clecliostatic vollmetei is shown in the accom- 
p^in\:nu sketch. Two semiciicular fixed plates are connected to the potential to be 
•iicasiiial A movable conducting plate is fioc to rotate into the icgion between the 
hui ,s constrained fiom doing so by a torsional spring Develop an expression (or 
the angit* () m (ernis of I . Neglect edge cOects. Introduce necessary patamelers for the 
d(M,.a Stale clearly what each paiamctcr signifies. 
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Fixed 

plates 



\ 

Movable 


Proih I M 6-16 


6-17 Electromechanical Force. The operation of rotatins^ cleclnc mactiinei\ is hasL\l 
on the inteiaLlion between magnetic fields and ciirrenl-carrying conductors FIk 
ctmduclors aie normally insulated, and are place -'. slots around the periphetv di ii,,. 
lolor It would seem logical to surmise that, since forces act on the currenl-uii i -m;; 
conductors, the insulalicui would eventually detciioratc as a result of the couiIimoin 
pressing iigainsl lire rotor slol walls I his, however, is nol what happens OKlin.iu', 
How do you explain the phenomenon ’ 

6-18 Force on Polarized Matter. A dielectiic sphere ol ladius a is m an elect ik ticil 
that, fai from the spheie, is unilorm If the sphere is cut in half bv a plane pei pciuliai!,!' 
to the field, find the mutual h>rce between the hemispheres Assume that the dielcv'i. 
constant of the sphcie is c , that the magnitude ol the external held is / and liuii ii,i. 
surrounding medium is free space. 

6-19 Dipole Alignment. Piove that the torcpie exerted on a dipole m free sp^ue b\ .iii 
external field is 

I p X F. 


vs'hcre p is the vector dipole moment 

Also prove that the magnetic counteipart is 

I m X //„lf 

6-70 Dipole Energy. Prove that the magnitude of the energy of a dipole m iin 
held Is IS equal to the dot product of F and the dipole moment p 
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transverse electromagnetic (TEM) waves 


7J Introduction. Maxwell's equations imply the possibility of energy 
ph^ruMtion by means of elcctromajinetic waves. These waves can be 
t‘\[iciiiely complex in 1‘orm or, m special cases, rather simple. A particularly 
iisclul case, w'hich also serves as an introcluclicm to the more acneral 

puipiiii), IS the subject of this chapter. 

\ ijcneral slatemeni of an electromagnetic wave problem is as lollows. 
Ciiui; a set ol conditions and restrictions, what nonzero, nonstalic, eleciro- 
n^LMietiL iield configurations can exist, and what is the characteristic be- 
’ If a sLillicienl number of conditions and restrictions are assumed, 

^ i')c licld cimtigLiralion will be allowed. However, most electromagnetic 
I'roldcms^/Z/mr the indepcmlcnt of sev eral field conligurations. 

|li h profitable to adopt the waveguide terminology and call an allowed field 
‘d fiioJe. It should beemphasi/ed that the fact that a mode am 
\hi d^-Ls not mean that it does exist. In fact, if the modes are independent, 
c uiii aihiirarily assume that all of them except one, or more, do not exist 
^'0(1 .1'lipLtude), and then examine the remaining held eonhguralions. 1 his, 

' u 'll! sc, IS equi\aleni to imposing further restrictions on the original 
hut it avoids the necessity of repeating steps which are common to a 
'^os j! pi oblems. 

11k* main objective of this chapter is a study of transverse elcctro- 
( I L M, for short) waves. // at erery point in space the lectors oj a 
lb i ///(/ jicJd are ('on tamed in a local plane the space orientation of u Inch is 
^^^Irpciulcnf of tune, then the field is said to he a transreise electronun^netie 
li is to be understood that, in general, the orientation of the local 
^‘‘I'kk i> dillerent for dilferent points m space. An exception is the case ot 
^l(Uh' discussed below. 


^•2 Hue Wave Equation. In this section we wish to derive the so-called 
('(cLiiion lor linear, homogeneous, isotropic media, to express this wave 
;; Ml rectangular coordinates, and then to restrict the problem lurthcr 
Mdipijjsi meaningful form. We shall see that these conditions allow a 
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particular set of wave propagation modes, called uniform plane waves, whj^} 
have their E and H field components transverse to the direction of propagation 
Hence our solutions will be one type of transverse electromagnetic M'avcs 
For a linear, homogeneous, isotropic, and source-free medium 
Maxwell’s equations can be written 


X E — 



(M 


V X H -- (tE 1 

V • H 0 

V - E - 0 


BE 


(7-2j 

(7-3) 

(7-4i 


Taking the curl of Eq. (7-2), we obtain 


V X V X H — rr(V x E) | e (V x E) 

01 

Substituting for x E from Eq. (7-1) and transposing, we find 

V X y X H -7 //e ' per— - 0 

dt- dt 

A similar exercise shows lliat 




V X V X E 


a-E 


BE 




Making use of the vector identity 

V X V X A y (V ’ A) y^A 

and the third and fourth of Maxwell’s equations allows us to write E(js. (7o): 
and (7-6), respectively, as i 




dm 

dll 

/or-- 0 

(M 

and 


dm 

dE 

"" r, " 

(1-^ 


Equations (7-7) and (7-S) are ihc general forms of the so-called wave equaiion: 
obeyed by the field vectors E and II. They are in fact too general 
purposes. We shall speciali/c our problem in order to reduce its complex'') 
sufficicntlv so that we can solve it. 

Li 

Our first simplification is to require that the source-free mcdiiifii ^ 
nonconducting; that is, \se require that rt 0 everywhere. I'luler 
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iiiJitions Eqs. (7-7) and (7-8) reduce to 




VH ^.^^0 

(7-9) 

„ d^E 


dl^ 

(7-10) 


ihc mathematical symmetry of Hqs. (7-9) and (7-10) implies that the 
^iLiiK ns of both will have the same mathematical form. Hence we can 
cither and infer the solution to the other. Let us choose to deal first 
,lli ihe wave equation in E, Eq. (7-10). 

VVe recall that in rectangular coordinates 

-i V-A,, a,, ! V-A. a. (7-11) 

i:[ico Lq- (7-10) may be presented as three scalar equations, namely, 



d-'-E^ 

0 



d^-E., 

0 

(7-12) 

V-E, 

d-E. 



- dr-^ - 

0 



. 1' seen that expressing Eq. (7-10) m rectangular coordinates results in a 
iiniici amplification, that of mathematical symmetry in the equations 
leM'i’ii ii') the individual field components. 

One llnal specialization is required in order to reduce the problem to its 
iiii'.plLM meaningful form. This specialization will be slated in the form of 
[h'.‘ I'Tow mg questions. 

1 I'i linear, homogeneous, isotropic, source-free, nonconducting, un- 
bi'unU'.Li media, are there solutions to the wave equations such that there 
onU a single component of the electric field which varies only with time 

S tH'wiiii ihc direction perpendicular to the field component? What is the 
i^niliuinee of such a solution? To be specific, is there a field such that 


/r,(r,/) / 0 


dv 


0 



/;, 0 /:, 0 


( 7 - 13 ) 


' there is. then the set (7-12) reduces to the single equation 


//e 


dr^ 


dz^ 


0 


(7-14) 
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This is the desired result. Us implications are examined in this and 
following chapters. 


7.3 Solution of the Simplified Wave Equation. Equation (7-14) ,s 
second-order partial dilTerential equation. As such, it has two linrariv 
independent solutions, in addition to a non-time-dependent solii[i(),i 
Specifically, 

EJ^z,t) = - vt) + Er{z + vt) (7-15) 

where v -= I/\'/ie and E; and E~ denote arbitrary functions of their arou- 
ments. We can verify this result by direct substitution into Eq. (7-14) 
Thus, treating the arguments r - vt and r j- vt as composite variables, 
obtain 

dHE \ 



dz- 


(7-l(,i 

a nd 

- rv:r + ,-L/ 


(7-r, 

where E^" 
variables. 

and E~" indicate differentiations with 
Substitution into Eq. (7-14) yields 

respect 

to the coniposnc 


E ' i- E — uev-E " - //er“Z7 

" 0 

(7-lS, 

or 

(1 — fi(V-)E^ " (1 — /ur-)Ei ‘ 

" - 0 

(7-141 


which IS an identity if r - \j\ tu 


7.4 Interpretation of the Solutions. Let us now focus our altcnIUMioii 

Eq. (7-15). Let us examine E^iz vt) first. 

In order to visuali/e a function of the two variables, it is conxernenf^' 
choose two or more fixed values of one variable and plot the dependeiiL'c 
the function on the other variable. Let us assume that E^ (r vt) has the loiiii 
showm in Fig. 7-1 at the time t /„.t Careful examination of liie In 
tional form of E^ will show that, at a later lime U ^ 1 

unchanged in shape, a distance r, r(U /„) Ihc j r directu'ii \Mtli 

a velocity v. Hence we see the significance of the ; sign on E^.. Recall 
that we demand that dE^ldx dEjdy 0, we can summari/e our inin- 
pretation of E^ as follows. The function E^iz vt) represents a unijof’'' 


ilv / 




t Maxwell’s equations and oiir solution of the resulting wave equation do not speiii) 
except to require that it be a function of z vt and that it have continuous first jikI 
derivatives. I he exact form will depend on the initial (lime) and boundaiv 
conditions. 
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FiciURI 7-1. A possible form o\' - it) at two instants 

of time. 


I'lanc \uti c traveling in the r direction with a velocity r -- I/\ //e. It is a 
Liiiirurni plane v\a\e because at every point in space, the E vectt)r is con- 
ta lied in a plane (the .vr plane) perpendicular to the direction oi' propagation 
i :i and because the magnitude of the held vectors arc independent of the 
tuir^icisc (\ and r) coordinates. 

In general, if the projections of the vectors, delining a time-varying 
•irlJ along some straight line, all vanish identically at every instant of time 
and loi all points in space, then the time-varying field is called a plane ware. 

\ similar analysis shows that (r ; if) is a uniform plane wave 
H’a\cling 111 the -r direction. Note that in each case the E-field direction is 
perpendicular to the direction of propagation. Hence the waves arc trans- 
M' \\a\ cs. 

^ >imilar analysis can be carried out for the H-field vector. The results 
’Aill he (d the same form, interpretablc as transverse, uniform plane waves, 
flnw^vei , as the following analysis will show, there is an intimate connection 
ihc E and H fields. 

I "I eoncrelencss let us look at \va\es traveling in the redirection. Then 

i "e lia\c 



£- If. 0 


( 7 - 20 ) 
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For the linear, homogeneous, isotropic, nonconducting, and sourcc-tVee 
regions which we arc considering. Maxwell’s equations (1) and (11) reduce le 

„ dH 

(7-21: 


V X H - 



(7-22j 


As the student can 
will yield 


verify, Eq. (7-20) substituted into Eqs. (7-21) and (7-22i 


dE, 

a//„ 

dE, 

die 

dz 


dz 


dH, 

dE, 

dH, 


dz 

" di 

dz 

- e 

di 


These equations reveal a connection between Lj, and and between / apd 
Hj,. Direct substitution of the solutions for //,,, i:\ and //,,, whicli a:t 
all of the form of hq. (7-15), followed by integrationt yields the result^ 

Er nH, 17-24 

£ nE, a ; z ///^ 1 7 - 2)1 

/ 

where ^ ^ 

and IS called the chcn act eristic inipcdatuc oj the mednau. The qiianiii} / 
has the dimensions 


1 henrys/meter f - 

/ henry s 

seconds^’ - 

1 ohms v’ 

V farads/meter' 

' farads 

seconds t 

' mhos * 


This intimate relationship between the electric and magnetic field \cctois 
the motivation for the term electromagnetic wares. 


7.5 The Sinusoidal Steady State. Before proceeding with our 
of uniform plane waxes, vve need to digress slightly in order to develop si'ine 
concepts and notations which facilitate the discussion. 

Consider an electric field vector which is a function of positu'ii and>i 

t Example; dE,^ldz t/ and Therefore ihe lirsl of t H'' ^ 

becomes 77; whicli, upon inlcgralion, yields /77 /d 1 / ^ /u)Hl,OTld ^ 

The conslanl of inlegraiion is disregarded since we are inleresled only in tiinc-clL-pcndi'"' 
fields. 
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^^lusoidal function of lime. In rectangular component form we should write 

wlH'fT ^ ^ in ^ z functions of A', V, c and cosinusoidal functions 

of lime. That is, 

^xoCOS (ro/ -I (/)^) 
y ir„o cos [int 4 <j^y) 
z~^- ^50 COS ((n1 4 (j>^) 

vvjiefL /4o’ ^ 1 / 0 . ^re real functions of position (a,^ z), and (/>, are 

phasL- angles with respect to some arbitrary time reference. 

I lie advantages of complex phasor notation in circuit theory arc well 
lno^\ n. A complex vector notation has similar advantages in electromagnetic 
field iheory. In this notation we have 

- Re f- ^ 

- Re [(E/i, £„a„ - (7-27) 

\\hei\' L, etc., and Re ( ) means real part oj. The quanlilics 

/ / „ aiul L. are now complex components of a vector E, and 

rS' - - Re (Ec^‘") . (7-28) 

f W* 

; !i is ^onletlnlcs advantageous to note that *^4 

t Rc(Ec^‘"4- ; E*c ^‘"4 (7-29) 

s\NlK‘ie 14^ IS the complex conjugate of E. 

The other held quantities may be written in a similar form. However, 
^unless ihe constitutive relations 

D y:)(E) B - ^(H) J y(E) 

[ 

1^11 Imilmi , then cross-product terms result in generation of harmonics of the 
|hi!KLinK“inal frequency ej, and we cannot have the sinusoidal steady state. 

next wish to write Maxwell's equations in terms of the complex 
llicld^au iis, assuming the medium is linear, homogeneous, and isotropic, 
hi terms of our current notation. Maxwell’s equations are 


V X 


(I) 

V X 

' dt 

(11) 

'S3 - M 

0 

(III) 

S3 nj 

p 

(IV) 
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Substituting Eq. (7-28) into these equations and noting that 
V X Re -Re(V X 
d ld^\ 

r , "" (-r) 

and after canceling the common term which appears on both sides o' tadi 


equation, we obtain the results 

V X E --- ( 7 . 31,1 

V X H ((r ry('jf)E |- J,. (7-31, 

V ■ H - 0 (7-32, 

V • E ^ p/e 


as Maxwell’s equations for the complex vector fields in the sinusoidal stcacK 
state. t Use of these complex vector fields results in the same sort ol sinipli. 
fication in mathematical manipulation that the use of complex scalar qiiaiUiiic^ 
provides in circuit theor}^. In Eq. (7-31), J, is a source current 

Taking the curl of Eq. (7-30) and substituting Eq (7-31) into the icMiii 
yields 

V X V X K ; . yo>e)E - (7-34i 

and, similarly, taking the curl of Eq. (7-31) and subslilulmg Eq ( 7-a()) iiiin 
the result yields 

V X V X H y^' 7 ^(T j(>)€}H VxJ, 

Alternative forms of Eqs. (7-34) and (7-35) may be displayed b\ dsirl’ ihi 
expansion, Eq. (1-S4), and defining 

The results are 

V(\7 - E) — V“E ’ y-K - 

(7-3; I 

V(V ■ H) V^H : ym V X J, 

In the case of linear, homogeneous, and isotropic regions of space 
contain no free sources, this pair of equations reduces to 

vm /2H 0 

t Note that p IS of ihc form p p(x, v.r) eos (<'>/ Re ( pe^*'"), vx heic p 

scalar It simplitics the notation it v\e just remember this, rather than usin^ /» 

A second, and very important, point is to note that writing l.q. (7-31) m 
V X H — (c jali»)j(r)E ‘ J, allows us to define complex pernuttii tty as t I 

complex dielectric constant as both quantities being widely used ii* 

principally in specifying the properties of low-loss dielectrics. 
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i:c]ualions (7-38) are vector Helmholtz equations. Their solutions and 
properties of their solutions have been extensively studied and are well 
,,., 1 . A large part of the rest of this text is devoted to examination of 
^.l.r^'ornagnetic fields in situations where the vector Helmholtz equations 


7 5 tlniform Plane Waves in Unbounded, Lossless, Source-free 

Media. In Secs. 7.2 to 7.4 we observed that Maxwell's equations, applied 
iHi hounded, linear, homogeneous, isotropic, nonconducting, charge-free 
allowed solutions which were interpreted as uniform plane waves. 
li V ilic purpose of this section to examine these solutions for the sinusoidal 
stale in rectangular coordinates. We shall use the complex vector- 
ieki juUalion. 

f of concreteness, we once again assume that the wave is traveling in the 
- diiccnon and that it is uniform over the at plane. Mathematically, this is 


E, H, - 0 



(7-20 


SuHsiiiuiion of these conditions into the vector Helmholtz equations (7-38) 
u'sLilis 111 the set of scalar equations 


cEE, 


-E. 


0 


0 

y J U ^ 

az'‘ 


(EH, 

~~d7- 


yHf, 0 


(7-39) 


ciz- 




0 


Millie / . /p . 77^, and H are now functions only of r, these arc ordinary differ- 
equations, and as nui^ be readily verified by direct substitution, each of 
a solution of a form typified by 

E, E,e E,c (7-40) 

’ '1‘haiUageous to note that, for our current discussion, a 0, and hence 


'Vhcre 




j) (f)\ /ne 


(7-41) 
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is the phase propagation constant (or wave number). Thus we have as 
solutions to our problem 

£ _ £ V^, Jfiz I £-(.'jPz 

" " ‘ " ( 7 - 4 ^, 

y/„ - I 


where the factor is understood. 

Once again, we need to look for the connection between the K- and \\~ 
field components. j 

By direct substitution into Hqs. (7-30) and (7-31), we obtain the two scu 
of equations ' 


dE, 


dE„ 

dz 



dH„ 

dz 

ji'xE, 

dllr . 


Even more clearly than in Eqs. (7-23), we sec a connection bctv\ccn and 
/y,^ and between E„ and H Direct substitution of Eqs. (7-42) into F qs, 
(7-43) shows that the relationships are 




( 7 - 44 ) 


where /y - ^ before. 

From Eqs. (7-44) we sec that each electric field component is in phase 
( E sign) or 180 ’ out of phase ( sign) with its magnetic field counterpart 
In order to interpret further the significance of our results, let us once apain 
focus our attention on a particular part of the solution. Specificallv. 
assume thatf 

/ 0 E^. - 0 

-0 0 

Then we have 

E - EJe 

H - — 

V 


or 


6 Re 


(7-451 


I Since Ej. is independent of and E~^ and E^ arc linearly independent, this is a possible 
situation, and will lead to a nontrivial result. 
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]l ]s apparent that 6 and are orthogonal in space and in time phase. 
Since the relative phase (j)^ is with respect to an arbitrary time and space 
icierence, wc can usually omit it. It can be reinserted when relative phase is 
iMipcu'tant. 

If we rewrite Eqs. (7-45), taking the real part and dropping the plus 
>Lipcrscript as redundant, we have 

rf -- Ej. cos ((f)t - jhydj. 

Er (7-46) 

— — cos {(>)t 
V 

\side from direction and magnitude, the space and time behavior of both 
tile and yE fields of Eqs. (7-46) are the same. Let us look at the 6 held. 
V plot of this held at two instants of time, / - and / is shown 

in \ ig. 7-2, from which it is obvious that the wave moves m the ] r direction, 
li \\c focus our attention on the points P and P\ where the amplitude and 
sli>pe of the two curves arc the same, wc see that 

cos />ro) ^ cos — /bj) ^ constant 

flMis points P, P\ and similar points for other times are points oj constant 
Hence, in general, points of constant phase are defined by 

(»t — jlz — constant 

fL ditferentiation we obtain the velocity with which a constant phase point 
hiivcls, and obtain 


(Jz 

Jt 


O) 


tot i^z — I’oiiHtaiil 


I 


(7-47) 
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I tCii Rf 7-3 Spatial disti ibiitu>n of a harmonic wave. 


This velocity is known as the phase velocity of Ihe wave, and is implied li' 
Fiiz. 7-3, which shenvs the spatial distribution of both Is and H at two insiai'b 
of time. 

A second descriptive parameter ot' the wave can be determined Iren' 
examination cd' I m. 7-2. In this lipure the points P and are scpaiatcd in 
phase by jl Az Itt and in space by Ar /. This space change, rcijiiiiei' 
t(^ change phase by 2?? (at any fixed time), is called the warele/ii^th ol' the \vave 
Thus 

. — (7-4M 

r- 

is a quantity which is constant for uniform plane waves. Notice that vsioo 
leneth. phase vek)city, phase propagation constant, and frequency arc nder' 
related. In lact, we find easily from Fqs. (7-47) and (7-48) that 

V IW” 

where f m/27r is the frequency of the wave. 
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It should be stressed that the distance A, in which the phase changes hy 
Ir o always measured alony the direction of propay;ation. 


Exart'ple 7-1 Wave Parameters. A 10-GH/ plane wave tiaveling in free space has an 
^iinplitLide -- 1 V/m. 

(f/) Find the phase velocity, the wavelength, and the propagation constant. 
ih) Determine the chai acterislic impedance of the meeliiim. 

{() Find the amplitude and direction of the magnelic (leld in(cnsit\. 

{(/) Repeat part (r/) il the wave is traveling in a lossless, iinboimded medium, 
having a permeability the same as free space, but peimittivity four times that 
of tree space. 

S )1 U 1 IONS 

(t/) Foi free space 


\ //of,, M477 I0")(HS54 10 


3 Hr m/s 


r 3 nr 

/ _ 3 10 - 3 

/ 10 10 " 


2 003 1 ad/cm 


(/>) I he characlei isiic (mliirisic) impedance of iree space is 


\ \ 


«.H54 10 


(( ) I I om ( c| (7-44) 


ij Ml 


2 65 10 A/m 


wave IS traveling m the r diiection, or 


2 65 10^’ A/m 


me vNave is liav cling in the r diieclion. Here the minus sign indicates a reversal 
■' -|\Ke diiection. 


6/) I oi a dielectric medium with t, 4, 


1.5 10«m/s 


r„ 15 10" 

/ — 15 cm 

t 10 10 " 


In In 

T L5 


4. 1 86 rad/cm 
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A similar analysis ol' ihc other possibilities contained in our oriL'in,,: 
solutions, Cqs. (7-42), shows that identical phase velocity and wavelciiLUi 
will be t^btained lor each of the c forms, and that the c '-"'" form U|]i 
yield a phase velocity of in the negative r direction. Thus each 
held components of Tqs (7-42) is to be interpreted as the sum of \wo 
pendcnl waves, one iraxelmg m the ■ r direction and one traveling id il,, 
- r direction. It is to be remembered that our choice oi' the r direclKMi 
the direction of propagation was arbitrary. Our results show that Linil.Mn 
plane waves m an unbcuinded medium can travel m any direction iiKf- 
pendently th' each cUher. The form cd'the results for any other direclKui 
prc^pagation can be inferred from tT]s. (7-42) by ntUing that tlie piKMh|\> 
field components are transverse to the direction ot' propagatuui (See. " l(i, 
The connection between the E-hcld component and its H-lield counkovn; 
may be inferred Irom the held equations 

7.7 The Complex Poynting’s Theorem. We ha\c shown in C'liij i 
that Povnting's vector 

4 X .// 

IS the instantaneous power How densitv vector. We wish to obtain the Idiu, 
of Poynling's vector which is appropriate for use with our complex \oJ 
representation oi' the sinusoidal steady stale 
Trom fq. (7-29) we have 

Rc(Ec'‘’') UKc'-' K*c '"') 

Re die"'') Idle"" H^'e "'') 

as the instantaneous values oi /j and In the same wav we can wiiic 

The"'' K*( '.(He H'' ') 

1(E X HE E* X II) 1(E X He - E* x H*e ’ ) 

I King l.q. (7-29) in reverse and noting ilial 

(E x H*) ' E* X 11 (E X H)* E* x H* 

we obtain 

■'/> lRe[KxH*| [K X 

Notice tlial llic lirsi term is independent of time and that the second loini 
has a magnitude 

' ;E X 11 1 C(^S rf}) 

The two terms, in general, have unequal amplitudes. 1 he second term 
time dependence o( twice the frequency of the wave and a time-average 
which is zero. A plot of the instantaneous value of is shown in I ig- 
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:u3 



— -iT - 

U. 2/ 

I K.i lu 7-4 \hc time dependence of 


!i! many problems. I he timc-a\eraue power ilow densily is the only pari 
f\u\ci flow winch IS ol' iiUeresi. This suggests lhal we slnnild delinc a 
/iy»/( > lector 

S. l(KxH*) (7-51) 

wi iJ) Nve can use lo ealcukUe ihe time-average power How densily directly 
i'. ilic complex held vecun s vvilhoul reluming lo iheir mslanlaneous forms. 

. ihc nuUiv alion iov defining a complex Po\ nlmg's veclor, rather than 
iiiM ih)iiiiij that ihe lime-a\erage power How densily ecjuals the real part ol' 
S '•> lo obtain and lo mlerprel a complex Po> nlmg's theorem. I'his we can 
hi'-in a consideration ol' the complex form of Maxwell's equatiims, 

V X K /( Ti 

V X H J /ml) 

’ "^1 wc doi-nniltipl) the hrsl cqualum by H* and the conjugate of the 
'"'U equation by K Wc have 

H* ■ (V X E) /< • B 

E tVxll*) E J"^ /mE-D* 

\>e sLibliact the first equation from the second, and find 

II' (\7xE) E (VxH*) E J* /rdBH* E D*) 

v\e liansl'orm the left side of this equation iiMiiji the \cclor identity 
>ind nuiltiply both sides by the faetor ' e. We obtain 

V ■ ids X H*) iE ■ .1* ' ■ H* iE • D*) 
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The left side is obviously equal to - V • S^. So 

- V . S,, iE ■ J* ; - H* - . D*) (7-S2, 

This is Ihc ditTercntial form of the complex Poynting’s theorem. 1 
corresponding integral form follows at once. 

- C^'s, -nJw iE • .1* ^/r /V.j (iB • H* IE ■ D*) dr ('-S',, 

Inspection shows that the second term on the right of Eq. (7-S 1 , ,, 
purely imaginary. The first term, however, could have a real and an 
imaginary part. In general, the current density vector J consists u| j 
conduction component and a source component 

J J ^ I J rr E ‘ J ^ ( / ~ 5 4 1 

so that IE ■ J* i ^E - .1;;= (7.SS| 

Although the first term on the right of hq (7-.S.S) is purely real, the secoiia 
term is generally complex, because of the arbitrarv phase relationship 
between the vector E and the source component t)f J. 

In view cd' this discussion, it is seen that 

P, ( iE-J*^/r j (7-.S(, 


represents the power dissipation within 1 ai crcii^ccl over a complete e\clc i 
the wave. ( The symbol is used to denote the time average of a qiianlii\ i 
Similarly, 



i\ 

Re ( 

1 ^E • .1* d, j 

(7-57 

and 

i Q. 

./ ''11 ( 

1 !,E-J*dr] 

(7-5^ 


denote the real and imaginary components of the average penver evchaiiiiLi’ 
between the field and the sources in E. 

Now, using the same notatum. we see that 

W, - I lE.D*Jr C-W' 

I 

are the magnetic and electric energy storage terms averaged over a coniplcu 
cycle of the wave. Therefore the total complex power how across the sinTi^’^ 
may now be written 

^j) S, ■ n hi 


P 


p. ) , l\2r>{ n\ 


w, ) i ej 
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lUf) 

displaying a clear identificalion of the complex Poyntmg\ vector with 
real and imaginary parts of the power transmitted through the surface 
A very useful application of Eq. (7-61) is made in Sec. 11.5, where 
pcdancc IS defined in terms of complex power. 

In conclusion, let us note that the relations D eE and B //H allow' 

IP write Eq. (7-53) in the equivalent form 

-j) 1(E X H*) ■ n da ~ • J* dv -\ UE'-) dr (7-62) 


7.8 Polarization. Polarization of a uniform plane wave is a term which 
Jcsuihcs the behavior of the instantaneous electric field vector. (,>^^ is 
j,,‘( jx'iulicLilar to <S' and need not be described separately.) It is best defined 
,!) iL-rnis of specific examples. 

rpnsidcr the uniform plane wave whose total description is given by 




Re [(/:> 


Re 


n 




£,ocos (for — p'r - ^)^.)a, 
cos (of l>Z + 


(7-63) 


II s seen that the instantaneous electric field vector is always in the .v direction. 

I tills lIiis wave is said to be linearly jwlarizcd in the .v ilirectioiu or alterna- 
the V plane is the plane of polarizatioiu or the wave is x-po/arized. 
\ Ukv that these descriptions are incomplete in that the direction of 
I'loppi’aiion is not stated. Notice also that wTiting out the instantaneous 6 
iiui W fields has made it easier to visualize the behavior of the fields, 'fhe 
V. 'iiipicx vector form 

E b:,e 


H 



•i 




(7-64) 


uUviIK a sLillicient description of the wave. 

Vs a second example consider the held given b\ 

E 

H 

n 


(7-65) 


' also linearly polarized in the .v direction. Clearly, the polarization ol 
' '\e does not specify its direction of propagation. For instance, the held 

hv 


E (E^,e 


E, 

V 


e 





}1 


(7-66) 
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y 



I K.iiKi 7-5 The mstanlancoijs value of /> 


(ibviouslv LHMisisis ()l an v-pt'larized wave traveling in llic z dircclioii ph^ 
an v-polarizcd wave Iravclin^ in the r dircclum, both waxes beine Iineail. 
polari/cd in tlie a di reel ion. 

C onsider now the case of a uniforn'i plane wave Iraveline in ilu- 
dircclicm. Lcl 


K 

/:,i‘ a, 

i: e '^’a. 

H 

F'^ 

__ ;£v ^ j/<^ ■ 


V 


( 7 - 6 ' 


where and are arbiirarx complex ampliUides. ()b\iousl\. ilu hj' 
IS Ihc sum of the orlhcigcMial , Imcarlv polari/ed unil'orm jilane waves cl staiu 
as \cl Linspecihed maiimludes and relative phase Both arc iraveliiu’ in iIk 
;- r direction. Visuah/atmn of the resultant (leld is not simple II v\c Aiih 
out the instantaneous lield. we obtain 


cos cos jil </>)!*., ( "('i''' 

where <h is the relative phase ol the v component ol' with respcLl to ^ 
ct)mponent of 4 . 

Lxl us examine 4 at r O.t We have 

4,, cos a, /;_^„cos(u>/ • r/))a,, 

A plot ol this instantaneous 4„ held in the w plane is shown m I '‘j 

■! The discLi'^siun applies tu any othci plane eonslunl, since the leim /^'r i'- lcih'i'*'' 
and chanj^es only ihe phase of ihe a- and v componenls o\ t urlhei more, d the 
111 Ihe direction of wave travel is piopcriy taken into aceoiint, the same analysis app"' 
to a wave Iravelint' in llie nej;ative e direchon 
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\pj]vsis of the figure shows Ihul 

i (£„)^cos-(<-/ </>) (7-70) 

liKit IS at an angle 0 with respect to the .v axis, given hv 


tan 0 


cos (f'j/ . (fy) 
cos (fit 


(7-71) 


f!.; implications ol these equations will be more apparent if we now give 
. pi(\!sc dehnition of polarization. 

[hi’ polanzcttion oj an clcctronup^nctic ware is specified hy die plane 
, , whose paranictne ecpiation is defined hy the instantaneous i afues of the 
,/, f field components at a fixed point in space. A second definition stales 
liuii the polarizatiini is the curve traced out by the end peunt of the arrow 
;c|Me^eniing llic held in Fig. 7-5. The two dehnilions are identical This 
p,eiKularl\ evident if we use Zs^-and as the rectangular coordinates of the 
plMKii Liirve Frinn this point of view, we have from Fic]. (7-69) 


E, tf^^co’^en (7-72) 

/7^„cos(f)/ c/>) (7-73) 

Lienerallv represent an ellipse. Therefore the wave is said to be 
diiyuidlv polai ized. and the curve is called the polarization ellipse. 

Snme special cases of polarization are of interest, as folhnvs. 


( ij\e I 


<h 0 


h, /;,„cos--./ 


tan 0 


If 


r. 


(7-74) 


n kiis IS a stiaiiihl line The field is linearly polarized m the 0 direction 

1 '" 


(/M- 


} 


/; 




If 


E cos at 


(7-75) 
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QKis f lu' of I hr* 
planf' r1 the paper 



1 K.i Ri l-(^ I incar ciiLulat, anti clliplital polan/alion toi vvavcs 
it.i\clin^ in I he pnsilise / tlireelK)n (r/) I incai polai i/alinn , (A) 
t II culai polai i/aljon (clt>Lkv\ ise i t)talK)n ) ; (r ) cIliptiLal [lolai i/aMi>n 
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iio locus is a circle (hig. l-6h) of radius K. and 

Esinro/ 

tan 0 tan o>/ 

Jicos(»f (7-76) 

0 tnt 

electric field is constant in magnitude, and it rcHates clockwise with an 
,^’iilar rreejuenev cj The held is said to be cirrulufly polarized in the 
kLwim’ (right-hand) directum, looking along (not against) the direction 
: ol propagalicm. 


(.ase d 

l-,. /■- 4> \ (7-77) 

siiidcnl \\ill \eri(V that this held is circularly polarized in the countcr- 
, , 11 /sc ( Icl'l-hand ) direction. 


( ase 4 


, 7:„„ <t> 

L, cos 

sm iof 

tan 0 - tan ctf 


(7-78) 


‘ ^ IS ,111 ellipse w hose major and minor axes are along the .v and i' axes, and 
' iiol cijiial to i')i I he \\a\e is clhpncally polanzcd. T he electric held 
-lies 111 ilie Llockwise direction. riie period of its rotational Irequcncy is 
'c.t h\ a. bill Its angular \eloci(\ ol rotation is constant (Prob. 7-18). 


(Uise 5 


(b ' 


(7-79) 


'' ihc general case ol' elliptical polarization (1 ig. 7-6f ). ( onstruclion 

hK'us and an examination of it will show that the major axis of (he 
'T'" Ills lined at an angle with respect to the \ axis; this angle will be 
;'!i !,) dej'ieiul up(m 7:' ,, a nd upon lA. In fact, the locus traced b\ the tip 

' C(. Ua I IS 



sin*^ (/) 


(7-80) 
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an expression obtained by elimination of the variable component o)t (Prob 
7-5). The various cases considered earlier follow easily from a consideration 
of this equation under specialized conditions. For example, for Case 3. 
Eq. (7-80) reduces to 

E/ + - £2 

which, obviously, is the equation of a circle. 


I 


Example 7-2 Polarization. The wave represented by 

E, - 2 cos ( iot - (h) 

IS linearly polarized in the v direction. Similarly, the wave represented tW 

E, 4 cos {iof (h) \ 

is linearly polarized in the v direction. On the other hand, the wave denoted by 

Er 2 cos {o)t l)z) 

Ey 4 cos {o)t ih ) 

is linearly polarized also, but in a direction determined by tan 0—2 (Fig. 7~6ct). 
The wave described by 


£j, 2 cos (^ 0 / jlz) 

Ly - 2 cos {(nt jlz 90 ) 
is circularly polarized with clockwise rotation, whereas 
E,. — 2 cos {o)t - jlz) 

Ey 2 cos (( 0 / - jiz I 90 ) 


is circularly polarized also, but with counterclockwise rotation. I he last staicmcnl 
applies also in the case of the wave represented by 

Ej, - 2 cos ((ot h jiz) 

Ey 2 cos Unt 1 jh 90 ) 

Finally, 

Lr — 2 cos {(ut fiz) 

Ey 4 cos (cfj/ — jiz I 60 ) 


IS an elliptically polarized wave rotating counterclockwise, 
ellipse is 



ErE 



.1 

4 


The equation of the 


From the foregoing discussion it is apparent that an arbitrarily polarized, 
uniform plane wave can be considered to result from the superposition ol 
two linearly polarized waves. Moreover, every linearly polartzed wave can 
be resolved into two circularly polarized waves rotating in opposite directions 
with the same angular speed (Prob. 7-4). Consequently, an arbitrarily 
polarized wave can be considered as the sum of two circularly polarized 
waves. 
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Summarizing, this section has dealt with elliptical polarization and its 
two special limiting cases of circular and linear polarization. Linear polar- 
ization requires cither one of two transverse field components, or if both are 
present, no phase difference between them. Circular polarization requires 
ivNc) equal field components in space and phase quadrature. 

7.9 Uniform Plane Waves in Conducting Media. In this section wc 
examine the behavior of uniform plane waves in unbounded, linear, homo- 
geneous, isotropic, charge-free regions whose conductivity is finite but not 

/ercE 

Wc recall that the governing equations are Eqs. (7-36) and (7-38), with 
si^l 111 ions of the form 

/T^. E^e i (7-40) 

and similarly for 77,., 77,^. However, we must now note that y is complex. 
The definition of y was through Hq. (7-36). It follows, then, that 

y \ ! j( 0 e) (7-81 ) 

The radical has two roots whose choice will be governed by the require- 
nicnl that the imaginary part of 7' shall always be positive. However, for the 
sake of discussion, we consider momentarily four distinct possibilities which 
result from taking both roots while at the same time allowing a to be negative 
as well as positive. These are 


a -\-jti 


(7-8?) 

- a -//)' 


a - It! 

(7-83) 


l -oc y jli 


We shall call a the attenuation constant and /7, as previously, the phase-shift 
eonstant. The significance of the two forms, and of a and /)', can be seen 
Irom a substitution in Eq. (7-40). 

We look first at y - ol f /ji. In this case, Eq. (7-40) becomes 

E^ - E^e I E^e'^^c^^P^ (7-84) 

‘ind similarly for 77^, U From Eq. (7-84) it is apparent that the 
• esultant wave consists of two components, a component traveling in the +r 
direction with an amplitude E^e and a component traveling in the —z 
direction with an amplitude E-c'’^". Both components are exponentially 
^Utenuated in the direction of propagation. This is to be expected. It 
^l^Ues that the ohmic losses in the conducting medium result in an exponential 
‘Attenuation of the wave amplitude. 
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The definition y —(a -\ j(i) leads to identical results, the only 
difference being the interchange of £+ and Ej in Eq. (7-84). 

Now, the definition y ^ ol - jfi gives 

E.^ -~ \ (7-85j 

Interpretation of this equation shows that both components are exponentially 
growing in the direction of propagation. Although this solution is mathe- 
matically valid, it is physically unreal for passive media since it implies lhai 
energy is being extracted from the medium. Use of exponentially growiny 
waves is useful in analysis of the behavic^r of certain active devices, such as 
traveling-wave tubes, but is ignored in the balance of this book. 

Similar comments apply to y — (a - jfi). 

Having found the solutions for Ej.. 7/^., 7/,^, we need to establish the 
connection between the field components and to obtain the values of a and // 

First, we write the complex vector form of Maxwell's equations for our 
special case, which is expressed by the set (7-20). With a little algebra, wc 
obtain equations similar to Eqs. (7-43), namely. 


dE^ 


3E„ 


■■ 

-jMflH,, 



dH„ 

— (a \ joe) Ej. 

dH,. 

{(T \ ji<>e)K 

IT 

17 


As in the lossless case, we see that the equations separate into two inde- 
pendent sets, and once again a connection exists between Ej, and 7/,^ and 
between E^ and 77 j.. To obtain the actual relationships, we substitiile oui 
solution into these equations, noting that, for Ej, in the form of Eq. (7-40). 


BE, 

dz 


-yE;e-'^- I yE:^,c 


(7-87) 


and similarly for dEJdz, dHJdz, dH,Jdz. We obtain for the pair on the 
left of Eqs. (7-86) 


— yH^e i yH~e '‘ -{a i ji»€)Ele r — (a \ joi^)Eye ' > 


Since the wave represented by c '*'" is really independent of the wave repre- 
sented by each of Ihe equations above implies two equalities. Speeih- 
cally. 


E\ 




77., 


/ H 

V (7 i /(»€ " 


(7-8 



a h joie 


77: 


EZ 


(7-9 
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Miiiikir analysis yields relations between and //+ and £- and //;. The 
j^^iiiiplete results tabulated for reference are 


here 


^ - /y//7 E- ^ 




JO)fl 

V (r H jc 


(7-91) 

(7-92) 


These relations are formally the same as those obtained for the lossless case, 
ihc only difference being in the definition of the intrinsic impedance. It 
will be noted that, for the lossless case {a -- 0), Hq. (7-92) reduces to the 
previously obtained value, /y — [Eq. (7-26)]. 

flic complex nature of the intrinsic impedance implies that, although 
ihc electric and magnetic field vectors of a uniform plane wave in con- 
diicling media are still orthogonal to each other and are still transverse to the 
direction of propagation, they are no longer in time phase with each other. I 
We still need to obtain explicit expressions for 7. and (i. Setting 

f y/^)^ " A'v^(o' i /( 0 €) 

then expanding, 

7^ ~ I IJOLji -=- jojllG — 
and equating the real and the imaginary parts yields 


7“ — (>rfi€ 

27 .// (’)jiia 

This pinr can be solved simultaneously to give 


7 





(7-93) 

(7-94) 


^hhougli this pair gives the exact results, not much insight into their signifi- 
^/"Ke Lau be obtained in this form. As a practical matter, most materials 
into one of two widely separated classes, which we shall call good 
and good dielectrics. Their definition and behavior are described 

helow . 


The siiidcnl may wish to compare the significance of E 
i * yj of circuit theory, where Z is complex. 


where »y is complex, 
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Class 1. Good conductors By convention we shall define a good 
conductor as the case where 



1 


This definition depends upon frequency, as well as conductivity, viosi 
metallic conductors are good conductors at frequencies below 10^^ Hz. So 
for good conductors, it follows from Eqs. (7-93) and (7-94) that 


a 









(7-95) 


This implies that the wave is attenuated very rapidly, that its phase vclocii\ 
is very low compared with phase velocity in lossless media, and that ihc 
E-field vector leads its associated H-field vector by 45 . 

For good conductors, a distance called the skui depth, or depth oj 
penetration, h. is defined as the distance in which the wave amplitude is 
attenuated to \je of its initial value. From a consideration of the first (erm 
on the right of Eq. (7-84) we see that 


i) -- 


1 


a 


; 2 

\' (opcf 


(7-96) 


The skin depth d is very small for good conductors at high frcqueiuies, 
Typically, for copper, d 0.85 cm at 60 Hz and d 0.007 cm at 10*’ H/ 


Class 2. Good dielectrics We shall define a ^ood dielectric as the 
case wheret 

-f ' 

foe' 


In this case, one needs to use the binomial expansion of the exact expressions 
for a and ft. Retaining only the leading terms yields 


(7-97) 

^ (i)\' /Ll€ 

Also ^ la (7-981 

' Ve 

t It is common practice to refer to the ratio ir/dit by the name loss lanf;eni and to denote 
it as tan d rr/oje. This however, is different from the skin depth 


a 


la 

€ 


ft ^ oA 


, i(-y. 

8 \o,0 
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It seen that, for good dielectrics, the wave is attenuated very slowly, that 
phase velocity is nearly the same as though the medium were lossless, 
■ind that the E-ficld vector and its associated H-field vector are nearly in 

phase. 

In summarizing propagation phenomena in conducting media, we 
should point out that, analytically at least, this case is no different from the 
case of propagation in nonconducting media. As always, the point of 
dcparlurc is the set of Maxwell’s equations. And, as in lossless media, a 
XPM wave can propagate through a conducting medium. However, there 
IS a \ery significant difference in the structural characteristics of the field. 
In lossy media the wave is attenuated at a rate determined by the amplitude 
oi ihc attenuation constant a. This in turn is determined by the con- 
ductivity of the medium. The larger the conductivity, the larger the attenu- 
ation constant. In the limit as o' or , the attenuation constant becomes 
infinitely large, and propagation stops. In other words, no wave can go 
through a truly perfect conductor. 


7,10 Propagation of Uniform Plane Waves in Arbitrary Space Direc- 
tions. We shall now consider the general problem of uniform-plane-wave 
propagation along a specified axis, orientated in a completely arbitrary 
manner relative to a rectangular system of coordinates.t To fix ideas, we 
suppose that a TEM wave is propagated in a direction fixed by the unit 
vector n (I ig. 7-7), so that, at every instant, the vectors E and H are constant 
in both magnitude and direction over planes defined by 

r • n = constant (7-99) 

where r ^ .va,, 1 va,/ i -a, (7-100) 

71iat this is the equation of the plane follows from a consideration of the fact 
that, for every point on the plane, the projection of the radius vector r on the 
line fixed by the unit vector n is Just equal to the distance from the origin to 
ihc po'iii of intersection of the plane with the r' axis. 

It can be shown (Prob. 7-17) that an admissible solution to Maxwell’s 
equations in a linear, homogeneous, isotropic, and charge-free medium is 

E = (Eie"^"'" + Ege^"') 

-/y (7-101) 

H (n X E,e - n x n 

(OjU 

here the vectors E| and E^ are contained in planes normal to n and are 
^ jgjjg general, development is given in Sec. 8.2. 
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X 



FiciLiKi 7-7. The space onentaiion cif a ThM wasc Iravelint^ in the 
direction 


independent of the coordinates a', v'. nnd In addilion. 


( 7 - 102 ) 


is the complex propagation constant previously defined in Sec. 7.5. 

Evidently, the terms associated with represent harmonic 
traveling in the positive r' direction, with a phase velocity determined h\ iht^ 
imaginary part of - y. Jjl. Thus, setting the time derivative ol the 
constant-phase expression 

I'Jn-T ; (fit constant (7-103) 


equal to zero, we find 


r 


It 


(h (» 

'7t Ji 


(7-104) 


Similarly, the terms associated with represent harmonic waves iravcluv 
in the negative r' direction, with the .same phase velocity r,, " 

It will be noted, further, that the negative sign introduces a sign 
in Poynting’s vector for the two component waves, and thus correctly 
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energy travel in opposite directions. For simplicity, assume y -- J/i. Then 

Si = iEi X H* = iEi X E*) 

= i — [(El • E*)n - (El . n)Ei*] = (7-105) 

2 ofJL 2 a>fjL 

and Sg = iEg x H* = ^Eg x ^ " x E? j 

= i — [-(Eg • E*)ii (Eg . n)E*] = i £aH-n) (7-106) 

2 CO/A 2 a>/A 

N(nv, we stated earlier that the vectors and Eo are contained in 
planes normal to the unit vector n. Therefore n ■ E, 0 and n • E. - 0. 
Siiuc n X E IS a vector perpendicular to both n and E, it follows that both 
component vectors of H are normal to both n and E and therefore are 
coplanar with E^ and E.,. We conclude that the electric and magnetic field 
\LvUn's associated with either the forward ( f r') or the backward ( -z') 
iravcling waves arc orthogonal to each other and to the direction of propaga- 
tion 

A linal property of the 'wave represented by Eqs. (7-101) is revealed 
ihnuigh examination ol' the phase factor 

(/> — fin • r p <'>t (7-107) 

At a fixed instant of time, the second term is a constant, which we can denote 
aWx, and. v^ithout loss in generality, we can focus attention on the phase 
laclor w liich carries the plus sign. Then we can write 

(/> - (in r i k (7-108) 

1! VNC lel 

n r /r.a, (7-109) 

v\hcrc n,,. tu arc the fixed direction cosines of n, the phase becomes 

(f) jii.xnj. i yn^ 1 r/r.) ! k (7-110) 

\7</> - i (7-111) 

Kmcludc that the phase of the field changes most rapidly in the direction 
n, winch, we note, is the unit normal to the planes of constant phase; 
ninrcovcr, the maximum rate of change of per unit distance is exactly equal 
the phase constant of the medium. It is worth noting that in any 
^'rceiiun, other than n, the pha.se change per unit distance is smaller, and the 
velocity correspondingly larger. In fact, as this direction approaches 
to n, the phase velocity tends to infinity. 
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Example 7-3 Characteristic Features of a General TEM Wave. For the unifoir 
plane wave defined by 

E - [a. ! IX4 (2 -[ 

H - i Hy2iy 1- /y,a> n.HU)l7tU« 


where H^, Hy, H. are all independent of x, j, and r, determine 

(a) The components Ey, Hy^ //», assuming that // - //„ and e Cq 
(/>) The frequency and corresponding wavelength 
(r) The equation of the surface of constant phase 
id) The state of polarization of the wave 

SOI UTIONS 

{a) By comparison with the first exponential m the set (7-101) it is cleai tlu 
;'n • r — /2.3( 0.6a I 0.8v) - j2 3n • r 

where n - 0.63^. f 0.8a„ 

and since a i y/jl, a — 0, and />’ 2.3. Since n • E 0, it follows that 




0.6 j 

O.HEy 

0 


and 


t:y 

0.75 



Now ~ 

j) - 0J\ 

/ioe„, hence 



Hy 

H 

P 1 

nxE--nxI 

ro//,, /y 

1 

Wi 

0.6 

0.8 





1 

0.75 

so that 

//. 

0.8(2 , J5) 
377 

(4.24 i 

jlO.6) 

10 


Hy 

0.6(2 i /5) 

377 

(3.18 t 

/7.95) 

10 



0.6 0.75 

: 0.8 

3.31 . 

10 


377 



(6) The wavelength is determined as 


and the frequency as 


/ 


2tt 

J 


2.73 m 


c 3 10*^ 

^ X 2.73 


1.1 X 10« Hz 


(f) The equation of the surface of constant phase 


n • r - - 0.6a' 1 0.8j constant 


obviously defines a plane which is parallel to the z axis. 
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{(i) Separating the real and imaginary parts of the magnitude of E, we find 

E, ^ a, 4 0.75a„ -1 2a, 

E. 5a, 

C Icarly, E^ and E, are neither collinear nor mutually orthogonal in space. Therefore 
the polarization of the wave cannot possibly be linear nor circular; it must be elliptical. 

To summarize, we have slated that a field of the type specified by Eqs. 
(7-101) is a uniform plane wave, characterized by a three-way orthogonality 
property between the vectors E, H, and n. Additionally, we have shown that 
n defines the direction of maximum rate of change of the phase of the wave 
with distance. 


7.11 Group Velocity. Let us consider plane wave propagation in a 
medium in which waves of dilferent frequencies travel at different phase 
Nclocilies. Since all information is transmitted in the form of signals, which 
are made up of different frequency components, it is clear that as a signal 
navels through such a medium, a relative phase displacement of the various 
signal components will occur, and the signal, reconstructed at some distant 
point, will not be a true replica of the transmitted waveform. We say then 
ihal distortion results because of the dispersive nature of the medium. 

An important question that should be answered is just what is meant 
b\ vvavc velocity when dispersion occurs, which is the rule rather than the 
cMcplion. Strictly speaking, the concept of phase velocity applies to an 
inrimlc wave of a single frequency. Therefore, when we speak of the 
\clucity of a wave containing many frequency components and traveling in a 
dispersive medium, we must be thinking of the speed of some as yet undefined 
“shape.” But if the shape changes somewhat with distance, we lose the 
poiiu ol' reference. What is then meant by re/ocityl 

To answer this very important question, we need to introduce the 
umeepl o\' proup velocity. 

We saw earlier in this chapter that the .v or v component of any electro- 
magnetic vector associated with a wave traveling in the r direction satisfies 
cq nation of the form 



j -v’v - 0 

(7-112) 

where - 

(a \ \- pOf^lG 

(7-113) 

nonconducting (a 

0) medium, Eq. (7-112) reduces to 



- 0 

(7-114) 

where 

8 loV U€ 

(7-115) 
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Ol 



FiGDRh 7-8 Typical (o-(> diagrams for dispersive 
(doUcd line) and nondispersive (solid line) media 


and has a particular solution of the form 
V’(rT) 

Here both A and B arc cither scalar or, at most, complex functions ol 
frequency. For purposes of this discussion let us consider only the forward 
traveling wave. Then 

y'(zj) (7-117) 

Since Eq. (7-112) is linear, the general solution can be constructed as a 
linear superposition of solutions of the form of Eq. (7-117) over a range ol 
the angular lYcquency (». For truly periodic waves, the summation will 
extend over a discrete set of frequencies. For aperiodic waves or lor 
periodic waves of finite duration, the summation will extend coniinuoiislv 
over the entire frequency spectrum. Thus an aperiodic wave will be 
represented by the integral 

y'{zj)- (7-M8) 

J r 

Now , Eq. (7-1 15) shows an explicit relationship between /f and oj. 
nondispersive medium this relationship is purely linear. However, in 
dispersive medium the relationship between ji and (n is generally nonlincai, 
as typified by the typical (dotted) curve shown in Fig. 7-8. To allow lor the 
possibility of dispersion, we shall consider (o as an arbitrary function ol ^ 
(fj o>(/7). But whatever the actual dependence, either (o or ft can be taken 
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the independent variable when summations of particular solutions of the 
form of Eq. (7-1 17) are considered. Thus, in place of Eq. (7-118), we can 

write 

dfi (7-119) 

where, obviously, A(li) is a different function from A{o)) in Eq. (7-118). 

Next, we suppose that the wave is very nearly periodic, so that the signal 
IS baml-l ignited; that is, >4(/^) is virtually zero everywhere except over a small 
inicrval fti := /io- In this case, the limits of integration can be changed 
so that 

yizj) dli (7-120) 

J/j, 

while the angular frequency (o can be represented by the first two terms of the 
la) lor scries expansion o\' about where /^i ^ Thus 


aiul 


(0(/?) ^ o)(/)’(,) 


I- (Z^- 




dcdM 

dj] 


(nt — fiz 


I (/^ 


/^fl) 


r/o>(/-)o)" 


t 




(7-121) 

(7-122) 


If we set roj, - o>(/^), and if we add and subtract the term from the 
riuhi-liand side of Eq. (7-122), we obtain 


(ot — liz ^ ((Oj,r - |i^^z) + (fi - Aq) 


Y/oH/io) 


dji 


[iqiiaiion (7-120) then becomes 

y'(zj) - 

^^l^ere the amplitude 


r 

Jih 


V-„(r,/) Aifl) exp \j({i - (i„) 




(7-123) 

(7-124) 
dft (7-125) 


Is onl> a runction of r and t, once Ihe integration with respect to is per- 
li'niied. Clearly, the magnitude of Vo is constant over surfaces defined by 


d">(l^„) ^ (7.J26) 

dli 

horn which we conclude that the “shape” we spoke of earlier, which is known 
If' the ware packet, or the group, is propagated with the group velocity 


do)((io) 


V, 


d(i 


(7-127) 
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Ffgurf 7-9. A simple wave packet 

As shown jn Fig. 7-8, i\, is the slope of the diagram evaluated at p',, 
In dispersive media, this slope dilTers from the ratio which is the phase 

velocity for a particular frequency. In nondispersive media, however, the 
group velocity and the phase velocity are one and the same thing, since 
the slope of a straight line [Eq. (7-115)] is just the ratio of the ordinate to 
the abscissa of any point along the line. 


Example 7-4 Group Velocity of a Simple Wave Packet. As an illustration Jcl us 
consider the case of a signal made up of two haimonic waves which dilTcr onl) shehtK 
in a) and /L We suppose that the components of the signal arc 

Ij>i A cos [((U I (p l r')/>)z] 

I/'m a cos [(f/> ()(o)r - (ji 

where ^ is a scalar constant 1 hen the signal in question, obtained by superposition 
of i/'i and i'' 

Ip ipi y '2 2/4 COS (/ z (')!)) LOS i(f>/ (iz) 

and has an amplitude 

2A LOS (f ()o) z ()(>) 

which is a function of both distance and time, and therefore represents a 
whose frequency is very small compaied with O). At a given instant ol time, u 
plot of v' versus z appears as a senes of periodically repeated groups, as shown in F »g 
7-9, which travel with the group velocity 

i)iO 

On the other hand, the wave represented by 


cos (ojt jiz) 
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varies more rapidly along the time axis, and moves along the space axis with the 
phase velocity 

to 

thus appearing to slip through the moving envelope (dotted) of the groups. 

In summary, the concept of group velocity is extremely important in 
the study of wave propagation through a dispersive medium. It applies 
^^nly to narrow-band signals and loses its physical significance when hp is 
kiiiic. The transport of information, or, loosely speaking, of energy, 
^)ccuis at the group velocity. 


7.12 Wave Propagation in Linear Anisotropic Media. Crystalline 
materials frequently have different mechanical and electrical properties when 
measured along different crystalline axes. These differences arc due to the 
iiUernal atomic structure of the material. In some cases the crystalline axes 
are not at right angles to each other, and the analysis is very complicated. 
\nalvsis of a comparatively simple case will illustrate the effects of anisotropy. 

consider a calcite crystal. Chemically, calcitc is CaCOg. Structurally, 
ihe Liilcium and the oxygen atoms are displaced about the carbon atom in 
such a manner that they occupy the normal regular tetrahedral bonding 
pDsiiions of the carbon atom in an arrangement such that, on an alternating 
kisis, there are parallel planes containing oxygen atoms, carbon atoms, 
ailciiiin atoms, and repealing, except that in the second oxygen plane the 
ihra* oxygen atoms are rotated 60° with respect to the first plane. The 
so-called optic axis of calcite is perpendicular to these planes. Mechanically 
v\cak planes exist such that calcite may be readily cleaved. The cleavage 
planes are along planes defined by the calcium atom and two of the oxygen 
atoms. Thus the cleavage planes are skewed with respect to the optic axis. 
Cleavage faces are parallelograms with interior angles of 71 and 108°. The 
axis insects the corner where three of the 108° cleavage parallelograms 
ineel to form an obtuse apex angle. But we are interested in calcite’s 
1 elccii 'c il properties. 

The disposition of the atoms in calcite gives rise to an electric polariza- 
l^ility which has one value parallel to the optic axis and a different value 
perpendicular to the optic axis. This means that the constitutive relations 
l^eiwecn E and D will depend upon the direction of E. For convenience let 
hike the optic axis as the r direction. Then the constitutive relations will 
ol the form 

D, e D,- € E, (7-128) 

^^hcre t , is the value of e perpendicular to the optic axis, and is its value 
P^hallel lo the optic axis. 
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Now consider a uniform plane wave which is propagating in some 
specified direction in calcite and which, at least at some reference point, is 
linearly polarized. Obviously, the behavior of this wave will depend upon 
the direction of propagation and the direction of polarization at the reference 
point. Solution of the general problem of arbitrary direction of propagation 
and polarization is complicated, and tends to obscure the physical behavior 
of the wave. Since our presentation is introductory rather than exhaustive, 
it will be sufficient to examine two special cases from which some aspects of 
the general case can be inferred. 

Case 1. Propagation along the optic axis This is the simpler case. 
We have £, //, - 0, and hence e j does not enter the problem. At any 

point, 

E = (7-129) 

where fi , — oA //.e , , and the phase velocity is 

1 

r, - -7= 

V fl€ I 

Also, the E field will be related to the H field by 

where /y - \ ///e . Thus the wave behaves like an ordinary uniform plane 
wave in an isotropic medium of permittivity e . 


Case 2. Propagation perpendicular to the optic axis For definite- 
ness, let the X direction be the direction of propagation. With Ej, — - 0 

and djdy — d/dz -- 0, Maxwell’s equations yield 



5"^// I •> IT n 

H orfli E, - 0 

(7-130) 


d-E. 

-1 - 0 

(7-131) 

Therefore, for a wave 

Iraveling in the positive x direction, 



E - J % - 1 Ej e- 

(7-132) 

where 

/1|| ~ 

(7-133) 

resulting in two phase 

velocities. 



I 1 

‘’j ^ ,/ — ,/— 

V/X€^ V/r€|| 

(7-134) 
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The E and H field vectors are related by 

K e: - ->hn: 

where ^ (7-135) 

The significant feature of these results is that the two component waves 
luiNC different phase propagation constants and phase velocities. If the two 
cc^mponent waves arc in time phase at a position at, — 0, £'J and E:! are real. 
If wc define 

WC can rewrite Eq. (7-132) as 

E - - “^a,, |- (7-136) 

Comparison with the discussion in Sec. 7.8 will show that this is an elliptically 
polarized wave. The relative phase between the two components of E is a 
linear function of a, and is given by 

cf>-{^|i)x (7-137) 

Hence, at positions such that 

(/) fiTT 0, 1,2,3, 

the wave is linearly polarized and makes an angle 0 with respect to the v axis, 
L’lven by (Fig. 7-10) 



Fic.ukf 7-10. The plane ol' polarization for 

<fj i fl7T 
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0 - 



u 


for /7 even 


lor n odd 


We see now that the planes of linear polarization for odd values of fj arc 
rotated by an angle 20 with respect to the even values of n. 

For the special case — £, 0 ■= 45°, the alternating planes of 

linear polarization are perpendicular to each other, and are inclined 45 wiih 
respect to the optic axis. 


Example 7-5 Propagation in an Ionized Atmosphere. In further illustration, let ns 
consider propagation of TEM waves thiough llie earth's ionosphere, A reason.ibi^ 
accurate description of the ionosphere can he given on the assumption that there jic N 
particles of charge c and mass m at every point of an otherwise empty iciiion 
Actually, both electrons and posilive ions arc present in equal numbers, but hecaLisc 
of their relatively large mass and attendant slow velocity, positive ions play ralhci 
insigmlicanl roles in the propagation of waves through the ionosphere 

We suppose that propagation is in the r direction, parallel to the local diieition 
of the earth's magnetic held, B„. 

Under the innucnce of the passing wave, the charged particles will be lbi\cd lo 
move with time If 


u .va, i- va,; ■ ia, (7-138) 

denotes the inslanlancous velocity of the particles, and 

u Aa, ‘ ia„ -H ra- 
the instantaneous acceleration at a point (.v,r,z), then 

/mi r(K I u X B) (7-119) 

is the equation of dynamic equilibrium, which, when expanded, icatls 


-V — 

E, — ( \ B„ 

Hi,) 

tn 

ni 

V _ 

E; - (zB. 

Atf„) 

ni 

m 


m 

{.\By \ Bj) 



and thus describes the motion of the particles The wave, of course, is assumed to be 
TEM, and E- - 0. For plane waves in free space, |E/lf| v //,,/eo. Hence 


t 





B 

— = cB 

^ /hito 


|u X B| - |u X E| 


and 
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lliis means that in Eq (7-139) the ratio of the second term to the first is equal in 
magnitude to the ratio of u to e , which would normally be extremely small. Therefore 
all terms in Eqs. (7-140) which involve and B^ may be neglected, so that 


A - — \ — i'Ba 

m m ' 

(7-141) 

/-V ~ xB^^ 
m m 


Ihis shows, essentially, that the motion of the particles is largely confined to the 
uansverse \ y plane. 

Let us neglect particle collisions and assume that the field vectors contain the 
time only as a factor Then 


c e 

/<n\ — 

ni m ■ 

e 

j(ov — Ly — 

ni m 


(7-142) 


This is a pair of simultaneous equations in x and y. Routine solution gives 


fo>(tnle)E, : BftEy 
^o“ <o‘Hnifc)~ 
jfoinilc)!.,, B„E, 
B,r orimje)- 


(7-143) 

(7-144) 


suggesting anisotropic behavior, because v is affected by E.,, and y by E^. This will 
become even more apparent as the development is continued. 

The deiK>minator in both I qs. (7-143) and (7-144) is a quantity which vanishes 
when (n„ cBuj/fi I or electrons U'tnt 1 76 10” C/kg) in the ionosphere 

(/?„ 0 5 10 ‘ Wb/m-), the so-called giTriZ/tv/z/tv/n /,, -- 1400 kHz. At this 

iieqtiency (broadcast band), the charged electrons arc set in violent motion, absorbing 
Miiiially all of the energy of the wave, and thus causing propagation to stop. More 
i.ooiable conditions, of course, prevail at frequencies different from the gyro- 
Ircqiicncy of the medium 
Setting 

J AVu iVe(va,. vaj (7-145) 


in Maxwell’s equations, we now obtain 


V X E /(oB 

V X II 


where 



1^" 


0 

0 


(7-146) 


(7-147) 


and 


/e" 

0 


0 


0 


(7-148) 
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is the equivalent tensor permittivity of the medium. In this expression 





(X)^ 


where (o„ - eBjm designates the previously defined angular gyrofrcquency, and where 
-- e^ is the plasma, or the critical angular frccjuency. 

The anisotropic behavior of the medium, clearly indicated by Eq. (7-14H)^ 
caused by the presence of the fixed magnetic field Bo To show that this is so, we note 
that if ^0 “ 0, then 0, c" - 0, and [e,,] - e', where now e' ^ eo(l - ^i\rj(ir) 

In expanded form, Eqs (7-146) read 

— - foi/iM, \ (7-149) 

— - popjf, (7-150) 





(7-151: 


dz 


/wie'Ey r j^"E.) 


(7-152 


If we eliminate H, from Eqs. (7-149) and (7-152), and also eliminate From I qs 
(7-150) and (7-151), we obtain 


I€"L r e 'Ey ) 
( 0 -p,,i--€'E^ j^"Ey) 

02“ 


(7-151 


Sub.stituting an assumed solution of the form 

Er - Ly - 

where A and B are (generally complex) constants, in the set (7-153), and subsequent!; 
dividing out the common exponential factor, we find 


- — ' I B j!fx)E'A 


( 



jp^E'B 


(7-154 


The condition A- = B' reduces both equations in fhis set to identities, and thcrelor 
the solutions coi responding to the two possible cases B ^ jA and B - ]A are a 
follows. 


SoLunoN \. B jA 


1 


PxxW e") 




- A cos oj 



I/^ /6.Co 

(7-1. V 

\ 1 aj,;-/[oj(aj fO„)l 


Ey A sin (rt 1 t 

\ V, 

(7-1 5( 
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,1 UTION 2. B -- jA 


1 

V//o(e' €") V/ 1 £0(,7[aj(co ^ CO,,)] 


- A cos 


;rj 


Ly - A sin CO 




(7-157) 

(7-158) 


The physical interpretation of these results can be realized by noting that a linearly 
polari/,ed wave traveling in the (elTcctively) anisotropic medium is decomposed into 
iwo circularly polarized waves rotating in opposite directions. One of these waves (for 
example, with the clockwise rotation) is propagated with the velocity r.j, while the 
other IS propagated with the velocity Vy. Therefore a wave impinging upon the iono- 
sphere, though linearly polarized, may be reflected back to the earth with a circularly 
polari/ed component (which, incidentally, causes a fading in the returned signal). 

This phenomenon may be explained with the aid of Lqs. (7-J55) and (7-157). 
l or very large u, and both waves go through the ionized medium under 

essentially identical conditions. For o) ^ r, 0, and absorption of one of the 
urciilarly polarized components occurs, the remaining component goes through 
MitLUilIy unaffected and accounts for the change in polarization previously noted. 
I 01 small (o, both r, and v, are imaginary, and the wave is attenuated as it goes through 
I he loni/ed medium 


Summarizing, the theory of uniform plane waves was extended to 
tinisotropic media. It was found that propagation with two distinct 
\clocilies IS generally to be expected. 


7.13 Cylindrical and Spherical Waves. We have seen that in linear, 
lioniogencous, isotropic, and source-free media, the wave equation predicts 
ihc possible existence of propagating modes which arc interpretable as 
iinilorm plane waves, with E and H fields transverse to the direction of 
propagation. We found these possible modes by (in essence) asking what 
ilic consequences would be of demanding that a particular field component 
(in rectangular coordinates) be a function only of time and one other 
cooulmate [see the discussion following Eq. (7-10)]. A similar question 
could be asked for the wave equation expressed in cylindrical or in spherical 
coordinates. There are, of course, three choices for each coordinate system 
lor ihc coordinate of variation. We shall display for each coordinate system 
iHc Milutions for one choice. 

(Cylindrical waves If we require that E, be a function only of radius 
shall find that, in the limit of large r, the wave equation will allow a 
''olution of the type 

E- 

\r Vr 


E, - E 


(7-159) 
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with H perpendicular to E and to the radial direction and with a magnitude 
given by |H| = |E|/ry in a manner similar to that for uniform plane^uve' 
This solution is uniform over cylinders r = constant. The wave 
propagates along the radial direction, and the field components are transverse 
to the direction of propagation. Hence it is called a uniform cylindrical i, („ ,, 


Spherical waves If we require in spherical coordinates that be a 
function only of r and 6/, we shall find that, off the 0 — 0 axis, the wave 
equation will allow solutions of the type 


E, ~ E 


f, - JPr 

r sin 0 


/jjfir 

r sin 0 


(7-160) 


with H perpendicular to E and to the radial direction and with |H| ^ |El/vy. 

The wave propagates along the radial direction, and the field components 
are transverse to the direction of propagation. 


7.14 Nonuniform Waves. Uniform waves are constant in amplitude and 
phase over surfaces normal to the direction of propagation. Although il is 
not at all obvious at this stage, it seems intuitively possible to have wave 
propagation for which the surfaces of constant amplitude and the surfaces 
of constant phase are distinct. This intuitive result turns out to be indeed 
valid. Such waves are called nonunijorm uares. 

As an example, we can show easily that, if E,^ ^ E, 0 and djdx 0. 
then a solution to Maxwell’s equations is 



£'C ’V '""X 



H H '"'-a,, \ E c-^V'-'l'-a. 

(7-161) 




with 

a2 - /^2 _ 

(7-162) 

A more 

general description of a non uni form wave can 

be given by 

writing 

y} — r) 

(7-I6.S) 


where iij and are two distinct unit vectors, for either of the two transverse 
components of a plane wave in rectangular coordinates. This wave may 
then be readily shown (Prob. 7-13) to satisfy Maxwell’s equations by 
expressing the spatial dependence of the exponent in the form 

711 - a'fli { (7-164) 

where n defines a complex propagation direction, and ol a, (>' / P- 
Clearly, the planes of constant amplitude and the planes of constant phase, 
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respectively, defined by 

•*1 • r — constant n, • r — constant (7-165) 

are distinct, and, in fact, at times orthogonal, to each other. 

The physical implications of the vectors n, n,, and n.j are examined in 
creaier detail in Chap. 8. 


Example 7-6 Characteristic Features of a Nonuniform Wave. 1 ct us suppose that 
the electric field associated with the wave considcied in Example 7-3 is slightly modi- 
fied to read 

K -= [a, -i /r„a, I (2 I /5)ajt- « «. ■ lo »-,o 

If this IS to represent a TEM wave, we should have 7 n • E -= 0 This in turn requires 
that 

0 6 -1 (0.8 - j0.6)E, 0 

- 0.48 -1 /0.36 

In order to better understand the nature of this field, we need to examine the 
character of the exponent. We have 

/2.3[ 0.6.V + (0 8 y0.6)v] - 2 3[ 0.6v * /(O 6.v - 0.8v)] 

^ - 1 38a, r • (.va^ i va„ -i zaj i j2 3(0.6a, — 0 8a J • (.va^ F /a„ -f ra,) 

l.38ni*r - /2.3na ■ r 
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Eigurl 7-11. The spatial relationship between the planes of 
constant amplitude and planes of constant phase for a non- 
uniform wave. 
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where 


111 — 


n, — — (0.6a^ 0.8aJ 

This places in evidence the fact that the planes of constant amplitude (v -- consiant) 
are not coincident with the planes of constant phase (0.6.v - 0.8v - constant) |p 
fact, as shown in Eig. 7-11, the two planes arc inclined relative to each other at an 
angle 

fj =. cos ' cos ' 0 8 -- 36.8" 

/z,a;2 

On an equiphase front, the amplilude of K is therefore not constant for this wave 

We may summarize by defining a nonuniform TEM wave, ii^ general, 
as a wave whose amplilude is dependent upon one, two, or even three space 
coordinates. 


7.15 Summary. This chapter has given an introduction to wave propaga- 
tion by considering the important subject of transverse eledromagnciic 
waves, with primary emphasis on uniform plane waves. A brief introduction 
to Limform-plane-wavc propagation m anisotropic media was presented, and 
the case of nonuniform plane waves was discussed preparatory to a presenta- 
tion of some of their more specific aspects, in Chap. 8. 

The importance of plane waves stems from a very basic and practical 
consideration. At su/ficientlv /ar<^e distances ftoni their sources, all waivs 
trarcliw^ in ordinary rci^ions behai c locally like unijorm plane waves; m other 
words, the vectors E and 11 are orthogonal to each other and to the direciicii 
of propagation. We shall see, in Chap. 10, that the wave emanating from ; 
Hertzian dipole (lime-varymg point source) is locally transverse electro- 
magnetic at points outside a sphere, centered about the dipole, with 
minimum radius of about one-sixth of a wavelength. 

The types of waves considered in this chapter were determined :is 
admissible solutions of the field equations without regard to the nature ol I1 il‘ 
sources which generate them. This is m keeping with the traditional 
approach to analysis, where simple solutions are determined first, from winch 
more elaborate solutions are subsequently constructed by superposition 
An ordinary example is furnished by the circular functions (sines and 
cosines), linear combinations of which comprise familiar Fourier series 
representations of arbitrary functions. 

Strictly speaking, a uniform plane wave can be generated only by an 
unbounded system of sources spread over an infinite plane at infindV 
Obviously, this arrangement is physically impossible. However, waves 
which arc locally plane can be generated by systems of sources which arc 
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lounded and which are located at finite distances away from all points of 
ibscivation. 

f or all types of harmonic waves, the direction of energy flow is 

etcrmined by the complex Poynting vector S^; the real part of this vector 
ivcs the rate of energy flow per unit averaged over a complete cycle of 
lie wave. In nondispersive media, the transport of this energy occurs with 
he phase velocity; in dispersive media, it occurs with the group velocity, 
iiovided the group is band-limited. No meaningful statement can be made 
n this regard for signals with unlimited frequency spectra because of the 
xircme deformation of the original shape of the signal. 

The most general polarization of a plane wave is elliptical. Special 
)olai izations are the linear and the circular. The rotation (clockwise or 
oLiiitcrclockwisc) of a circularly or elliptically polarized wave is established 
)\ standing behind the wave, so to speak, looking in the direction ofprop- 
^ition. The distance between two successive peaks of a wave, measured 
ilonji the axis of propagation, is the wavelength. 


Problems 


l-\ Uniform-plane-wave Field Configurations. Given a uniform plane wave whose 
.omplex vector K Held is given by 

E - i:,c 

Ahcie L, IS real 

(f/) Sketch the actual E and H fields as functions of z for / 0. 

{h) Sketch E and H as functions of i for r - 0 
[Hint Write out the real fields and sketch them.) 

7-2 Wave Parameters. For the wave of F.xamplc 7-6 determine the frequency and the 
uavclcnglh if// //„ and € ~ c„. Also, determine the polarization, and stale the direction 
'1 roUiiuin. {Hint See results of Prob 7-13.) 

7-3 Polarization. Given a uniform plane wave whose complex vector E field is 
E 3c' 4e 


<//) Write the parametric equations for the polarization ellipse and sketch the ellipse, 
(/o Sketch the direction and magnitude of the electric Held vector at several values of 
time for a fixed position r. 

h ) Repeat part {h) for several values of r for a fixed time /. 

Polarization. Prove that every linearly polarized wave can be resolved into two 
-irtiiluily polarized waves rotating in opposite directions with the same angular speed. 

^“5 Polarization. Derive Eq. (7-80). 

7«6 Wave Velocities. Prove that, for /> real. 


I’fi 
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7-7 Wave Velocities. Given the w-[i relation 





Determine and and prove that, in this case, i\v„ = 

7-8 Lossy Medium. The conductivity a of ordinary metals is in the range from 10^ tv 
10=* Ufm-, for ordinary dielectrics, the range is from 10 to 10“^'^ n/m. 

Calculate the approximate values of the attenuation factor a, the propagation factor 
P, the phase velocity and the wavelength A, for a frequency lO*^ Hz. Assume ft - 
(a) For a material of conductivity rr ^ 10‘‘ H/m and t,. — I. 

(h) For a material of conductivity rr — 10 ’'*n/m and e, — 2.6. 

7-9 Energy. Prove that, for a uniform plane wave, in a lossless medium, « 

7-10 Poynting’s Vector. Consider the plane wave of Prob. 7-1 in free spape, and Ici 
Er 0.2 V/m. Find the time-average power propagated by this wave. 

7-11 Energy and Power. A 100-MHz wave is traveling in free space and has an 
amplitude ii() - 10 ^ V/m. Find 
(a) The parameters ?. and P 

ib) The average energy densities and per unit volume 

(c) The complex Poynting's vector and its peak amplitude 

7-12 Poynting’s Vector and Nonuniform Spherical Waves. Given a sphcnca 
wave with a complex E-field vector 


where L'o is the complex constant 20r'^^''^ V/m Calculate the total outward power flow foi 
this wave. (Hint' Integrate from 0 On io 0 - n On.) 

7-13 Nonuniform Waves. According to Eqs. (7-163) and (7-164), a nonunifoim vvu\t 
may be represented as 

yf - y>ne>"*^~ 


Prove that this type of wave reduces the field equations to 

X E — /(x)B ;'n • B - 0 

- '/n X H — J ; /wD yn • I) - 0 


where the last equation on the right holds only if the medium is free of charge. 
Also prove that 


7 ^n • n - jeofin 


Finally, prove that the vector E is perpendicular to both n, and n.^ and that the plane o 
n, and contains the magnetic field intensity vector H, provided the medium is linear arc 
isotropic and the E field is linearly polarized. 

7-14 Complex Notation. Given two complex vectors and G.^ with arbitiar] 
dependence on the space coordinates. Determine all possible states of polarization foi 
which space orthogonality in the frequency domain (Gi ■ Ga -= 0) implies space orlhog 
onahty in the time domain [Re (G,) ■ Re (G.^) - 0], and conversely. 

7-15 Propagation in an Ionized Medium. Consider the problem of Example 7-.'>, anc 
examine in full detail the case in which the static magnetic field is perpendicular to l < 
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direction of propagation. Neglect the effect of particle collisions, and assume two- 
^liniensional particle motion. 

7.16 Propagation in an Ionized Medium. The purpose of this exercise is to study 
(he ctfects of particle collisions on plane-wave propagation through a plasma with zero 
magnetic field. 

When the gas-molecule density in the plasma is sufficiently high, energy stored in 
electron motion is lost through collisions, and the wave is attenuated. Since the collision 
process is random, it is necessary to write the force equation for an electron which, on the 
;i\era^e, experiences one collision per mean-free-path length. The energy loss is expressed 
hv a Janipmg term in the equation of equilibrium: 


cJu 


c 

- E 
m 


Tor certain special gases, is independent of electron velocity and reduces to the collision 
frequency (a fixed number). Tn these cases the preceding differential equation is easily 

solved 


u 


ejni 

/ ‘ /« 


Suppose that a plane wave is propagated in the direction of the positive z axis of a 
rectangular coordinate system. For the sake of example, we assume only that there are N 
pLii tides per unit volume of charge e and mass ni in otherwise empty space. A static 
magnetic field is not present in this case 

in) Write the field equations for this problem. 
ih) Does the medium behave anisotropically? 

(( ) Determine yn • 7 'n, where y is the familiar propagation constant. 

\(h Determine the equivalent (real) permittivity of the medium. 

(ci Determine the equivalent (real) conductivity of the medium. 

Ixpicss all your answers (where pertinent) in terms of the critical (plasma) frequency 
yV/c,,//?. 

7-17 General TEM Wave Expressions. By direct substitution, prove that Eqs. (7-101 ) 

aic solutions of 

VxE- jcofiU V-H -0 

V X H - (<T - /(oOE V ■ E - 0 


'dicic (, //, and n are scalar constants. 

7-18 Polarization. Consider a uniform plane wave propagating in the positive z 

^lircc'iion, and let 


E(r,/ ) E, cos (o)t — pz)^j. /'j cos (ojt - - /?z -r 

If ) denotes the angle between E and the positive x axis, show that the angular speed of 
rotatK.n of the electric field vector is given by 

dO(t ) a, ■ [E X (dElcIf )] coE^E. sin 1 ^ 

cU I El ’ cos- {wt - Pz) -I £ 2 “ cos^ (tot - Pz -f <!>) 



CHAPTER 8 


REFLECTION AND REFRACTION OF PLANE WAVES 


8.1 Introduction. In this chapter we consider the problem of uniform 
plane waves propagating in a region which has an abrupt change in the 
constitutive relations. The surface where this abrupt change lakes place is 
called the boundary between the two regions. For simplicity, we consider 
only planar boundaries.! Thus we discuss situations such as a uniform 
plane wave in free space incident upon a plane conducting region, uniform 
plane waves incident upon a plane interface between two dielectrics, and 
uniform plane waves incident upon a plane dielectric slab. In each situation 
we implicitly or explicitly require that there be only one plane-wave source, 
located so remotely from our region of interest that interactions with the 
source can be ignored. This source will produce a plane incident w'arc 
Our problem in this chapter is the effect of the boundary upon this incident 
wave. 


8.2 General Direction of Propagation. In Sec. 7.10 we developed the 
proper description for uniform plane waves propagating in arbitrary directions. 
In this section we repeat a portion of that development from a slightly 
different point of view. Our motivation is that, in the general case, our 
incident wave will be traveling in some arbitrary direction with respect to the 
interface between our two regions. It will usually be found desirable to 
express the behavior of the waves in terms of a right-hand rectangular co- 
ordinate system referenced to the surface normal. 

Let us consider, then, a linearly polarized uniform plane wave traveling 
in a specified x' z coordinate system. Let the wave be A''-polarized, and 
let it be traveling in the -\-z' direction. Then, from Chap. 7, the .v', y\ - 

t We should stress at the outset that the theory we develop is applicable even when 
surface of discontinuity is not plane, provided the wavelength is small compared with t e 
radius of curvature of the surface. 
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description of this wave is 

E - (8-1) 

H - e-y^\. (8-2) 

\\hcre has been used to allow the possibility of conducting regions. 

it should be apparent that the problem of describing this wave in the 
;( V, r coordinate system is a problem in transformation of coordinates. 
Thai is to say, we need to express z', and a,,^ in the x,y, z coordinate 

^vsicm. With little loss of generality and great reduction in complexity, we 
maN demand that the origins of the two coordinate systems coincide. This 
means that the two systems are related by rotation only. Translational 
transformations are seldom necessary and, if required, can usually be made 
after rotation has been accounted for. 

As will be recalled from analytic geometry, for rotational transfor- 
mations in rectangular coordinates, the relations are 

x' =- l^ x -h myy I- 
y’ - f^ x I m,,.y -\ n,.z 
z' l^'X 1- m.y f /7, z 

where the /’s, m’s, and n's are the direction cosines of the primed axes with 
respect to the unprimed axes. Thus the r' factor of the exponential becomes 

— /,'A' r I - (8-3) 

It IS frequently convenient to write yz' as the dot product of two vectors. To 

this end, let r be the radius vector from the common origin of the coordinate 
svsieins to some point P. Then we have 

r — .va, v'a,,- z 2 l. .va., va, za, (8-4) 

Nov\ define 

Y ^ y^z' (8-5) 

form the dot product of Eqs. (8-4) and (8-5), and obtain 

Y . r - yz' --- yx 2 L.r . a^. -| yy 2 L.j • a^ + yz^.> • a, (8-6) 

Hut the dot products of the unit vectors in Eq. (8-6) are just the direction 

cosines lU . Therefore we can write a general form of the trans- 

lonnalion for the exponential factor as 

V~' __ ^-oid-jxvm.'in n.’z) _ a • jP ■ r (g_7') 

where a - a(A a^ f I P f 

ih noting that p • r ^ constant defines planes of constant r', and thus 
planes of constant phase of the wave. The normal to these planes is the P 
direction, which is the j r' direction. 
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A careful consideration of geometrical relations between a^^ , a. 
and a^, a,,, a,, as displayed in Fig. 8-1 for a^., will show that the relations 
obtained by vector addition rules are 

“a- - L K 1 1- rix-^z 

“v' — I (8-8) 

a,^ — /.^a^ -f 

From Fqs. (8-3) and (8-8) it is apparent that the complete transformation 
may be readily obtained if the direction cosines of the x\ v\ coordinate 
system with respect to the x,}\ z coordinate system are known. Returning 
to our original wave, we have 


E = EAL-^J- -I 

£ 

H - 


(8-9) 


Similar expressions would be obtained for other polarizations and 
directions of propagation. These expressions seem complicated, and they 
are. Fortunately, in most problems it is possible to retain one coordinate 
axis common to both coordinate systems, thus using only a single angle ol 
rotation about the common axis. This reduces the nine direction angles to 
four, which take the simple values of 0, tt/I, 0, and tt/I — 0, where 0 is the 
angle of rotation. 
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8.3 Snell’s Laws. The general laws of reflection and refraction which 
describe the behavior of plane waves at plane interfaces between two linear, 
homogeneous, isotropic media are developed in this section. These laws, 
specialized for lossless media, are known as Snell's laws, which are the 
familiar laws of geometrical optics. They state that the angle of incidence 
equals the angle of reflection, and that the relation between the angle of 
incidence, 0,, and the angle of refraction, 0^, is given by 


sin 6^ i\ 

sin Oj. i\ 


( 8 - 10 ) 


where i\ and i\ are the phase velocities of uniform plane waves in the medium 
of incidence and of refraction, respectively. 

In geometrical optics, these laws are derived, usually, on a semi-intuitive 
physical reasoning basis. We propose to show that they follow from our 
previous results for TEM waves. 

For notational and mathematical manipulative convenience, it is 
desirable to note that our expressions for a linearly polarized plane wave, 
Fqs (8-9), can be rewritten in a more compact notation, which in fact is also 
more general. As shown in Sec. 7.10, the first of Eqs. (8-9) can be written 

E - (8-11) 


where E^^ is the complex vector magnitude of E, l-yn>e) is the 

propagation factor for the medium, and is a unit vector in the direction of 
propagation. 

Now, since we have a TEM wave, H is perpendicular to E, and both E 
and H arc perpendicular to Ho, which is the direction of propagation. This 
allows us to write the expression for the H field as 

H = ’LE (.-/"o-r (8-12) 

V 

Note that, since Eqs. (8-11) and (8-12) hold for any component of a TEM 
wave, they also hold for the more general case of elliptical polarization. 

Now consider the situation depicted in Fig. 8-2, where we show a two- 
dimensional projection of a plane wave propagating in the Hq direction in 
medium 1 and incident upon the plane surface S separating media 1 and 2; 
n 1^' the unit normal to S taken positive into medium 1 . This wave is partially 
rcllecied and partially refracted as two new TEM plane waves in the iii and 
^2 directions. 

In terms of the notation of the figure and Eqs. (8-11) and (8-12), we have 
incident wave E,, H,, a reflected wave E^, H,, and a transmitted, or 
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5 



FiGURt 8-2. The geometry and notation for reflection 
and refraction at a plane surface. 


refracted, wave E,, H, 

, given by 





E, 

EflC ^ 

H, - 

- — Ho 

X 





Vi 



E.- 

Ejf--)!".-- 


- — "l 

X 





Vi 



E, -- 


H, - 

- — n.. 

X 





Vi 




where yi, ~ has been used in the first pair in Eqs. (8-13). 

The derivation of Snell’s laws Iroin these relations involves the use of 
vector manipulations and of vector identities, and interpretation of the 
resulting equations. 

First, we note that continuity of the tangential components of the total 
E and H fields everywhere on the boundary S requires that they be in phase 
with each other at the boundary, and that this requires that the exponential 
factors be equal at all points on the interface. (Two complex numbers arc 
equal if and only if they have equal real and imaginary parts.) 

Second, we note that the interface plane S is given, mathematically, by 
n • r ^ constant, and that 

n • r ^ 0 

places the origin of our coordinate system on the S plane. 
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Third, we use the vector identity 

n X (n X r) = (n • r)n — (n • n)r 

or since n • r = 0 on 5', 

r = — n X (n X r) (8-14) 

for a point on the interface. Now, equating the exponents in Eqs. (8-13) and 
using Eq. (8-14), so that r is on the surface, we obtain 

yiOo • n X (n X r) ^ • n x (n x r) 

yiHo ■ n X (n X r) ^ 72*^2 • n x (n x r) 

Next, using the vector identity 

n„ • n X (n X r) — (no X n) • (n X r) 

find (Ho X n — n, x n) • (n x r) 0 

(8-15) 

(y^Ho X n — 72^2 x n) • (n x r) ^ 0 

These equations look confusing, but actually, the geometrical interpretations 
of the cross product and the dot product make their interpretation fairly 
simple. Recall that the vector n x r is perpendicular to both n and r. Also, 
recall that A • B AB cos 0, where 0 is the angle between A and B. Now, 
n„ X n, X n, and Oo x 11 are all perpendicular to n, and hence lie m the 
plane of the interface. Note that n x r also lies in the plane of the interface 
and is perpendicular to r in this plane. Thus the direction of n x r in the 
inlerfacial plane is arbitrary, so that n„ x n, x n, and n 2 x n arc not in 
ULMicral perpendicular to n x r. It is clear, then, that Eqs. (8-15) are of the 
form 


Ihq X n ~ Oi X n| r cos r) ^ 0 


X n - 7 ^ 0 ] x n| r cos — 0 

where both r and ^ have arbitrary values. This can be true if and only if 


!!(, X n — Ri X n - - 0 
X n — x n - 0 


(8-16) 


which in turn can be true only if n,, x n, x n, and n 2 x n are collinear. 
These cross products can be collinear only if the unit vectors n, Rq, Ri, Ro are 
coplanar. Furthermore, the collmearity of the cross-product vectors and 
Tqs. (8-16) require that 


|no X n| — |ni x n| 
lyiHo X n| -- ly.!!. x n| 


(8-17) 


III terms of the angle of incidence 6„, the angle of reflection Oi, and the angle 
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of refraction Og, the set (8-17) yields the general form of the more familiar 
Snell’s laws, 


sin Oq = sin 
sin 00 ^ 2^ 
sin 02 Ti 


(8-18) 

(8-19) 


It should be noted that the y’s of Eq. (8-19) are complex for conducting 
media, and thus imply that 0^, 0i, and 0., can be complex angles and that n^, ni, 
and Ha can define complex propagation directions. We postpone further con- 
sideration of this general case until later, and note that for nonconducting 
media we have (Tj ^ cTg ^ 0, and hence 


and therefore 

sin 0„ 1^2 

sin 0..~ Pi ~ '"2 


( 8 - 20 ) 


which is the familiar form of Snell’s law of refraction, valid for noncondiictinL' 

o 

media. If medium 1 is free space, the ratio on the right becomes 


C \ U€ 

- \ /r (8-21) 

where the dimensionless number n is the inclex of refract ion of medium 2. 
With the exception of ferrous substances, 1 ; hence n ^ \ Typically, 
77 — 9 for distilled water, and n ^ 1.0003 for air near the earth’s surface 


8.4 Reflection and Refraction at Plane Dielectric Boundaries. 1 he 

solution to the general problem, reflection and refraction of uniform plane 
waves of arbitrary polarization incident at arbitrary angles, can be obtained 
by a rather straightforward application of the boundary conditions. The 
significance of the results is, however, somew hat obscured by their generality. 
In this text it seems more appropriate to solve special cases which cover most 
situations of practical interest. 

Case 1. Perfect dielectric^ normal incidence Consider an .a- 
polarized uniform plane wave incident normally on the plane boundary 
between two media, as shown in Fig. 8-3. This wave is given by 

E, - 

H, - la, X E, 

Vi ni 


( 8 - 22 ) 
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Medium 1 


Reflected 


Medium 2 


Transmitted 


(out) 


Incident 


y 


Figure 8-3. Normal incidence on a 
perfect dielectric. 


The reflected wave will be given by 


^ 

Vi 

and the transmitted wave will be given by 

H, -- — t'- 
fh 

At the boundary (r 0) we must have E,.,„ and H,.,,, continuous, 
each of the field components is tangential, this means that at z — 0 

E, E, - E, 

H, I H, - H, 

These conditions can be written as two scalar equations; 

if. + £, - E, 

Vi Vl 12 


(8-23) 


(8-24) 

Since 
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Algebraic solution of these equations yields 

^ ^ V2 — Vl 
E, rjo + 

V2 + Vi 


( 8 - 25 ) 

( 8 - 26 ) 


Frequently, we define these ratios as the reflection coefficient F and as the 
transmission coefficient T, respectively. 

The total fields in each region can be written in terms of the incident 
field and the reflection and transmission coefficients as 

El - E, -I- E, = E,(e-^P^^ + re^P^^)a,^ 

Hi = H, + H, - (e 
V\ 

( 8 - 27 ) 

Eo = E, - EJe-^P^^-2L^ 

E T 

Ho - H, ' 

V2 


Example 8-1 Normal Incidence. Suppose, as an example, that medium 1 is free space, 
with /tj //o, ti €(,, and hence and that medium 2 has /i, - 

/Iq and a dielectric constant e, - 4. Thus = €,€„ 4eo, and 


V 


■Hi 

\( 4£„ 


7 


Substitution for ly, and in Fqs (8-25) and (8-26) gives 


^ r 

t:, 




! 

Vo 



2( ■.>;„) 

2 

— T 


V. 

3 


The time-average power flow per square meter is obtained from the complex 
Poynting vector as 

P. = '^ReCE, X H.*) = - 

2rjo 


P, - ti Re (E, X H*) ^ a, 

18iy„ “ 


Pt — Re (Ef X H*) 


4E:^ 8 E :,2 

18^/2 * iSryo * 


It is seen that one-ninth of the incident power is reflected and that eight-ninths of 
it is transmitted into the second medium. 
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Medium 1 Medium 2 



IK. I Rh 8-4. The geometry of oblique incidence when the .vv plane is the plane of 
ihc interface. 


(kise 2. Oblique incidence A general vector formulation of oblique 
incidence based upon the geometry of Fig. 8-2 was given in Eq. (8-13). 
Ntnv, let the r axis be perpendicular to the interface, and let the common 
pkine of the unit vectors n^, n^, and n.*, which specify the directions of prop- 
aiiJiion, be thej^’r plane, as shown in Fig. 8-4. The formulation is simpli- 
fied ^omewhat since now n,), iij, and n., each have a zero x component and the 
direction cosines involved can assume only the values 0, i 1, f sin 

il-sin 6/;,, cos 0.,. This geometry in particular allows us to write 
^in\ polarization of the incident wave as the sum of two components, one 
Ik parallel to the interface (that is, in the .v direction), and a second 
component with H, parallel to the interface. We shall solve for the behavior 
ol these two components as two special ca.ses. 

(Ujse 2a. Oblique incidence: parallel to the interface (n • E, — 0) 
Hcicrnng to Fig. 8-4, which shows the geometry of oblique incidence when 
ife iiiterfacial plane is taken as the .vv plane, we see that E, parallel to the 
^'ikMiLiee means that E^, E^, and E, have only an .v component, and that 
II,, and H, all lie in the yz plane (known as the plane of incidence) and 
in the directions specified by x a^, iii x a^., and x a^., respectively, 
^•itis we sec that it is easier to obtain the description of the three fields from 
geometry of Fig. 8-4, rather than from formal use of the vector and dot 
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products involved. Relative space orientations of the field vectors are 
shown in Fig. 8-5^7. 

The three fields are 


H, ^ (— cos Oj a,, -I- — sin Oj a J ‘■™ "> 

V 'h Vi ' 

Y — E ‘ 


IL ^ — cos 0, a„ I- — sin 0, a,i 

\ ’h »h / 

_ £'^£^^^‘2'/ ■‘’III ^^2 ‘‘‘'S 

H, - (— cos 0., a„ I — sin Oo a. ) o. 


( 8 - 28 ) 


Now the boundary conditions are that E, and are continuous m 
magnitude and phase at the interface r ^ 0. Continuity of phase requires 
that 

sin 0, ___ 

sin 0^ //., 

or simply, -- V (8-29i 

sin 0.y /)\ 


This is just SnclFs law of refraction. 

Continuity of magnitude of the tangential components of E and H 
requires that 

Ef 


E E Ff ( 8 - 30 ) 

— cos cos (?1 — — cos 0-2 

Vi Vi V2 


These equations can be solved simultaneously to eliminate either Ef or fV 
The results are the Fresnel equations 


Er 

r/^ cos 0^ — Tji cos O.y 

(8-31' 

‘ ^ E, 

cos fjj -] rji cos O.y 

r, 

cos Oy 

(8-32 

cos 0, I cos Oa 

' E, 


Clearly, the behavior depends both on the electromagnetic properties oftb 
two media and upon the angle of incidence. 
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Case 2b. Oblique incidence: H, parallel to the interface 
(n • H. = 0) With some care, we can use the geometry of Fig. 8-4 for this 
case also, in conjunction with Fig. 8-5 /l 

We note, first, that the exponential factor in the wave’s descnpiioj^ 
depends only on the direction of propagation, and hence is unchanged 
Second, we need to recall that E and H are both perpendicular to each other 
and to the direction of propagation in such a manner that E x H is in the 
positive direction of propagation. Thus, for = ism 

the — Oq X a^. direction. The new expressions for the field intensities are 
then 

£ 

Vi 

E, cos (9, a„ - A’, sin Oj 
£ 

U Z 0, y/)‘,7 (•(t.'' 

(8-33) 

E, = {E, cos 0i a„ - E, sin Oj 
E 
V2 

Ef - (- El cos 0. a, - El sin 0., 

The boundary conditions are once again continuity of the tangential 
components of E and H. The exponential factor yields Snell’s law as in 
Case la, and will not be repeated. 

Continuity of the magnitudes of the tangential components of H and E 
requires that 

, E, El 




(8-34) 

—E^ cos (5, 

h Ej. cos 0i -- —Ef cos 0.. 


Simultaneous solution of these equations to eliminate E^ 

or Er yicld'i 

the Fresnel equations for this 

C'dSC. 


r, 

V/i cos 0^ ~ ?yo cos O 2 

(8-35) 


y/i cos 1 'fj'i cos O 2 



2i}2 cos Ox 

(8-36) 


y/i cos Ox + y/.j cos 0^ 


The results are different 

from the previous case. This 

dilTerencc is 


frequently used to obtain a separation of the two linear polarizations. 

It should be noted that w'hen — 0, which is the normal incidence, 
there is no distinction between Cases 2a and 2h and that T , == T 
IFj^l -= The reflection coefficients differ in sign at normal incidence 



See 8 5 BREWSTER ANGLE (POLARIZING ANGLE) 


359 


because of the vector symbolism adopted in Fig. 8-5. Thus, whereas the 
E, and are parallel in Fig. 8-5tz, their tangential components have 
opposite directions in Fig. 8-5/?. 


Example 8-2 Oblique Incidence. This example will illustrate the different behavior 
of the two polarizations of the incident wave For oblique incidence. 

Given that medium I is free space, which means e, to, ^ /'o, '^h = ?;o, and 
that medium 2 has e.. -- 4co, = /^o, g'ving --- = V'/^„/4co — l 2 iyo, then 

for Case 2a (Ej parallel to interface), we have 

,, ^ i Hi) — 7;o cos ^2 cos 0^ — 2 cos 0., 

1 ifjo cos G, I r]Q cos O 2 cos G, -f 2 cos 0.^ 

and for Case 2b (H^ parallel to interface), we have 

cos Gi — 1 2 iy» cos 0., 2 cos 0^ - cos G., 

j II — r — 

/y„ cos G| -t ' 2 ?/o cos G-j 2 cos Gj 1 cos G 2 

The angles G, and G^ arc i elated by Snell’s law, which is 

sin G, P 2 
sin G, /^, 

and since ft — oj\ /ic, 

Pi w^'//„(4e„) 

P\ V)\ //„Co 

tZiMiig sin Gj '^smG,. For Gj -30’, Tj^ — —0.381 and T ^ 0.283. These 
icMilis show that there is a significant difference in the rcHeelion for the two cases. 

1 ypical plots of |r |“ and |r j- are given in Fig 8-6. 

In summary, the general case of oblique incidence is best undertaken in 
iwn parts. In the first part, the electric field vector is considered to be 
p^iiallcl to the plane surface separating two dissimilar media, and in the second 
I he magnetic field intensity is parallel to the reflecting plane. The two 
L^scs are distinct and are sometimes referred to as perpendicular (to the plane 
‘'I incidence), or horizoiUaf, polarization, and parallel, or vertical, polari- 
^ution. respectively. 

In iiic most general case, the incident wave will have a component ol the 
I licid parallel to the interface and a component parallel to the plane of 
incidence ( Fig. 8-7). This case can best be treated by applying the developed 
^'^c‘ory separately to the two components of the field. 


^■5 Brewster Angle (Polarizing Angle). In the preceding section we 
^^n ivcd equations which show the magnitude of the reflected and transmitted 
wa\es relative to the incident wave magnitude for two special cases of linear 
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(a) 



10 20 "^0 40 50 60 70 00 90 


Brewster angles ( see Sec 8-5) 

01 , degrees 
(b) 

Figurf 8-6 Plots of power reflection coefficients from a dielectric-dicleclric 
interface, (a) E, parallel to the interface; (/?) H, parallel to the interface. 

polarization. We also noted that the equations showed a dilTcrcnt depen- 
dence upon angle of incidence and refraction. 

In this section we ask whether there is any incident angle such thal 
either (or both) polarization(s) is totally transmitted into the second medium 
By conservation of energy, this is equivalent to asking for the angle at whU'li 
the reflected amplitude is zero. We shall treat the two cases separately- 
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1 or Case 2a, Ej parallel to the interface, we had 

Er _ rj 2 cos 0i — rji cos 0^ 
r ]2 cos 0i + cos 0.^ 

or Ej. — 0, this becomes 

1/2 cos 0i = rji cos 02 


(8-31) 


onie algebraic and trigonometric manipulations plus application of Snell’s 
UN arc required to see the significance of this result. 

f irst, let us square both sides and make use of cos^ 0 — 1 — sin^ 0. 
Vc obtain 

~ ^i) — ~~ sin'*^ Oy) 

►iiclfs law gives 

sin^ 0., ^ ^ sin^ 0i (8-37) 

/> 2 “ 

nel transforms the preceding equation to 


sin- 01 




(8-38) 


As a practical matter, the permeability of dielectric materials is approx- 
niatcly that of free space; hence we have /ii ^ //2 ^ f^o sin^ 0i ^ oo, 
inlcss ej .-r en. This means that no angle exists for which there is zero 
^‘flcciion when is parallel to the interface except when Cj = which 
^eans that there is no interface. 
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For Case lb, with H, parallel to the interface, 


^ Er cos 01 — 7^2 cos 02 
** rji cos 01 + ^^2 cos 02 


So for Ej. = 0, 


ryi cos 01 = r/g cos 02 
Proceeding as before, we obtain 

?yi2(l — sin^ 0i) = — sin2 0^) 

and making use of Eq. (8-37), 


sin^ 01 — 




(^ 1 /^ 2 )^ ~ 1 

Under the usual condition that ^ ^ this becomes 


(8-35) 


(8-39) 


sin^ 0j ^ = — i_ 1 (8-4 

^1 + ^2 

which always has a solution. 

For certain purposes, it is desirable to express this angle, 0i 0^^, 
known as the Brewster angle, in terms of its tangent. If we substitule 
sin^ Ojj 1 — cos^ into Eq. (8-40) and solve for cos^ 0/y, wc obtain 


The formula 


cos^* 0,1 - — - — (8-41) 

+ ^2 

tanOy, (8-42) 


is an alternative expression for the Brewster angle. It is important to note 
that Eq. (8-42) holds only when H, is parallel to the boundary, and that 
there is a Brewster angle for any combination of Ci and e.,. 

The phenomenon described by the Brewster angle is used in some types 
of the gaseous laser, a device in which repeated transmissions through an 
active medium contained in a long tube arc required. Reflection from the 
ends of the tube is minimized by using faces which are tilled at the Brewster 
angle. 


8.6 Total Internal Reflection (the Critical Angle). Total reflection of 
the incident wave is experimentally known to occur under certain conditions 
for angles of incidence equal to, or greater than, a certain angle known as 
the critical angle. Under these conditions, the wave propagation (but 
the electromagnetic field itself) remains entirely in the medium of incidence. 
For this reason, the total reflection is frequently called total internal rejiecM- 
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I PhoiDgraph of a laser beam. The beam exits through a Brewster window at the end of 
I the lasci tube. 

To understand the phenomenon of total reflection, we must examine 
carefully the nature of the transmitted wave. From Eqs. (8-28) and (8-33) 

have 

— £^£W/*'2(?/8*n03-3COS03)-i->./ (8-43) 

where £3 is an arbitrary vector which lies in the plane Og • r = constant. 
Otherwise, the notation is that of Fig. 8-5. 

h //j ^ which for all practical purposes is true for most 

dielectric substances, Snell’s law gives 

sin Qi _ ^ _ //f2f2 
sin O2 fix V /Wi€i V ej 


(8-44) 
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From this equation, we obtain 

cos 02 = V I — sin* 02 ^ sin 2 0 ^ (§. 45 ^ 


which allows us to express the space dependence in the exponent of Eq 
(8-43) in the form 

y sin 02 — r cos 02 y^ — sin 0 ^ — r J \ — — sin^ 

For < € 2 , the quantity under the last radical on the right is always positive 
and the radical itself is real. The transmitted wave, expressed by Eq. ( 8 - 43 ) 
in this case advances along the direction defined by the unit vectpr at the 
phase velocity and there is nothing new. 

The phenomenon of total reflection occurs only if and the anele 

of incidence 0 i exceeds a certain value, which we shall now determine 
Once again, we examine the nature of the quantity under the last radical 
on the right of Eq. (8-46). We note that, even if fhis quanliiv 

remains positive, provided the angle 0i is sufliciently small. However, as llic 
angle of incidence is increased, the quantity under the radical becomes pro- 
gressively smaller, decreasing to zero and ultimately becoming negative. 
That particular value of 0^, call it 0^, which makes 


1 sin^ 0^, 0 


(8-47) 


is called the critical angle. It is explicitly given by the relation 



where € 3 . 

It is obvious now that, when 0^ — 0^, Eq. (8-44) gives 


sin 02 ^ 




sin 0 c ^ 1 


(8-48) 


(8-49) 


which states that the angle of refraction is W, and thus implies that the 
transmitted wave is propagating parallel to the interface. This conclusion 
is also confirmed by Eq. (8-43), which, for 0^ 0^., becomes 

= £2^"^=*^ ‘ (8-50) 

and clearly states that the planes of constant phase are perpendicular to the 
y axis. The complex Poynting vector is then 


5 . - 


F 2 
-^2 




(8-51) 
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hicb shows that the time-average power flow in the positive z direction, 
amcly, into medium 2, is zero. 

Now, the question that still remains is, what happens when the angle of 
icidence exceeds the critical angle 0^? Obviously, the quantity under the 
i 5 ,t radical in Eq. (8-46) is then negative, and the radical itself is purely 
inai^inary. Thus, when 0^ > 0^ and 


1 sin^ 0^= ~j — sin2 — I 


(8-52) 


vhcre, as we shall presently see, the choice of negative sign is dictated by the 
;ondiiion that the Held shall remain finite as z -> oo. The amended form of 
Bq. (8-46) is then 


y sin O 2 — z cos 0.^ — y sin 0^ jz sin^ 0i — 1 (8-53) 

so that, with = //o* 

sin O 2 — z cos Oo) ^ coV^i^i ^ sin^ — sin 0^^ (8-54) 


z cos 

If we now let 


a — (»\/ / sin^ 0i 

^ ^1 


P ^ sin 01 


(8-55) 

(8-56) 


v\hcrc both oc and /i are real positive numbers, then we can write Eq. (8-43) as 

(8-57) 


From this expression, it is immediately apparent that the transmitted 
\Mive IS attenuated [and this justifies the choice of the negative root in Eq. 
(8-.S2)1 at a rate determined not only by the electromagnetic parameters of 
ihc medium, but also by the frequency and by the angle of incidence. 
According to Sec. 7.14, the electromagnetic disturbance represented by Eq. 
( 8 - 57 ) IS a nonuniform plane wave propagating in the negative y direction with 
‘t phase velocity 


V 


V 



1 

sin 


(8-58) 


‘Explicitly dependent upon the angle of incidence. As shown in Fig. 8-8, the 
: pl^incs of contant phase (y = constant) are perpendicular to the planes of 
j‘Eonsiant amplitude (z == constant). Thus the wave is guided along the 
M^Ehceiing surface, with no average transport of energy into medium 2. This 
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- planes of constant amplitude 

- planes of constant phase 

r KiURF 8-8. The case of total reflection (ci ca, 0i 0^). 


also follows from a consideration of the expressions for T developed in See. 
8.4. Thus, from Eq. (8-31). we have 


i/.cosOi I ///iA'(ci/ta).sin^^A -1 ^ 

//.j COS 0i jiii\ (ei/fo) sin^ 0^ - 1 

when n • -^0, and similarly for Eq. (8-35) when n ■ - 0. This means 

that the intensity oj the rejiected wave is exaetjy equal to the intensity of ihc 
incident wave. Moreover, it means that the power flow into medium 2 is 
purely imaginary. To prove this statement, we note that, since 


S, xHf 

2 r]i 

S, - ViE, X Hf - \: — n 

2 


(8-60) 
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the ratio 

n • S, n • n., cos 0 ., 

n-S, E^^/rjiii-nQ cos Oj 


IS a purely imaginary quantity, by virtue of the imaginary character [Eqs. 
(8-45) and (8-52)] of cos all other quantities on the right of Eq. (8-61) are 
obMousIy real. 

Now let us look at the reflected wave. Examination of Eqs. (8-31) and 
(8-35) shows that the phase of the reflected wave is different for the two types 
ol incidence. Thus, when E, is parallel to the reflecting plane, the phase 
dillerence between incident and reflected waves is 


(j) — 2 tan 


A sin^f;^ (^2/^1) 
cos Oy 


and when is parallel to the reflecting plane. 




2 ,a„ . ' T «/■■ > 

(e.V^i) cos 0^ 


(8-62) 


(8-63) 


In iiencral, then, the reflected wave will be elliptically polarized. 

To sum up, total reflection occurs when two lossless dielectrics meet at a 
plane interface, and the angle of incidence 0^^ exceeds the critical angle 
0, sm where . Co. In practice, this phenomenon is used in 

ihe design of optical instruments, such as the prism binocular. 


8.7 Conducting Media ; Reflection and Refraction. The results of Secs. 
H 3 and 8.4, though written from the point of view of plane interfaces between 

lossless dielectrics, arc valid in the general case when one or both media 
^irc conducting. 

Let us examine first the simplest case, namely, that of a wave incident 
normal to a plane boundary separating a dielectric and a perfect conductor. 
To fix ideas, we suppose that, in Fig. 8-3, medium 1 is a perfect dielectric and 
ihat (T., - > oc . Then Eqs. (8-22) and (8-23) apply, but E, H, — 0 in this 
Qsc Therefore, at the boundary (r - 0), we must have a zero tangential 
k field, from which it follows that E, — E,. This says that T - 1, 

f 0, and that total reflection occurs in the case of infinite conductivity. 

The case of finite conductivity and arbitrary angles of incidence is more 
^'iiinplicated, and is treated next. 

As indicated in Fig. 8-9, we suppose that the wave is incident from 
'^icdium 1 , which is still a perfect dielectric, and that the refracting medium 2 
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planes ofconstont omplifude 

planes of constant phase 

Figure 8-9. Space relations applicable to the study of reflection 
and refraction at a dielectric-conductor plane interface. 


is now conducting, but a is finite. The propagation constants are defined by 

Ti ~ (8-64) 

y* = «* + = (— "Va'a (8-65) 


In the last equation, ol., and fi., are expressed in terms of the parameters of the 
medium by Eqs. (7-93) and (7-94), which we repeat here for ready reference 

'"'''‘■'■si-/' (£rj 

(8-66) 

[v (;S'} ' 

j (8-67 

Within the conducting medium the transmitted wave 
expression analogous to Eq. (8-43). 

is represented by an 

E, = 

(8-68) 
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liis expression must now be expanded to lake into account the complex 
aiure of y.,. 

By Snell’s laws, Eqs. (8-18) and (8-19), 


a dial 

sin 6 ., = — sin 0^ - — — — sin 0^ 

«2 "1 

(8-69) 

cos 0^ 

-- \/l — sin^ 60 - / 1 — ( — — — ) sin‘^ 

- V \oc, 1 jiU 

(8-70) 

[ iv, convenient to set 

cos O 2 — 

(8-71) 

1 terms of which the space exponent in Eq. ( 8 - 68 ) becomes 


y.J,y sin 

z cos (),) (a., -[ //)'.,)( V — — sin 0^ - 

■ “ V a ., -1 y/ 1 , 

r/T^y 


/(/)i sin (lj)r r{y.., cos r) - /f. 

sin t))z 


sm <) ! ji., cos r'))z 

pz \ Jlitii sm 0i)v qz] 

(8-72) 

\liere 

p /•(aocosr) - li.,s\n()) 
q /-(a^^sinr^ ' p'o cos r)) 

(8-73) 


ire real quantities, dependent exclusively on the parameters of the medium 
ind 0^. Substituting Eq. (8-72) into Eq. (8-68), we find 

E, E.,c '"'I (8-74) 


As in the case of total reflection, the refracted wave is nonuniform. The 
planes oT constant amplitude (z constant) arc parallel to the boundary 
plane, while the planes of constant phase [(p'l sin (ijv — qz - constant] are 
[generally inclined relative to its normal, at an angle which no longer is 
''PLvilied by In fact, the true angle of refraction y is the one defined by the 
imaginary part of the exponent in Eq. (8-74): 


(/>, sin ()^)v qz \ of \ (/i^ sm 0,)^ -• q^ 

(ii sin 0i 


L\ (til sm Oi)^ i q" 


( -V) 1 




\ {(i, sin Oif 1 q^. 


in this expression we let 

jii sin 0i 


sin I/' 


\ ([ii sin h q- 


cos V’ 


Vili, sin 0,Y + q^ 


4 ot 
(8-75) 

(8-76) 
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we can then write 

— sin I c/H - y sin -\ - z cos y') [- (ot 


V sin H • r ] o)i 

where n,^, — - sin y) sty + cos y} 

At the same time we find that the true angle of refraction is 

fij sin 

y) — tan 1 


( 8-77 


( 8-78 


To gain further insight, let us consider the special, but imporUini 
practical case of a good conductor. ' 

By definition, a.Jioe., 1 , and therefore Eqs. (8-66) and (8-67) give 


ao ^ /)’2 




( 8-79 


Under this condition (fc Eirgc), and with //^ ^ /C' which is the practical ease 
Eq. (8-69) gives 

sin On j(n\ ii.€. . 

— —=d=L^ /— (8-80 

s'l \ ; /I) V rr-' 

so that On - 0, and in Eq. (8-71) r 1 and 0 - 0. In view of this, we liiu 


lOfl.AJn 
\ 2 


Ik 




and hence 


f'A //jCi sin Oy 

ri n 1 

\ (OflnCrJl 


tan 


( 8-81 


( 8-82 


Therefore, as the conductivity increases, the true angle of refraction lends u 
zero, and the planes of constant phase tend to orient themselves parallel u 
the reflecting plane and to the planes of constant amplitude. Typically, if 
the case of copper {a 5.8 10' < T/m) and at a frequency as high as 101 

GHz, which is well above the range of practical microwave frequencies. 


yf -- tan^^ 


(f)\^ /Jl€y sin Oy 
V r/Y/ 2 ^ 2/2 


tan 


^ / — ~ ^ tan ^ 10 ^ 10 rad 

V ^ 2 / 2 . 


which fixes n,^, virtually perpendicular to the boundary plane. 
To the same approximation, Eq. (8-74) becomes 

E — E.,e /f..’ 1 '"M 


and makes it evident that, at a distance 



^2 V 


( 8-83 


(8-84 
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from the surface of the conductor, the amplitude of the electric vector is equal 
to 0.368 of its value at the surface. The factor d is the skin depth, or the 
Jepth of penetration, encountered previously, in Eq. (7-96). Note that the 
inverse dependence of d upon 0*2 dictates the use of very low frequencies when 
.■oiiimunication with a station submerged under water is considered. Since 
IS very small, large amounts of power are usually required for this purpose. 

Continuing our remarks, we should point out that, according to Eq. 
IJJ. 77 ), the phase velocity in the conductin^T medium measured alrvui^ Ihe n 
axis. IS 

c/r (t) (r) 

- n . — - — - — - ^ — 7 — (8-85) 

dt \ (//iSinO,)^ 1 N sinO,)" I /V 

and exhibits a clear dependence on 0^ and on the parameters both media. 

rmally, turning our attention to the reflected wave in medium 1, we 
note from Eqs. (8-31) and (8-35) that the reflection coefficient is complex 
and in general dependent on the polarization of Ihe incident wave. There- 
lorc Ihc reflected wave will be out of phase with respect to the incident wave 
and, more specifically, will be elliptically polarized if the incident wave is 
linearly polarized and if neither E, nor H, is entirely parallel to the reflecting 
plane. 

1 or sLifliciently large conductivities, ^ 0, as noted previously, and 
111 ere To re 

cos_^(W_^) ^ 

cos (/, : (Vi/zy.) 

( 8 - 86 ) 

(<yi/>/o)cos6, I ^ 

(Vl/'/a cos 0, ; 1 



On ihc other hand, for good conductors. 

■)! ; 5: / 

\' cr I /('>e \ (T 


(8-87) 



Hi ^ ^ ^ 

>li \ ’Iff -1 ^ 


1 cos 


( 8 - 88 ) 


Tills means that the rcjlcctioii coefficient is approximately equal to I for all 
conductors regardless of angle of incidence. 

We close our discussion by mentioning a few facts about the suriace of 
die earth. 

First, below about 1 MHz, sea water (cr -- 3 H/m) behaves like a fairly 
gnod conductor. Its reflecting properties are nevertheless very much de- 
pendent upon the angle of incidence and the type of polarization, especially 
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when is parallel to the sea surface. It turns out that, in this case, when 
the angle of incidence is near grazing, only a small portion of the incideni 
wave is reflected, and the rest is absorbed. For frequencies above 1 MHz. 
however, sea water, like freshwater and dry earth, acts like a lossy dielectric 
insofar as the reflection and refraction phenomena are concerned. 

The reflection properties of sea water, freshwater, and dry earth can be 
used effectively in the design of Polaroid glasses to cut down glare. Thu 
cause of discomfort to the eyes is often remedied by use of colored glasses: 
however, these are not altogether satisfactory, since they suppress reflection^ 
from objects indiscriminately, including those which are dimly lit. The 
design of Polaroid glasses is based on the fact that sea water and| freshwatei 
and dry earth discriminate against the component of H, which isiparallcl ti 
the surface of the earth or the body of water. Thus, after reflection, an m 
cident wave is polarized predominantly with the electric vector parallel to the 
interface. By rejecting principally this (horizontally polarized) componcni 
of the reflected light, it is possible to cut down glare effectively. 

Summarizing, we have examined the reflection and refraction at a con 
ductor-dielectric interface, with major emphasis on the case of good con 
ductors. We saw that good conductors represent an extreme case of tht 
general behavior, and that their behavior is different from that of gooc 
dielectrics. 


8.8 Multiple Interfaces. Consider the situation shown in Fig. 8-10 
where two plane interfaces separate three regions of space. Two cases an 
of practical interest: one where all three regions are lossless, and one where i. 


Region 1 
^ 0.^0 


Region 2 

Mg .*2 


Ei 



Region 3 


E, 


X 


y (out) 


Figure 8-10. A dielectric slab in free space. (The y axis is 
positive out of the plane of the paper.) 
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lossy region separates two lossless dielectncs.t For simplicity, we shall 
consider only normal incidence and linearly polarized plane waves. 

Consider the case of an infinite plane slab of dielectric material of 
thickness d, separating two semi-infinite regions of free space, as shown in 
[ ijT. 8-10. The incident plane wave E, is partially reflected and partially 
transmitted, as shown. For concreteness, assume that the waves are .v- 
polarized. Then we can write for the fields in the three regions 

El - E, i E, - (E,c -1 


Hi 


H, 

1 

Er ,, 



\>h 

ni) 

E,, 

E, 

1- Et -- 



H, 

H, 

i H, 

lEle-Jih-. 

E- 

^ 




\>l. 

^/2 


(8-89) 


E., - E, 

H, - H, - ^ 
>h 


Recall that each of the amplitudes in these equations, in general, is 
(.’omplex. That is, the amplitudes can contain a relative phase factor. 
Tins allows use of a certain amount of leeway in choosing the r-coordinatc 
tingin In particular, we can use the left interface as r 0 for region 1 , the 
iiglU interface as r 0 for region 3, and either (but not both) interface as 
: 0 for region 2. Having made a coordimitc-origin choice, we require the 

conliiiLiity of E, ,,, and at the interfaces, and obtain from Eqs. (8-89) 
unir simultaneous equations in the four unknowns (Ej is presumed known), 
from these we can obtain E^ and E,, and hence have the solution to the 
problem. 

If we use the right-hand interface for r ^ 0 in region 2 (Fig. 8-10) and 
the origins for the other two regions at their respective interfaces, as described 
the equations are 


E, 


i- 

E c 

El 

E, 

E ■ 

. Z1 - 

El. 

>h 

Vo 

Vi 

n-i 

El -1 

E. 

- E, 


E.l 

E- 

Et 


— — - ■ 

- — “ . 




V2 

Vo 



' ^ practical example is a rachnie. This is an enclosure designed to protect an antenna 
from iiic undesirable efTccts of its physical cnvironincnt and to leave its electrical perform- 
essentially unaffected (Prob. 8-17). 
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Rather than solving these equations by routine methods, it is advantageous; 
to recast them into different form, defining a few new concepts in the process 
First write the ratio of to at the two interfaces. This is jusi 
the ratio of the first pair of Eqs. (8-90) and the ratio of the second pair of 
Eqs. (8-90). We obtain for the first pair 


Ei - ^ - E^ 


( 8 - 91 ) 


or by factoring out E^ from numerator and denominator on the left ant] 
from the right and defining. 


we obtain 



Vo- 


I’l 



1 -|- 

1 _ r,e 


( 8 - 92 ) 


( 8 - 93 ) 


Similarly, from the ratio of the second pair of Eqs. (8-90), we obtain 


1 + l\ 


( 8 - 94 ) 


From the definitions we see that the arc the ratios of the complex magni- 
tudes of the negative traveling wave to the positive traveling wave at the 
chosen origin in the particular region. Obviously, knowing the F's solves 
the original problem. 


Example 8-3 A Dielectric Slab in Free Space. As an example, let ns solve the 
problem of transniission through a slab which has a dielectric constant of 4 and a 
thickness d. 


For 4 €o, wc have 



yu 

2 


and from Hq. (8-94), — ' i- Inserting this value and = /yo/2 into t^q. (8-93), we 

find 

1 -i r, I I -I > 

I - r, 2 1 


from which it is obvious that P, is complex unless c is real. Since solution for the 
complex case is really complex, we shall examine the real case first 

Note that e is real when — /itt, and it becomes T I when Ifi-ul --- 
with n even, and J when 2lkd - nir, with n odd. For n even, we have 


1 I 1\ 1 1 I 

1 - r , ~ 2 1 - >.3 
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and \\ — 0. Thus EJE, — I'j ^ 0, and hence = 0; there is no reflection when n 
is even. Since = 27 r/A.j, wc sec that ip^d — nn gives 


d - 


^2 



/* - 0, 2, 4, . . . 


Thus there is 100 percent transmission if the slab is an integral number of half wave- 
lengths thick. 

Similarly, for n odd, wc obtain 


I I 1 I - ■ , 1 

I - \\ ' “ 2 1 H ' , 4 

and \\ = - T,. 

From Poynting’s theorem, the ratio of the reflected to incident power is 


/lY - - 

E;^ \5; 25 


or 36 percent 


Hence we have 36 percent of the power reflected and 64 percent of it transmitted for n 
odd, which means for </ — a 7(A2/4), with n odd. 

A careful examination of the equation for thickness d other than an integral 
number of quarter wavelengths reveals that the power transmitted varies smoothly 
liom 64 percent to 100 percent as the thickness varies. Additionally, the complex 
nature of J', means that the reflected wave is not in time phase with the incident wave 
at the interface. 


The most general case of reflection and transmission through a slab 
with infinite transverse dimensions can be treated in much the same way as 
the simplified case we have considered thus far. Analysis shows that, for 
(generally) lossy substances and normal incidence, 


E, 

(1 -Z,,)(l 1 Z,,)H-(1 1 Z,,)(l - Z.3)c 
(1 +Z,,)(1 f Z.,,} 1- (1 Z,,)(I - Z,3)e -2''^" 

(8-95) 

E, 

4 

(8-96) 

E, 

(1 - Zi.,)(l - -f (1 1 Z,.,)(l H Z^)ey-« 

where 

Z, j,k 1,2,3,... 

(8-97) 

and ihe y's are the familiar complex propagation constants. These formulas 
^Tply to both lossless and lossy substances. 


Example 8-4 Radiation Pressure. It was shown in See. 6.8 that the general expression 
for force IS 

p ^ [£E(E ■ n) - ^ ;;=n] da ! ^ [/iH(H • n) H'-n] da - e j* (E X B) dv 

1 el us use this formula to calculate the pressure exerted by a wave impinging upon a 
^'lab in free space. 




Anechoic chamber. {Courtesy of Emerson and Cuming, Inc.) 
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To this end, we assume that the slab is lossless and that (Fig. 8-10). 

For simplicity, we let d = A 2 / 4 , so that, according to the results of the preceding 
example Fj = —M. The first pair of Eqs. (8-89) becomes 

El = - fe^^o»)a. 

Hi = — -f 

Vo 

If we now consider that the surface S in the force expression is a plane surface parallel 
to and just barely to the left of the left boundary, the volume V will consist of the slab 
itself and the free space on the right. If, furthermore, we let the z axis originate at the 
boundary on the left, then at every point on L, 

El = EXl - = IE,2 l, 

Hi - — (1 4 3a)a, = - — 2Lj, 

Vo 5 /yo 

and n —a,. This means that E • n = 0, H • n ^ 0, and therefore the component 
of the pressure (force per unit area) expressed by the surface integrals alone is 

I - hXE^ -f >yoW) - UoEXlir.r -I («/i)“] = 

which is quite small and negligible from a mechanical point of view. Actually, this 
t.s the total pressure, since the volume integral averages out to zero over a complete 
cycle of the wave. The same conclusion is drawn from a consideration of the fact 
that, for sinusoidal time variations, the quantity 

d 

— (E X B) = JlwE X B 
ot 

is a purely imaginary vector for uniform plane waves. 

The theory developed in this section belongs to a much broader theory, 
where the problem is that of extremizing the reflection properties of a body. 
It IS easy to see intuitively that if the thickness and the electromagnetic 
properties of a slab of material are properly chosen, the electromagnetic 
energy reflected by the slab will be minimized, and the body will be camou- 
flaged (in the radar sense) at least over a narrow band of frequencies. With 
this property in mind, entire rooms, known as microwave dark rooms, or 
onechoic chambers, are constructed with walls which are completely covered 
with special absorbing materials (some in corrugated form) designed to 
minimize reflections and thus to make the rooms suitable for antenna 
testing and for other similar activities. 


8*3 Scattering. The preceding section and, in particular, Example 8-3 are 
extreme simplifications of the general theory of scattering. The effect of a 
material body, of any description, upon an impinging wave is to produce a 
'^^condary field which combines with the primary field, or the incident wave, 
m such a way that all boundary conditions are met at the surface of the body. 
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The secondary field, which arises from a system of secondary sources--- 
charges and currents —induced on the surface (and in the interior) of the bod), 
is called the scattered fields and the phenomenon itself is called scattering 
The incident and scattered fields combine to form the diffracted field, which 
is the total field in the presence of the object: 

field that would exist 

Diffracted field - scattered field h Ibsem" brwith 

sources unchanged 

Clearly, then, the terms scattering and dilTraction are associated with the 
same physical phenomenon.! \ 

A prime example of scattering is the case of a receiving antenna. What- 
ever its size, weight, and configuration, and whatever the frequency of 
operation, an antenna receives by the same physical process; namely, the 
incident wave causes a constrained motion of charges in the antenna. The 
resulting distribution of charge and current gives rise to a secondary, or 
scattered, field, which, together with the impinging field, forms the dilTraclcd 
field. Since the induced sources vary in synchronism with the incident 
field, the desired information can be extracted from the incident wave through 
proper coupling of the antenna to a suitable receiving apparatus. 

Scattering is an everyday experience. We see things as a result of the 
scattering of light (either sunlight or artificial light) from objects around us. 
We control flying aircraft, even under cloudy conditions, by receiving 
backscattered energy from the aircraft, initially transmitted from a ground- 
based search radar. Inversely, the altitude of an aircraft relative to the 
terrain below can be measured by a self-contained radar altimeter, which 
translates into distance (distance - velocity of propagation ^ time) the 
time it takes for a wave to travel from the aircraft to ground and, after 
reflection (scattering), back to the airplane. 

Yet, as simple as it is conceptually, and as often as it occurs, scattering 
remains, in practical terms, a formidable problem, beyond the scope of 
existing analytical tools. Only in a negligible number of extremely simple 
cases, where some sort of geometrical symmetry prevails, is it feasible to 
calculate the scattered field exactly in a closed mathematical form. Although 
computers may be used to obtain numerical results, the vast majority of 
cases, and those with the greatest practical interest, still remain unsolved. 
For this reason, radar targets are usually characterized by an experimenlallv 
observable quantity, known as the radar cross section a. The magnitude of 
this single parameter depends not only on the electromagnetic properties of 

t It should be emphasized that Fq. (8-98) represents an arbitrary way of decomposing 
the total held. 
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the object, but also on the target geometry, on the properties of the surround- 
ing medium, on the frequency and the state of polarization, on the aspect 
jngic (unsymmetrical objects look different from different angles), and even 
^^n whether or not the transmitter and the receiver are located at the same 
(monostatic versus bistatic radars). Hence a does not provide all the 
inlbrmation required to characterize an object electromagnetically. 

Quantitatively, the radar cross section of an object has the dimensions 
of an area (usually meters squared); at a distance R, it is equal to times 
llw ratio of the power density {power per unit area), S,. HlE,. x H* I, of 
the scattered wave at the receiver site, to the power density, S, — x H*l, 

of (he incident w ave at the scatterer. 


Si 


(8-99) 


Generally, both S^. and S, are complex. From Eq. (8-99) it is clear that rr 
h the area intercepting that amount of power which, when scattered iso- 
tiopically (uniformly in all directions), sends a signal back to the receiver 
exactly equal in intensity to that observed in the case of the actual object. 
If we put Eq. (8-99) in the form 


5 ,^ 


aS, 

47tR^ 


( 8 - 100 ) 


wc see immediately that the numerator is the total power intercepted by the 
scatterer, and that the denominator is the area of a spherical surface with 
radius R, centered about the scattering object; hence the notion of isotropic 
backscattering. 


Example 8-5 Scattering by a Sphere. The simplest scattering object is a sphere. 
Returns from raindrops, almost spherical particles, can be used effectively to detect 
tlic arrival of storms either by means of ground-based or airborne weather radars. 
Given the advance warning, an aircraft can then maneuver around a dangerous area. 

Consider a linearly polarized plane wave incident upon a perfectly conducting 
sphere, of radius a. The principles required for an exact solution to this problem are 
well known. Find a solution to Maxwell’s equations which, far from the sphere, 
represents the incident plane wave, and which on the surface of the sphere satisfies 
the boundary conditions Ei.in - 0, Hnormui — 0. However, since an exact solution is 
quite lengthy, though it can be calculated with complete rigor, and since it has the 
form of an infinite senes, thus providing little insight into the physical aspects of the 
pioblem, we shall concern ourselves only with a graphical display of the results. 

Figure 8-11 shows the normalized radar cross section of a perfectly conducting 
sphere of radius a, expressed as a function of its radius measured in wavelengths. It 
>s seen that, for sufficiently small o/A, the normalized cross section increases with 
increasing «/A. Analysis shows that in this region, called the Rayleii'h region, the 
i-ross section varies as A the behavior in this region is described by the approximate 
formula 



(8-101) 



380 


c:hap. 8 REFLECTION AND REFRACTION OF PLANE WAVES 



Figure 8-11. The backscattering cross section of a perfectly conducting sphere 
of radius a, normalized with respect to its geometrical cross section {nd^) 


As the frequency increases in relation to the radius, the cross section begins to oscillate 
about the value ---- 1. This region is known as the M/^^ or resonance, rei^non, 

it precedes the so-called optical region, where a V A and the radar cross section 
approaches the optical cross section ira-. 


Example 8-6 Scattering by a Cylinder. In this example we illustrate a method by 
which a scattering problem may be approached analytically, and we point out the 
complexity of the resulting expressions. We purposely consider a configuration whicli, 
though idealized, provides answers in a closed analytical form 

We suppose that a r-polarized uniform plane wave is incident upon a perfectly 
conducting wire of radius a, which stretches in free space along the z axis (Fig 8-12) 
and extends to infinity in both the positive and negative z directions. 

Our plan of attack is first to express the incident wave in terms of functions 
peculiar to the coordinates used. It was pointed out in Sec. 3.12 that the Bessel 
functions play this role in the case of cylindrical coordinates. By virtue of their 
orthogonality and completeness, these functions can be used to represent an arbitrary 
function of the coordinates. Thus it can be shown that 

71— - CO 

where /„ is the Bessel function of the first kind, and r and are the usual cylindrical 
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coordinates. In view of this expansion, the incident field can be written 

£ rUMe’”’’’ (8-103) 

71 — — OO 

Next, we represent the scattered field as an infinite series of Hankcl functions of 
the second kind, defined by 

We then express the scattered field as 

£/ - E„ 2 '^»/ (8-104) 

X. 

where the amplitude constants An are yet to be determined. The total field is the sum 
of the incident and the reflected fields. 

- E; -t E: ^ E„ 2 (-y )"[•/-,(/?'■) + A,Hl:'(tir)\e‘’"i' (8-105) 

To determine the unknown constants An, we now require that Eian be zero at r — a. 
rhis condition is automatically satisfied when the bracketed expression on the right is 
set equal to zero at r = ^7. 

J„{jSa) \ - 0 

Jn(M 

2 / -UJM (8-106) 

This is the required result. The complexity of what initially appeared to be a simple 
problem is undoubtedly overwhelming, since the formula for the diffracted field is far 


Then 

and 



Free space 

Figure 8-12. Scattering by a wire. 
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too involved to be understood and, what is even more important, to be used in 
practice unless the first few terms in the series suffice to give a reasonably accurate 
representation of the actual field. 

Fortunately, we can gain some insight into the diffracted field from an examination 
of the scattered field at remote points of observation. If Pr^ 1, then 




2 \ I o 2n + 1 \ 

— exp|^-y^^r ^ .j J 


and the expression for the scattered field becomes 


/ ^ 

f ^ ^ 

/ 2 ai +1 \ 1 ) 

J TrPr 

2 -4,,;-” exp ^ 

In— _oo L 

4 '"jW 




Clearly, this represents a z-polarized nonuniform cylindrical wave propagating in the 
positive r direction (outward), with a constant phase velocity Vj, = mip. 


It should be intuitively evident that, because of symmetry, the cross 
section of a sphere will not be aspect-sensitive. However, the cross section 
of other objects, such as the infinite wire, will depend on the aspect angle and 
upon the polarization of the incident wave. Analysis shows that five 
independent radar measurements arc required in order to describe the 
scattering properties of an object for a given aspect angle (Prob. 8-13). 

To summarize, a wave incident upon a material body gives rise to the 
scattering phenomenon by causing a constrained movement of free and bound 
charges in synchronism with the applied field. The scattered field is a 
function of the properties and geometric configuration of the object; of the 
frequency, the polarization, and the aspect angle of the incident wave; and 
of the properties of the surrounding medium. The determination of the 
scattered field from Maxwell’s equations can be accomplished only for the 
simplest of shapes. For this reason, an experimentally observable quantity, 
the radar cross section, is normally used in practice. 


8.10 Inhomogeneous Media and Geometrical Optics. The earth’s 
atmosphere is a mixture of nitrogen, oxygen, a few other gases, and water 
vapor. The density of this gaseous layer is found to decrease, though not 
always monotonically, with increasing height above the surface of the earth. 
As a result, the index of refraction changes from about 1 .0003 at zero altitude 
to about 1.00004 at 50,000 ft. In a very real sense, then, the atmosphere is 
a horizontally stratified inhomogeneous medium with continuously variable 
properties, and therefore refractive. To study the phenomena of propaga- 
tion through such a medium it is convenient now to develop some of the basic 
aspects of the theory of geometrical optics. 

We consider a linear and isotropic medium of infinite extent with a 
(possibly complex) dielectric constant which is a function of position. If 



Sec. 8.10 INHOMOGENEOUS MEDIA AND GEOMETRICAL OPTICS 383 


the medium is also charge-free, Maxwell’s equations in the sinusoidal steady 


state are 

V X E = —ja)fiH 

V X H = JeoeE 

VH = 0 

V . €E = 0 


(8-108) 


[f we take the curl of the first equation and substitute in the resulting 
expression the second Maxwell equation, we find 

V X V X E = (8-109) 

By identity (1-84), the left side of Eq. (8-109) can be expanded to give 
V X V X E = y(V - E) - V^E 
while by identity (1-79), the last Maxwell equation becomes 
\7 • cE = E ■ eV • E 


Combining the last pair of relations gives 


V X V X E ~V 



- V^E 


and transforms Eq. (8-109) to 


V^E + p^E = -V 



( 8 - 110 ) 


where P^ — 

Suppose now that [Vcl/^p^ is so small that the right side of Eq. (8-110) 
can be neglected by comparison with the second term on the left. This 
amounts to saying that the spatial change of the refractive index per unit 
wavelength is small, or in mathematical terms. 


^ |V€| |V€,| 

e/3* e„/3* /?* (277)* 


( 8 - 111 ) 


which is true for air, where, on the average, the refractive index changes only 
1 part in 10* in the course of one wavelength at 1 GHz. Under these condi- 
tions 


V*E 4- /3*E 0 


(8-112) 


and if y) is any rectangular component of E, 

V*V' + «%V = 0 (8-113) 

W'here /3o = wV with fi ^ /jlq for air; also, n* = e,. 
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Let US seek solutions of Eqs. (8-113) in the form 

W = (8-114) 

where and L are real functions of position. Substituting Eq. (8-114) into 

Eq. (8-113) and dividing out the common time factor, we obtain 

= 0 (8-115) 

Now 

— Wq + 2Vy;Q • 

But 

^2^-iP^L ^ y . = V . [-jPo(^L)e-^P^^^] 

= [-/3oHVL)*-yiS„W]e->^.^. 

where \ 

|VI,|=-Vi..VL = (|t)%-(|)V(|iJ (8->,6, 

Hence 

~ Woi~P^ — jpQ 

— VL • Vv^o (8-117) 

Substituting Eq. (8-117) into Eq. (8-115) and dividing out the common 

exponential, we find 

y>,{-P^ 1VL|2 ~jp, V^L) + VV„ ^jip, VL • V^^ + = 0 

Finally, equating the real and imaginary parts of this equation, we obtain 

- V’oPo^ IVLP t V2y;o -f 77% Vo ^ 0 
yfQ V^L f 2VL • Vy)Q ^ 0 

or rearranging the first and noting in the second that ^y^oly^o ~ ^(In Wo)' 

|VL|2-^--=«* (8-118) 

PoVo 

WL + 2VL • V(ln -= 0 (8-119) 

Equations (8-118) and (8-119) represent an exact solution of Eq. (8-113). 

To proceed further now it is necessary to introduce one additional 
approximation. Let us suppose that the frequency is sufficiently high, and 
Pq correspondingly large, so that VVo/j^oVo niay be neglected. The phase 
function L is then determined approximately by 

1VL|2---/22 (8-120) 

which is known as the equation of the eikonal. Letting n represent a vector 
in the direction of the wave normals VL (or rays) with a magnitude equal to 
n = we obtain 


VL = n 


(8-121) 
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This equation describes propagation along rays normal to families (L = 
constant) of equiphase wavefronts (Fig. 8-13) and forms the theoretical basis 
of geometrical optics. 


Example 8-7 Effective (J^j) Earth Radius. Let us assume that the earth’s atmosphere 
consists of a large number of thin but discrete layers, each layer having a constant 
dielectric constant that differs from that of the adjacent layers by a discernible amount. 
Generally speaking, the dielectric constant decreases with increasing altitude. There- 
fore a wave launched from any point in the atmosphere at an angle exceeding grazing 
will follow a curved path which tends to bend back toward the surface of the earth 
(Fig. 8-14). 
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Although the radius of curvature of the curved path generally varies with time and 
geographical location, for a standard atmosphere which fits average conditions, w 
about four times the radius of the earth. The net efiFect is an apparent increase in the 
radius of the earth to an ejfcctive value of Va times the actual radius. When ihi^ 
radius is used, the atmosphere is considered to be homogeneous, and propagation is 
considered to occur along straight lines. 

The systematic bending of the waves in the atmosphere thus accounts for the 
phenomenon of communication beyond the horizon. Taking the earth radius as 
R ^ 27.9 X 10" ft, the apparent radio horizon from a point h ft above the surface 
of the earth is approximately equal to V'2/i statute miles. This follows from a con- 
sideration of the simple geometrical relation 

y/(R + hY • - V2/i/f I /i= 

With both h and R expressed in feet, this answer comes out in feet. HosVcver, since 
R (5.28 X 10'’)^, It is evident that the factor R may be dropped under the radical, 
and the answer would then be in miles, with the height expressed in feet. 


From Eq. (8-121) it is apparent that if r/r is a vector element of length in 
the direction of a ray, then 


<^ =■ L{.x,y,z) — L(.Vo,.Vo>"o) = 


r(x.y.z) 

J (j"o.|/o,2o) 


VL . c/r 


r (j. v.z) 

J (xo.7/o-2(>) 


n • cJt 


( 8 - 122 ) 


is the phase dilTerence at two points (.v,v,-) and (.Vo,j’o»-o) along the ray. 
Since the phase velocity in the medium is 


c dr 
n dt 


(8-123) 


it is obvious that in Eq. (8-122) the phase is directly proportional to the 
total time elapsed during a displacement of the phase front. Since this 
displacement occurs along the direction of maximum phase change per unit 
distance, the time of the arrival at (am’,z) of a disturbance originating at 
(a'o,Jq,Zo) is a minimum. This is Fermat's principle. Fn a homogeneous 
medium, this principle implies rays which are straight lines; in an inhomo- 
geneous medium, they are curved (Prob. 8-15). 

In summary, the theory of geometrical optics is the theory of ray 
tracings. Rays are normals to equiphase fronts. When the change in 
per wavelength is small and the dimensions of neighboring bodies are large 
compared with a wavelength, this theory predicts the propagation of waves 
through an inhomogeneous medium, according to simple geometrical 
principles (Snell’s laws of reflection and refraction). When either condition 
is violated, the solution is obtained from the complete wave equation, in 
accordance with the principles of physical optics. In contrast to geometrical 
optics, physical optics predicts (see Huygens’ principle in Chap. 10) the 
penetration of waves into shadow regions consistent with physical reality. 
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3,11 Reflection and Refraction of Waves by an Ionized Gas. Let us 

consider the behavior of an electromagnetic wave incident upon an ionized 
(T-is, such as the ionosphere. This is a region, extending, roughly, from 
40 to 250 miles above the earth, in which the constituent gases are ionized 
as :i result of ultraviolet radiation from the sun. At these heights the air 
pressure is so low that free electrons and ions can exist for a long time 
without recombining into neutral atoms. However, their density is not 
changing uniformly with height. Instead, four layers, called D, E, Fi, and 
quite thick vertically, occur in that order, at rather well defined heights. 
In each of these layers the ionization is nonuniform and varies with the hour 
of the day, the season, the geographical region, and the 11-year sunspot 
cycle. Typical free-electron density profiles range from 10^” to 10^^ per cubic 
meter. 

On the whole, the ionosphere tends to bend back waves impinging from 
the earth. Some of the gross features of this behavior are depicted in 
Fig. 8-15, where a strong dependence on the angle of incidence is seen. 

To examine these and other related features of ionospheric reflection and 
refraction, let us consider the idealized problem of an electromagnetic wave, 
obliquely incident upon an ionized region of semi-infinite extent. We 
assume, as in Example 7-5, that the wave is incident from free space, which 
meets with the ionized region at a plane interface (Fig. 8-16). We also 
assume a distribution of charged particles, with mass m, charge e, and 
density A, throughout the half space z > 0. Finally, we assume that 
collisions between particles and the effect of the earth’s magnetic field are 
to be neglected. All assumptions — clear-cut boundary, semi-infinite region, 
zero magnetic field, no collisions — are extreme simplifications, to be sure, 
but the errors introduced are unimportant here, since we are interested only 
in gross behavior. 



Figure 8-15. Ionospheric reflection and refraction. 
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Medium 1 Medium 2 



Figure 8-16. A wave incident on an ionized region. 


Setting i5o 0 makes f<)„ ~ 0, and Eqs. (7-155) and (7-157) reduce to 


l/V'/Uoeo 

VV- (<o„lwr 


(8-124) 


where = Ne^le^m is the plasma frequency. In effect, then, the presence 
of the charged particles can be accounted for by an equivalent permittivity 


e 




1 




(8-125) 


insofar as propagation of TEM waves through the ionized medium is 
concerned. 

Now, as formal solutions to Maxwell’s equations, Snell’s laws can be 
applied even in this case, if the ionized region is considered to act as a 
dispersive dielectric. This is particularly true if the frequency is sufficiently 
low so that, within a distance of one wavelength, the change in ionization is 
great enough to create effectively an abrupt discontinuity in the properties 
of the medium. By treating the ionized gas as a perfect dielectric with a 
dielectric constant (and hence index of refraction) of less than unity, the 
formulas developed in Secs. 8.2 to 8.6 can be applied in this case to study 
the reflection and refraction properties of the gas. 

The situation is not as simple, however, at high frequencies. When the 
wavelength is sufficiently small so that only a slight change in ionization 
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density occurs in the course of a wavelength, the ionosphere has to be 
treated by different methods, such as the method of ray tracing developed 
,n ihe preceding section. The ionized medium is then considered as a 
dielectric with a continuously variable dielectric constant, or index of 
refraction, which causes the wave to follow a curved path, as indicated in 
f ig. 8-16, away from the region of higher electron density N. This curved 
path is such that, at every point along the path, the angle of refraction 0^ 
,s related to the angle of incidence 6^ by 

n sin dj. sin Oq (8-126) 


/- / 81 A^ 

where n = V€^=Jl - — (8-127) 

!s the local value of the refractive index. As A increases with distance into 
the ionized medium, the refractive index decreases, and 0^. increases in such a 
way that the product n sin 6^ remains fixed. If at some point along the path 
/I - sin Oqi then, obviously, sin 0,. = 1, 6,. = 90°, and the wave is reflected. 
The ionization density at this point is then obtained from the relation 


Thus, if 


/, 81 A 


N > 


P COS^ 00 
81 


(8-128) 

(8-129) 


at any point in the ionized layer, the wave will be reflected; otherwise it will 
penetrate deeper into the ionized medium, possibly going completely through 
a layer, as suggested by the rays on the left in Fig. 8-15. 

Inspection of Eq. (8-129) shows that the ionization density required for 
complete reflection increases with increasing frequency f and with decreasing 
angle of incidence 0o. At a fixed frequency, N is maximum for 0o = 0°. 
Inversely, for a given state of ionization, waves tend to be bent back toward 
the earth when they impinge at low angles of incidence relative to the horizon, 
f he highest angle at which the ray just manages to be reflected back at a given 
frequency is the critical angle for the layer (Fig. 8-15). 

From another point of view, reflection, or complete transmission, 
through a layer at a given angle of incidence is frequency-dependent. From 
Eq. (8-129) it is apparent that, as the angle of incidence increases above the 
critical value (0q decreases), the frequency which will be reflected back tends 
to decrease, reaching a minimum value 

p = (8-130) 

^hen the angle of incidence Oq is zero. Thus the critical frequency /. is the 
E'ghest frequency which will be reflected back for normal incidence. 
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A concept closely allied to the critical angle is the skip distance. 
shown in Fig. 8-15, this is the distance from the transmitter to a point on the 
ground where the wave reflected from the ionosphere is first received. The 
wave then makes one hop. Both single-hop and multihop communication 
can be achieved by bouncing a wave off the ionosphere. 

Of greater practical interest than the critical frequency (which by 
definition implies normal incidence) is the maximum usable frequency 
(abbreviated muf), which is a function of the locations of the transmitting 
and receiving points, the season of the year, and the time of day at which 
communication is desired. From Eqs. (8-129) and (8-130) it is apparent that 


muf = 


/- 

cos Oq 


(Ji-131) 


which shows an intimate relation between the critical frequency and the muf. 
In fact, when 0^ ^ 0, muf It is evident, then, that transmission must 

be virtually at a grazing angle if it is to occur at the highest possible frequency 
(which results in the lowest absorption by the ionized gas). 

Absorption of radio waves in the ionosphere is a severe problem at the 
standard broadcast frequencies. During the daylight hours, all useful 
propagation is in the surface-wave mode, because the sky wave is attenuated 
so highly as to be negligible after reflection. At night, however, ionospheric 
absorption decreases radically, and it is not uncommon to hear, clearly, a 
broadcast station many hundreds of miles away. 

Summarizing, waves normally incident on an ionized layer will be 
reflected only if the frequency of the wave is below the critical frequency of 
that ionized layer. This critical frequency is primarily dependent upon the 
degree of ionization present. Since the electron density in the ionospheric 
layers is a function of a large number of parameters such as sunspot cycle, 
time of day, season, etc., the critical frequencies of the various layers of the 
ionosphere are only coarsely predictable. 


8.12 Summary. In this chapter we have discussed the reflection and 
refraction of plane waves incident on the interface between two different 
media. The laws of reflection and refraction,, expressed by Snell’s law and 
the P'resnel equations, were derived from the requirement of continuity of 
the tangential components of E and H across the interface. Snell’s law 
states that the product of the (complex) propagation constant times the sine 
of the angle of the direction of the wave relative to the normal to the interface 
is a constant. 

At the Brewster angle there is no reflected wave when the incident wave 
is polarized with the incident H, vector parallel to the boundary between two 
dielectrics. In contrast, total reflection occurs when the angle of incidence 
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equal to, or greater than, the critical angle defined by sin 0, 

In this case, as in the case of incidence upon a conducting medium, the 
jj-arL^mitted wave has the properties of a nonuniform wave, with the planes of 
constant amplitude generally not coincident with the planes of constant phase. 
There is, however, this difference. When total reflection occurs for two 
dielectrics, the time-average power transmitted into the refractive medium 
IS equal to zero. In contrast, the amount of real power transmitted into the 
conducting medium is always greater than zero, unless the conductivity is 
infinitely large. 

The skin depth for a conducting medium, or the depth of penetration, 
is the distance from the boundary of a point in the conductor at which the 
lunplitude of the wave has decreased to 36.8 percent of its value at the surface. 

[ rom the formula d V IjcDfia, it is seen that the skin depth varies inversely 
with frequency and conductivity, becoming zero when a -= co. 

Scattering occurs when a wave, incident upon a material body, causes a 
synchronous movement of free and bound charges. The scattered field is 
set up as a result of this movement and, in combination with the incident 
field, defines the total, or diffracted, field. 

The theory of uniform plane waves can be extended to linear, isotropic, 
and nonconducting media, with a dielectric constant which is a function of 
position. When the wavelength is sufficiently small relative to all linear 
dimensions of nearby objects, and when changes by a very small amount 
in the course of a wavelength, the theory of geometrical optics, which 
predicts propagation along rays (normals to equiphase fronts), provides a 
very convenient tool. A study of the reflection and refraction phenomena 
mlhc earth’s atmosphere and ionosphere furnishes excellent examples for the 
use of this theory. The theory of physical optics is based on the complete 
wave equations. 


Problems 

8-1 Reflection Coefficients for Oblique Incidence. For the problem of Example 8-2, 
obtain the expressions for the reflection coefficients in terms of the angle of incidence 0^. 

8-2 Conducting Media. Suppose that, in Fig. 8-3, both media 1 and 2 arc conducting 
and that (rjcoei = V3, with w = 3 x 10® rad/s. Also suppose that ^ €«, fh ■-=^ f^io, 
f- 2fo, jn-i = //o, and ^ 2rTj. Then consider a plane wave propagating along the 
' axis, and determine the transmitted wave at z = 1 in both amplitude and phase, if at 
1 the incident wave is 100^-'" /^V/m. 

8"3 Reflection from a Lossy Slab. In Fig. 8-10, let //j — //(>, o / 0, and d — 0.1 Aq, 
'vherc Au IS the wavelength of the incident wave measured in free space. Then obtain (most 
roadily with a computer) a family of curves showing the variation of the magnitude and 
phase angle of the reflection coefficient in medium 1, T,, as a function of iu the range 
from c,. = 2.0 to = 5.0 for fixed tan (5 = cr/coc values of 0, 10^^, 5 x lO"*®, 10 2 x 10 L 
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8-4 Measurement of Dielectric Constants. One of several methods of measuring the 
properties of dielectrics consists in measuring the transmission (power) loss and phase of a 
wave incident normally on, and transmitted through, a large sheet of the material to be 
tested. The sheet is so located as to interfere with propagation from a transmitting to a 
receiving antenna, and the phase shift and attenuation in the sample are measured bv 
comparison with a controlled phase shift and attenuation. 

Derive expressions for the dielectric constant and loss tangent (cr/cuc) of the sample if 
the thickness is d and measurements are conducted in free space. 

8-5 Total Reflection. Derive Eqs. (8-62) and (8-63). 

8-6 Multiple Dielectric Slabs. A plane wave is incident normally on a pair of di. 
electric slabs joined together as shown in the figure. Determine a condition between t t,, 
and for which all the incident power will be transmitted. 


Free space 



“I 


Free space 


Problem 8-6 

8-7 Snell’s Laws. A plane wave is incident at an angle 0^ upon an infinite slab of 
dielectric m free space. Show that, in this case, Snell’s laws are 

sin = sin 0^ sin 0^ y^ sin Oq sin = sin 0o 

A complete mathematical development is required. 



8-8 Snell’s Law for Spherical Boundaries. With reference to Fig. 8-14, show that 
Snell’s law for a spherically stratified medium gives 

n^ro sin Oq = /iirj sin 0^ = /igra sin Og = ' * ' 
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g.9 Radiation Preasure. Show that 


2\'AE X H*| 


2V/„ |S,| 


is an expression for radiation pressure of a uniform plane wave traveling along an arbitrary 
axis in a medium of unlimited extent. 

To get a feeling for the orders of magnitude, calculate the pressure associated with 
sunlight, for which |Sc| — 1.4 kWjm^ near the earth’s surface. 

840 Geometrical Optics. Show that, if fio is large enough so that |VL|* — then 
the amplitude function y)o satisfies Laplace’s equation. 

841 The Doppler Efifect. When a periodic disturbance is emitted by a source which is 
nioving relative to an observer, the disturbance detected by the observer generally is 
dilfercnt in frequency. This phenomenon, of frequency shift as a result of relative motion 
between source and observer, is called the Doppler e^ect, and the change in frequency is 
tailed the Doppler frequency shift, or simply, the Doppler frequency. 

The most familiar manifestation of the Doppler effect occurs when one observer 
standing beside a railroad track detects a change in frequency, or pitch, of a train speeding 
b\ 1 he frequency of the sound waves emitted by the train decreases with the distance of 
the approaching train, and becomes still lower as it recedes away from the stationary 
obsci ver 

\ practical application of this phenomenon is in the measurement of the ground speed 
of airborne vehicles by means of Doppler radars. The most elementary aspect of this 
measurement can be understood with the aid of the accompanying figure. An electro- 
magnetic wave transmitted from a vehicle at T, moving with a velocity v relative to earth, 
IS baekscattered toward the transmitter/receiver system with an upward-shifted frequency. 
Prove that this Doppler shift is given by 

. 2v cos 0 

where / represents the wavelength of the transmitted radar signal. 



8-12 Measurement of Dielectric Constants. A method for measuring the properties 
f’f low-loss dielectrics is founded on the reflection properties of relatively large samples at 
‘ividencc near the Brewster angle. This has the desirable effect of minimizing interactions 
between sample and antenna. As in the case of normal incidence, described in Prob. 8-4, 
ibe dielectric constant and loss tangent are determined from phase and power-loss measure- 
nienis 
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Derive expressions for and tan d = ajoie in terms of the experimentally observed 
quantities. 

8-13 Scattering. Prove that the scattering properties of an object at a given aspect 
angle can be described by a single scattering matrix of the form 

r A Be^P- 
\_Be^P 

which includes five independent quantities — three amplitudes and two phase angles. 

8-14 Scattering. Should we be able to see a collimated beam of light in vacuum if vse 
were standing away from its direct path ? 

8-15 Geometrical Optics. Prove that in an inhomogeneous medium thej curvature of 
the rays is given by \ 

1 \ 

- = N • V(ln n) 

P 

where N is a unit vector in the direction of the radius of curvature, p, and n is the index of 
refraction. Then show that the rays bend toward the region where the index of refraction 
is higher. 

8-16 Reflection from a Perfect Conductor. A uniform plane wave is incident upon the 
plane boundary of a semi-infinite, perfectly conducting slab. The angle of incidence 0^, 
is arbitrary. 

Prove that the reflected field is related to the incident field by 

— (n • EJn — (n X E,) x n 
n X Hr — n X H, 


and that, consequently, the surface current density is K — 2(n X HJ. (Note: These 
formulas are sometimes used in practice, to analyze scattering problems.) 



Problem 8-16 


8-17 Radome Analysis. A transverse electromagnetic wave is incident at some 
arbitrary angle Oq upon a dielectric sandwich of N layers. For each layer the thickness dn 
the permittivity and the loss tangent tan are arbitrary. The permeability is that of 
free space. Consider two cases: 

Case I. The incident electric field intensity Eo perpendicular to the plane of incidence 
Case II. The incident electric field intensity Eo parallel to the plane of incidence 

In either case, define reflection coeflicient R as the ratio of reflected (Er) to incident (Fo) 
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l^eld intensities in the free space to the left of the first plane boundary; also define trans- 
mission coefficient as the ratio of the transmitted (E,) field intensity in the free space to the 
right of the last plane boundary to the incident field intensity (£o)- Thus 


Then show that 


*< - (I). - (I;). 


for case II 


' " T. 
^11 

* 0 


■^0 


^0 


whcic A„, Bn, Co, Hn are determined from the recursion formulas 


A,=—[A,^A\ + y,n) + 5„,(1 - y.,,)] 


— y.,) + ^.,.(i + y,.)] 

F. = Y -I ty,,,) + c,,,(i - >y.,.)] 


c. - — + <^",(1 -I >y.+i)] 

and /l.v 1 1 = 1 , Bjf 1 1 = 0 , 1 1 = 1 . i i — 0 - Here 




cos 0,+i I t,(l — / tan (>,) 
cos 0. e, + ,(l — yianr^, 4 i) 


_ cos 0,^1 ytancX,,) 

cosOt\J 6,(1 -ytand,) 

ki — cos 0, 

7,** = — 

iind 0, IS the complex angle of refraction in /th layer, and the factor is understood. 
[Hint. With reference to Fig. 8-5 show that, for E, perpendicular to the plane of incidence, 

E, + Er = Et 

7] I 

COS 01 E, — cos 01 E,. = — cos 02Et 
V2 

and that, for H, perpendicular to the plane of incidence, 

H, + H, = Hi 


cos 0iH» — cos OiH,. = — cos dzHt 
Vi 

T^hcn apply a properly modified version of these formulas to the interface between the /th 
and (/■ 4- i)st layer.] 
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8-18 Numerical Analysis of a Radome Wall. Implement a computer program to 
calculate Rj|“, of Prob. 8-17 for a five-layer radome wall having the following 

parameters : 


Layer 

number 

Dielectric 

constant 

Loss tanyent 

djl> 

1 

4.30 

0.015 

0.0406 

2 

1.15 

0.005 

0.1355 

3 

4.30 

0.015 

0.0406 

4 

3.15 

0.035 

0.0180 

5 

7.30 

0.270 

0.0027 


Allow the angle of incidence to vary from 0 to 80® in 10® increments. Include Oq 88 
{Hint: If z = a: + jy, then 

sin"^ z kir (—1)*' sin~' p -f (~l)''yin [a -\- — 1)-^] 

where k is any positive integer and 

a - laix \y + y^V'^^ + M[(x - D* + y^Y^ 

P = 'A[(x+ iy + /l’'^ - 'A[(x - 1)> + 

In this problem, set k — 0.} 

8-19 Atmospheric Refraction of Radio Waves. Refraction of radio waves is cause 
by variations of the atmospheric composition which determines the radio refractive inde' 
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although variations of the refractive index are small, they do cause the rays to bend, 
fhercfore their effect must be taken into account in precision (electronic) distance measure- 

iienis. 

[Or purposes of this exercise, let the index of refraction of the atmosphere be repre- 
pnied by the approximate formula 

n{h) -- 1 1- 0.0003^-^/’ 

v^here h is the height above the ground, in kilometers. 

{a) Consider a ground-based radar tracking an airplane 100 miles away from the 
radar site and at an altitude of 5 miles. What error would be made in the 
distance measurement if the variations of the refractive index were ignored? 

(/?) Give an estimate of the lowest frequency at which the theory of geometrical 
optics is valid in this medium. 



CHAPTER 9 


TRANSMISSION LINES AND WAVEGUIDES 


9.1 Introduction. At low frequencies we consider that lurrtped-ciicuit 
elements are connected together with conductors which have no electrical 
or circuit properties other than good conductivity. At higher frequencies 
the length of these conductors, or more specifically, the dimensions of the 
system, become nonnegligible fractions of a wavelength, and the simple 
lumped-circuit idealization leads to serious errors. The lumped-circuil 
model can be ‘'patched up’’ in some cases by assigning “lead inductance" 
and “distributed capacitance” to the interconnections and to various parts 
of the system. These concepts have some utility, but they must be used with 
care, since, in reality, the problem has become an electromagnetic Held 
problem. Even so, it is usually possible to preserve some of the simplicit) 
of lumped-circuil analysis by use of lumped impedances connected to uniform 
transmission lines. 

A uniform transmission line is a system of two or more conductors which 
has identical cross-scctional configurations for all positions along its length. 
Practical examples of uniform transmission lines are parallel wires, coaxial 
lines, and strip lines. It is our purpose in this chapter to present the basic 
features of transmission line analysis. 


9.2 Existence and Definition of the Transmission Line Mode. The 

electromagnetic field configuration for a transmission line is in principle 
given by the solution of Maxwell’s equations subject to the boundar) 
conditions on the transmission line conductors. We do not present the 
solution of this problem at this time, but rather state as facts a few pertinent 
features of the solution. 

Lossless transmission lines Lossless means that the conductors have 
infinite conductivity and that the dielectric surrounding them is perfect. 
The following features of the general lossless solution are pertinent. 

1 . A denumerable infinity of field configurations is possible. Each possible 
field configuration is called a mode. 
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^ ir we focus our attention on the sinusoidal steady state, we find that 
every mode has a z dependence (z is the axial coordinate; that is, z 
measures distance along the line) of the form e and Thus the 

modes are in the general form of waves traveling in the 1 z direction. 

- The propagation constant 7 , in general, is a function of the geometry of 
the transmission line and of the sinusoidal steady-state frequency. This 
lunction is different for each mode. 

4 t or any particular transmission line and mode, there is a frequency 
(usually called the cuto^ frequency) at which 7 - 0. Below this fre- 
quency, y is positive real. Above this frequency, y is positive imaginary. 
Thus true wave propagation is possible only above the cutoff frequency. 
Modes which have a cutoff frequency greater than the operating fre- 
quency can be ignored in elementary transmission line analysis. 

5 for every lossless transmission line there is one special mode for which 
ihe E and H fields arc transverse to the transmission line axis. This 
mode is called the TEM, or transmission line mode. It has a zero 
cutoff frequency. 

Lossy transmission lines A lossy transmission line is one where the 
Lundiiclors have finite conductivity or where the dielectric is not perfect. 
In the usual practical case, both conditions prevail. 

The exact solution of the boundary-value problem for lossy transmission 
lines IS very involved, and in most cases cannot be obtained in closed 
analvtical form. The usual method of attack on the problem of lossy 
transmission lines is to use what amounts to a perturbation approach. The 
technique used is to solve for the fields as though the line were lossless and 
then to calculate the losses which would occur if the lossless fields were the 
exact fields. 

9.3 Characteristics of the Transmission Line Mode. The transmission 
line mode is a transverse electromagnetic (TEM) mode. This means that 
huth the E and the H fields are transverse to the axial direction of the trans- 
mission line. If this axial direction is the z direction, ^ ~ 0 . 

Wc begin by writing Maxwell's equations for a nonconducting source- 
hec legion. Although other coordinate systems may be convenient later, 
ihcrc IS no loss in generality at this point in using rectangular coordinates, 
hi component form Maxwell's curl equations for E, 0 are 


dE„ 

dH^ 

dH, 


dz' 

^ Ji' 

dz 

^ dt 

dE, 


dH, 

dE, 

dz 


dz 

dt 

1 

^§1 

1 


dH, 

II 

dx 

dy 


dy 


(9-1) 
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These equations may be combined in various ways to give 


d^E^ 

d^E, 


9/2 

d^E, 

92E„ 

3z2 

9/2- 


92 //. 

3z2 

9/2 

d^H,, 


3z2 

9/2 


As we have already seen in Chap. 7, these equations are wave equations whosi 
solutions are each of the form 


/(r,/) -/^(r - rt) i / (r 1 vt) (9-3 


where v l/\ //e, and is to be interpreted as the r-directed velocity o 
propagation of the waves represented by / ' and /' . 

Our first characteristic of the TEM mode is that it propagates alony tin 
transmission line with a velocity r — \/V fu, which is independent of ihi 
geometry and frequency. It has a zero cutolT frequency. 

Let us next look at the vector wave equations for source-free regions 
From Chap. 7, they are 






dm 

Vm - lie — 
dt- 


(9-4 


In the special case we arc considering, where E. H. — 0, these become 




fi^ 


~dK 


/le 


d^E„ 

dt^ 


fj,e 


dt^ 


- fie 


3/2 


(9-5 
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and- by substituting Eqs. (9-2) into these equations, we obtain 

dx^ ^ dy^ 


d^H, 

dx^ 

d^H ,. 


dy^ 

d^H, 

dv‘ 


(9-6) 


0 


^ - 0 


Thus each of the field components obeys the two-dimensional Laplace’s 
equation. Consequently, by Property 4 (p. 162), each of the field components 
may be written as the gradient of a scalar function. More usefully, however, 
lor our present discussion, this means that the total E field and the total H 
field may each be written as the gradient of scalar functions. This allows 
us to define a potential difference 

K(-,r) -- E • c/1 - J (- • c/I </., - 4 >., (9-7) 


where the path of integration is any path in the transverse plane from 
Loiuliictor 1 to conductor 2 in Fig. 9-1. Although V depends upon the 
position z along the line and upon the time t at which the integration is 
pci-rormed, at a specific pair z and t its value is unique. We shall call 
r(:,r) the potential dijjercnce between the conductors. 

Similarly, we can define a unique current 

/(z,r) -- (fc H r/1 (9-8) 

Jr' 


^vhcrc C' is any contour lying in a transverse plane and encircling conductor 
i (bor conductor 2 we obtain the negative of ihe defined current.) Notice 
tliiU the displacement current is zero since D. = 0. 

4i this point we have shown only that it is possible to define a unique 
Mz,/) and a unique /(z,/). That they have the dimensions of voltage and 
■current is rather obvious. However, their significance remains to be 
-lii^played. 

As a preliminary step, we note that Eqs. (9-1) are, formally, those 
obeyed by the uniform plane waves of Chap. 7, with the additional condition 
'f^posed by the last two equations in the set (9-1), namely, 


dE,, BE, ^ dH, dH 
By Bx oy Bx 


(9-9) 
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(a) 

Conductor 2 



FrCiURE 9-1. Cross-scclional views of two-conductor transmission lines (^;) 
Parallel conductors; (/?) coaxial conductors. 


which allows the fields to be nonuniform over transverse planes. This 
additional degree of freedom is necessary so that the field can satisfy the 
boundary conditions without altering the implications of the first two pairs 
of Eqs. (9-1), which relate only the position and time behavior of the liclcK 
Thus, using Eqs. (9-1), rewritten for the sinusoidal steady slate, we can 
obtain an interpretation for our current problem similar to that obtained in 
Sec. 7-6. This interpretation is 

Et- - 


^ (a, X 

E- 

H - - - i (a, X 


(9- 


where the factor is understood, and the subscript T is used to emphasi/i^ 
that the field is transverse. In other words, these equations say that E 
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-iiid are in time phase and orthogonal in space with a relative magnitude 


|E* 

|H' 


7 } ^ I- 


(9-11) 


similarly for the negatively traveling transverse fields. 

Since the vectors and E^ are solutions of the same boundary-value 
problem, the vectors E+ and E“ are collinear. This makes and H also 
collinear. The actual directions and spatial dependence of fields are deter- 
mined by the transmission line geometry. (An example is given below, in 
See. 9.4.) 

Wc now wish to write the field vectors in a form which displays more 
clearly the transverse spatial dependence. To do this, we write 

E+ - - Ei.,(z)g(x,\) (9-12) 

where the scalar function (r) contains all the axial position, phase, and 
maiznitudc information, and g(.v,)’) is a suitably normalized dimensionless 
\eclor function of the transverse coordinates (.v,r) such that it contains the 
direction and relative-magnitude information. Similarly, we can write 

E- - Er,g(x.y) (9-13) 

a, xg(A-,F) (9-14) 

9 


H - - - E-ja, X g(v,v) (9-15) 

Now we look at the previously defined ktz,0 and I(zJ). From Eq. 
(9-7) wc have 


y(:) -- I” I- £f„)g(.v,,v) • <11 E-r [ g(v, v) ■ d\ - (9-16) 

nvIkmc ‘‘ £y, = 1- ' (*^-17) 

g(AM)-</l m (9-l») 


Similarly, from Eq. (9-8), wc have 



l(z) j) //rla, X g(.v, v)] ■ </l - HtFi 

(9-19) 

where 

H p - — (^7 0 ^ ^7 0^ 

V 

(9-20) 


F, -- [a, X g(.vo )] • (il m 

(9-21) 
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Now, Fi and F, are seen to depend only on the transmission line geomctrv 
IF we rewrite our results as 

Viz) - KU--) I y-(=) =- IE}(Z) + E^(z)]F, 

l(z) - [+{z) f / (z) - - [E,;;(c) -- E^{z)]F, 

V 

these equations become 

K(r) - Kt(2) + V-{:) 

/(--) ^ ~ [y^(=) - 

nEy 

from which wc see that 

/'(r)-^ V {z)- ^ K‘(z) (9-22) 

/-(r) ^ V (z) - ^ V-{z) (9-23) 

where Zo ^ {FjF^,)}j has the dimensions of an impedance, whose value h 
determined by the transmission line geometry and the dielectric meilium, 
This impedance Zy is called the characteristic impedance of the transmission 
line. Its value for a coaxial transmission line is calculated in the next 
section. 

9.4 The Coaxial Transmission Line. As a specilic example of a tians- 
mission line, let us examine the TEM mode for the lossless coaxial structure 
shown in I ig. 9-2. 



FkjUrh 9-2 A cros.s-scctional and an axial view of a coaxial transmission line. 
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In cylindrical 

coordinates, Eqs. 

(9-1) are 



dE, 

dz 

dH, 

dH^ 

dz 

dE, 
“ ^ dt 


dEr 


dH, 

^E, 


Tz 

- n 

- dt 

dz 

^ dt 

d 

(rE,^) 

^Er ^ 

d 

dlL 

dr 


¥ 

dip 


(9-24) 


Ihcse equations can be combined in the same manner as was done for Eqs. 
(9-1) to give 


d^E, 

d-E, 

dz^ 

dt^ 

d^E^ 


dz^ 

dti 

d^H, 

d^H, 

dz^ 




dz^ 

n 


liowing that each of the field components individually obeys the wave 
tjLKilion, and hence each field component is of the form 

f(zj) ~--f {z - vt) Vf {z ; vt) 

IS wMs the case when expressed in rectangular coordinates. 

furthermore, our previous results show that the E' and fields are 
I) time phase and orthogonal in space so that 


llcucc the only new part of the problem is to determine the transverse spatial 
hchcMDr of the fields and the characteristic impedance of the line. 

The spatial behavior can be determined by a direct solution of the set 
(^)-24), which will show that, for fields with no (f dependence, the only 
•allowable solution is of the form kjt\ where k is a constant. This states that 
fields are 


k., 

H - 


kx 

- - 
r 


(9-26) 
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with similar expressions for the negative traveling fields. The boundarv 
conditions ^ 0, //„ormai = ^ demand that = resulting m th^ 

fields 



V ^ f. 


(9-27) 


Now 

and 

/l(2) 



k+ In - = E'{z)Fi 
a 


(9-2K) 


1 

'n 




(a^ X ■ ci\ - 


1 

V 



2rrk • 

7] 


Itt K+(z) 


From this expression and Fq. (9-22) we obtain 


F. Itt 

“ In {hi a) 


(9-30) 


and 


>'o 


r/ In (hja) 
Itt 


(9-31) 


as the characteristic impedance of a lossless coaxial transmission line. 

A circuit interpretation of is sometimes desirable. If we recall th;it 
the capacitance per unit length of a coaxial structure is 


c- 


2tT€ 

In {hja) 


and the inductance per unit length is 


we see that 


L - 


fi In (hi a) 
2tt 


(9-32) 


(9-33) 



j [/j. In (h/a)]l2TT 
V 27T€/[ln {hja)] 



In (hlafl- 

V e 

L 277 J 


jfi In (h/a) 

\ e 277 


-Zn 


(9-34) 


which interprets Z„ as the ratio \ L/C. Iji fact, if we had started oui 
analysis by assuming that the line had a capacitance C and an inductance 
L per unit length and that a voltage and current V and / existed, and treated 
the problem as a distributed-circuits (Fig. 9-3) problem, we should have 
obtained the equations 

dV dl 

dl _ dy 


(9-35) 
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:c dz 


z^^dz 


^[ 1,1 KT 9-3. Distnbulcd-circuit representation of a lossless transmission line. 


These, in turn, can be combined to give 

d-V dW 

02 / 02 / 

— — rr 

dz^ 3/2 

which arc wave equations in V and / whose solutions are 

K(r,/) V (z- vt) I V-{z + vl) 
/(r,/)--/-(r -r/)-|- / (z | vt) 

1 J 1 

where 

\ LC lfi\n(hla) Ine Vfie 

V 277 In (hja) 


(9-36) 


(9-37) 

(9-38) 


;a^ before. Direct substitution of these results into the original (9-35) yields 


V{zj) 
r{z,t) 
y (zj) 

f (=,t) 

expected. The ease with which these results arc obtained by the 
^iribiitcd-circuits method makes this approach advantageous for routine 
kulu lions. However, for actual lines, wc need the insight provided by the 
approach to understand the frequency limitations imposed on the line 

' hisses. 



^ Transmission Line Analysis. Conventional transmission line 
‘‘hysis considers the behavior of the line in the sinusoidal steady state. 
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For time variations of the form Eqs. (9-36) become 


and lead to the solutions 


dW 

— + oy^LCV - 0 
dz^ 

dH 

— + io^LCl = 0 
dz‘‘ 


y(z) -\ V e‘l‘' 


( 9 - 39 ) 


( 9 - 40 ) 


/(-) -L ~ V-e‘i'-) 

•^0 

where the factor e’”'* is understood and 


277 ' at 



)\ LC — <i>\' fie 


( 9 - 41 ) 


( 9 - 42 | 


The impedance at any point along the line is obtained by taking the ratio ol 
Eqs. (9-40) and (9-41). 


F(c) 

7^ 


( 9 - 43 ) 


It is convenient to change the form oflhis equation by dividing the numeraloi 
and the denominator by It then becomes 


where 


Z(z) 


\ + {V 
1 - {V 


V- 

Fi” 


Zo 



( 9 - 44 ) 

( 9 - 45 ) 


This definition implies that 1\, is the ratio of the reflected and incident 
voltage waves at r — 0, and is thus a characteristic of the load connected to 
the line. Since these waves are not necessarily in phase at j ^ 0, To m 
general is complex and is of the form 

To - \ (^^-46) 


where </>(, is the relative phase of V and V ' at z - 0. 

Transmission lines usually connect a generator to a load, as shown 
Fig. 9-4. In these cases, it is almost always desirable to use the load position 
as the origin of the z-coordinate system, with the result that z is negative Tor 
all positions along the line. This causes no basic problem. However, 
major portion of transmission line analysis is written in terms of the variable 
.V — — z so that we deal with s ^ positive distance from the load. In terms of 
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^5 



Figurh 9-4. A transmission line connecting a generator to a load. 


hq. (9-44) becomes 


Z(s) 


1 -I- ToC 
1 - 


(9-47) 


Manipulation and interpretation of Eq. (9-47) is the basic problem of 
tiansmission line analysis. Since Z„ is a constant for any particular line, it 
IS convenient to define a normalized impedance c„(.v) as 


z(.v) 1 -b iv-^-"' 

z„ ” 1 - IV 


(9-48) 


I lie advantage ol using this normalized impedance is that it reduces all 
problems to a single class of problems. 

f irst notice that :„(!>) is complex, and can be written 

r,(v)-K.v)+My) (9-49) 


Fxamination of Eq. (9-48) will show that, if all values of |1 ol from zero to 
inlinity are allowed, both a*(.v) and -y(.v) range from - oo to f oo. However, 
il^ wc restrict our analysis to the case of a generator delivering power to a 
passive load, the net time-average power delivered will be,t from Eqs. 
(9-40) and (9-41), 

| I / I |2 1^-12 

7^.,, Re(HK/*)-‘^^ ^-0 (9-50) 


iiiul therefore we shall have 


I ^ ol 


V 


K' 


' the superposition of powers expressed by Eq (9-50) is a significant phenomenon. Not 
s\siems, even linear ones, behave in this manner. For example, the power delivered 
a linear resistor by two voltage sources connected in scries is not equal to the sum of the 
delivered by each source acting alone. 
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-/ 


I'lGURE 9-5 r in the complex plane (|r„| : 1). 

Under these conditions it is obvious that the so-called generalized voltage 
reflection coefficient 

r IV - |1\J (9-51) 

is a quantity whose locus in the complex plane is a circle of radius \ V^i\ 1. 
Figure 9-5 shows a plot of F. Smitht showed that Eq. (9-4S) permits the 
construction of a chart, known as the Smith chart, from which Eq. (9-4S) 
can be solved graphically. 

Consider Eq. (9-51), and let 

W — (ko 

Also, Jet p and cj be tlie components of 1^. Then 

r- (9-52) 

and with the aid of (9-49), Eq. (9-48) becomes 

1 + r _ 1 + (p I jq) 

1 -r i-{p\jq) 

Separating the real and imaginary parts of this equation and performing 
some lengthy, but simple, algebraic manipulations (the details of which 

t P. H. Smith, Transmission Line Calculator, Electronics, vol. 12, pp. 29-31, January, 193*^ 
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iirc left as an exercise for the student), we obtain 



— T 

r + 1/ 




1 

(r + 1)2 


{p - D* 




(9-53) 


The Smith chart plots the loci of F for r constant and for .v - 
constant. It can be readily seen from Eqs. (9-53) that r constant results 
in loci of r which are circles of radius l/(r 1 1 ) and whose centers are on the 
real axis at r/(r + 1 ). It can also be seen that v - constant results in loci of 
r which are arcs of circles whose centers are located at p -- 1, ry -- 1/v and 
which have radii of l/.v such that the circles arc tangent to the real axis at 
the point 1 |- /O. 

These r ^ constant and a' = constant lines are the lines plotted in the 
Smith chart, and are known as Smith chart coordinates. Figure 9-6 shows the 
Smith chart coordinates. Notice particularly that F is not plotted, but that 
It can be obtained graphically for any r ! Jx. On the actual Smith chart, 
the angle ip is indicated around the unit circle in degrees and in wavelengths 



Figure 9-6. Smith chart coordinates. 
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[2fJs = (47 tI?.)a] “toward the generator” and “toward the load.” This 
facilitates certain calculations. A few examples will show how the Smith 
chart can be used. The student will need a Smith chart to follow these 
examples. 


Example 9-1 Smith Chart Use. For the equation 


-n r i / r ^ 


\ |T.,| 

1 


(a) Given that r 2, .v -- 3. Find | F„| and v'- 

As shown in I ig 9-7, locate the point z„ - r i Jx — 2 } /3. Read y - 2f) 
and by scaling find | r„| 0 745 

(h) Given |r„| — ' ,, y — 90 . Find r and .v. Draw the circle IF,,! - i . and 
the V’ 90' line, as shown in Fig 9-7. At their intersection read r — 0.8, x () (, 
(c) For part (h) find the maximum and the minimum values of |r,J if all values of 
V are allowed. 

I rom the equation, note that occurs for y- 0 and occuis fur 

yf — TT. Thus, analytically. 


and 




i-'j- 


I ■ li'..! I , 

I - |i’„l ■■ I " ■ 
1 li-,,! 1 >, 1 

I 11'., I 1 + , '2 


4 ' 90 ^ 


C 


Figure; 9-7. Smith chart calculation of Example 9-1. 
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or graphically, complete the locus ^ and read at - 0 - = 2 -l /O — I - I 

ji. II ' t \ 1 ^ • - |^„|max» 

and read at ^ . i /O - 

Note that the maximum and minimum values of the normalized impedance are 
both real. 


Example 9-2 Smith Chart Use. Given a generator connected to a passive load by 
means of a transmission line whose characteristic impedance is 50 LI. At a reference 
position .V — 0 it is found that the line impedance, Z(0) ^ y(0)ll{0), is given by 

Z(0) - 100 -h /50 

What will the line impedance be 0 2A toward the generator from the reference position? 
First express the problem in Smith chart coordinates by writing 


Z(0) 100 i /50 

^ ^ 50 


2 + /1 


Locate the Smith chart point 2 ‘ yi as shown in Fig 9-8. Note that the reference 
point IS at 0.21.'lA “toward the generator,” or v’n ^ 26.2 , and that the origin for the 
two scales is not the same The value 0 213A has no significance in this problem, 
except that 0 2/ toward the generator from this reference point is at 0.21 3A i 0 2A — 
0 413/ “toward the generator ” v at this point is - 1 17 8 ' 

Next use a compass to draw the (circular) locus of IV read the Smith chart 
coordinates at the point on this circle corresponding to .v ^ 0.2A, that is, at 0.41 3A 



Figurh 9-8. The solution of Example 9-2. 
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“toward the generator.” Obtain 

Zn(s = 0.2A) - 0.5 yO.5 

Hence Z(0.2/l) - (0.5 - /0.5)50 - 25 - j25 Q 

IS the line impedance 0.2A toward the generator from the point where the line impedance 
IS 100 f j50 


9.6 Voltage Standing Wave Ratio (VSWR), Reflection Goefiicient, and 
Matched Lines. In terms ol\y, Eq. (9-43) is i 


V(s) 

~ l(s) ^ y+e^O- - V~e 


(9-54) 


Now consider a transmission line connecting a generator to an impedance, 
Z/ , as shown in Fig. 9-4. At s 0, Eq. (9-54) reduces to 


Now for Z(0) 


Z^ = Z(0) 


- Zq, we have 


K(0) ^ K+ + K- 

7^ “ v+ - V- 


-- ^0 


V\ + y- 

y^ - K- 


(9-55) 


which has as its solution y~ ^ 0, giving Z^v) — for all .v. Under these 
conditions, the line is said to be matched. For all other load impedances, 
y -/ 0, and the line is said to be mismatched. 

Since F is the complex value of a negative traveling wave whose origin 
is at a mismatch, it is desirable to view it as voltage reflected from the 
mismatch. F-urthermorc, since the ratio Vq F"/F' is determined by 
ZJJZ^i, that is, by the mismatch, it is desirable to call the voltage rejiection 
coefficient and to note that, given Vq, we can calculate ZyjZo, or, given Z/ /Z,„ 
we can calculate Vq. 

As a practical matter, it is rather diflicult to measure the line impedance 
Z(.v) directly. In some cases it is also difficult to measure the load impedance 
Zf directly, although its location is usually known. On the other hand, n 
is comparatively simple from a measurements point of view to obtain the 
(relative) value of | F(.v)| by using a slotted line. This means that we need to 
be able to obtain Zy^ and Fq from measured values of | F(.v)|. The following 
discussion shows how this is accomplished. 

First, with .s r, Eq. (9-40) may be written 

y{s) -= y+e^P\l + 

and hence |F(5)| \ y^e^P-\l + IV 


which has a maximum value 


(1 + \i\\) 
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Fkjure 9-9. A normalized voltage standing wave on a transmission line as a 
I unction of position. The circle diagram shows the relationship of normal- 
ized voltage to r„ — |r,J and position along the line. 


and a minimum value 





(1 - ll’ol) 

The ratio 





1 + ir„i 





(9-56) 


IS called the voltage standing wave ratio, usually abbreviated VSWR. We can 
solve this equation for ITqI and obtain 


5 * - 1 

sTl 


(9-57) 


A typical plot of normalized voltage — 1 -h is shown in Fig. 9-9. 

^lotice that successive maxima (and minima) arc one-half wavelength apart. 

Now, having measured S and having calculated iFoL we can draw the 
circle on the Smith chart which is the locus of However, it is 

expedient to note that, in terms of Smith chart coordinates, the normalized 
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impedance 




roC-^2/is 

r„c 


(9-5X) 


has a maximum given by 


^in.w 1 “ /'^ 



5* 


Thus the voltage standing wave ratio is numerically equal to the value of 
at the point where the locus of T^c ^2/'-'* crosses the positive real axis. This 
point also corresponds to the position of I ^ 

The minimum value of the normalized impedance is ' 

1 . . ^ .. 1 n\)i 1 

l“/ilniiii " ^ nun ' 7^ 1 • jl^ | S 

and occurs at the point where the locus of V^e crosses the negative rciil 

axis. This point also corresponds to the position of | 

The foregoing discussion shows that, if we measure the voltage standini: 
wave ratio 5, the half wavelength //2, and the distance A.v from the fiisi 
minimum of 1 y{s)\ t(') the position .v - 0, we can readily (ind the Smith chart 
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coordinates for ^ -- 0, and hence we can obtain the impedance Z(0) at s 0. 
11 the load is at s =— 0, then Z(0) -■ Zj . An example will clarify the pro- 
cedure. 


E^tcample 9-3 Use of VSWR to Calculate Load Impedance. Given that the VSWR is 
5 - 3, that the first minimum of | r(i)| is 5 cm from Ihc load, and that the distance 
between successive minima is 20 cm, while the characteristic impedance of the line is 
50 11 Find the load impedance. 

The wavelength is 40 cm The load is ‘k, - 0.125A “toward the load” from the 
first voltage minimum. With reference to Fig. 9-10, locate the point r,r,in ^ \IS 
and use a compass to draw the circle \\,c Draw the line As - 0 125 A “toward 

the load ” At the intersection of the circle and the line read the Smith chart coordi- 
nates 

r,(0) r /v-06 - /0.8 


Multiply by Z,, and obtain 

Z(0) Z,, Z„z„(0) - 50(0.6 -/0 8) - 30 /40 12 

The inverse problem of finding the VSWR for a given load impedance should be 
obvious 

Wc close this section with a summary of the most important formulas used in 
lossless transmission line analysis. 


- I IV-^2/K) _ y'^e^P'\\ -i- T) 

/ -L y e’"-') - A ((/I jz-e--'"') 

•Zq Zo 

(1 - IV (1 - 10 


z„ 

V IV 


^ 1 r„<' 


z Zq 

Z h Zq 

1 f IV I i 1' 


Zq 


1 V 


A I I'o |A ^ I: ^0 

Air 0: Z - Z,. Z,, --Z„, ^ r„ - 


VSWR 

I IV - 


1 - r„ 

I l-liv 
I -|1V 

VSWR 1 


Z/^ + Zq 


VSWR + 1 
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An additional useful formula is given in Prob. 9-22. It is 

^ 1 -yXVSWR) tan 

'' * VSWR ytan/i.U 

where is the (positive) distance to the first voltage minimum from the 
load at s - 0. 


9.7 Transmission Line Matching. The time-average powep delivered by 
a transmission line to a load is given by 


P, 


/ F/='= \ 

1. • 

■■ 

jfJs \ 

1 


= Re [' 2 

K -1 

iv (1 - 





iM 

2Z„ 


(I -- ll'ol") 


(9-59) 


From this equation it is apparent that the condition 0 results in a 

reduced power to the K)ad, assuming the voltage | F' | is held fixed. 1 hi^ is 
nearly true for many practical situations. 4'hcreforc, neglecting line losses, 
the power delivered to the load is a maximum, provided IF,,! 0, that is, 

provided the load is matched to the line. 

This section deals with the methods used to match a given load imped- 
ance to a transmission line, fhis is accomplished by connecting additional 
lossless impedances [o the line in such a manner that total line impedance 
makes \ \W 0. 

From a practical point of view the only simple connections we can make 
to the line arc parallel connections. Parallel connections arc best dealt with 
by using admittance concepts rather than impedance concepts. The line 
admittance is given by 


ns) 


1 


1 / 1 \v 

I i l> 


; //’) 


(9-60) 


where is the reciprocal of .s the normalized conductance 

and sLisceptance of the line. Equation (9-60) shows that, by making the 
proper interpretation of the results, we can S4)lvc admittance problems using 
the same procedure on the Smith chart that we used for impedance problems 
Specifically, we can readily convert from Smith chart impedance coordinates, 
r i /.V, to Smith chart admittance coordinates, if I y/?, and from line 
impedance to line admittance, by a simple angular shift of 1S(F around tli^' 
IV circle, as the following example will show. This is so because the 
normalized admittance, which is just the fraction within parentheses in Iq 
(9-60), differs from the normalized impedance, Eq. (9-5S), only m the 
interchange of signs, which can readily be taken into account by adding/^ 
to the exponentials. 
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£%ainple 9-4 Transformation from Impedance to Admittance Using the Smith 
Chart. Given that, at a specified point on a transmission line, the line impedance is 
50 I /50 Q. The characteristic impedance of the line is 50 Q. What is the line 
admittance at this point? 

By direct calculation 

By use of the Smith chart, Tig. 9-11, 

Z Z„(r /.v) - 50(1 ; / 1 ) 

Locate the Smith chart impedance coordinate point 1 /I. Draw the circle T,,^' 

through I ; /I . At 1 80 along this circle from 1 i / 1 read the Smith chart admittance 
coordinates 0.5 /O 5. Now 

Y ' ih) - ' .o(0.5 - /0.5) - (10 /lO) 10 •> n 

The steps aie illustrated in Fig. 9-1 1. 

Although the Smith chart procedure seems more involved than direct calculation, 
It actually facilitates most calculations of this type. 



Fu'.urf 9-11. I'he Smith chart operations involved in impedancc- 
do-admittance transformations. 
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Appropriate lossless matching admittances are usually short-circuited 
or open-circuited sections of the same transmission line which is to be 
matched. 

For a short-circuited stub, Fq - 1 , as may be seen by setting F(0) o 
in Eq. (9-40); hence the locus of IV is a circle of radius 1, which is the 
outer circle of the Smith chart. Additionally, the expression for the stub 
input admittances, from Eq. (9-60), becomes 

r(,T) - Xu ^ ^o(0 /cot (is) I (9-61) 

from which it is clear that \ 

y(0) Y,(o j^j) \ 

To find the Smith chart admittance coordinates of any length W of a short- 
circuited line, we enter the Smith chart at /x (which is the extreme peunt 
on the right in the chart), and we go around the outer circle “toward the 
generator^' a distance .v, measured in wavelengths; we then read the Smith 
chart coordinate 0 , jh. 

For open-circuiled stubs the same procedure is followed, except thul. 
for an open circuit, l^, 1, and from Eq. (9-60), 

>■(■') >'o I — - -/ .J,: ^ /tan/i.v) (9-62) 

In this case the distance .s is measured “toward the generator" from the point 
0 - /O (which is the extreme point on the left in the Smith chart). 

We are now m a position to perform matching calculations. 

Single-stub matching A load impedance of an) arbitrary finite value 
can be matched tc^ a transmission line by use of a single (open- c^r short- 
circuited) matching stub of appropriate length in parallel with the line at the 
proper distance from the load. Figure 9-12 shows the line positions and the 
Smith chart operations involved in single-stub matching. 

For a given load impedance Z, , we use the Smith chart to obtain ) i, 
and then construct the admittance circle, from which we can obtain 

>'(.') • Jh{s)] 

for any desired distance .v from the load. We are already familiar with ihi.s 
operation. Now, if at .s we parallel the line with a stub whose admiliante 
is given by 

y. K«(o \ jh) 

the parallel combination at .v will have an admittance given by 

Y. - n.v) i K, - ro[^(i) i jh(s) t Jh] 


(9-64) 
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Matching 

stub 





5-0 


0 



I itii Kr 9-12. SingIc-sUib iiiaicliing. 


roin which it will be seen that the line will be matched it' we choose 5 such 
hat i;(a) J , and also choose a stub length such that b ~ -b(s). 

li IS clear that, for any finite nonzero load impedance, there are two 
\ lilies of.v, every half wavelength, which make - 1 . We usually choose 
match at the position closest to the load, or at the position which requires 
ihc shorter stub. Usually, but not always, we avoid open-circuited stubs. 
An example single-stub matching follows. 

Example 9-5 Single-stub Matching. A 50-11 transmission line is connected lo a load 
impedance Z, 25 y5() Kind the position and length of the short-circuited stub 

retail I red to match the line 

Since 50 li, the normalized load impedance is 

0 5 /TO 

• rom the Smith chart (t ig. 9-12) find 

- 0.4 r /0.8 
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at 0.1 15A “toward the generator” (or ^ 97"), and 

^Cs) - 1.0 f /T.6 

at 0.179A “toward the generator,” giving s = (0.179 0.1 15)A, or 0.064A, as ih^ 

matching point nearest the load. 

Notice that there is a second matching point, where 

V(v) — 1.0 7 1. 6 

at 0.32IA “toward the generator.” This point is (0.321 0 115)A^ or 0.206/ from 

the load | 

The first matching point requires a stub whose normalized susceptance b is l 
Reading around the outer circle from /a, we find that the len^h of the sju>ii- 
circLiited stub with this value of b is (0.339 0.250)/, or 0.089A longi 

The second matching point would require a stub whose normalized susccptanic 
b IS 1.6. This stub would have a length of 0.161/ if it were open-circuited or a 
length of (0 161 0.250)/ ^ 0 41 1/ if it were short-circuited 


Double-Stub matching fhe necessity of providing an adjustable 
location for the matching stub of single-stub matching causes some dilficullv, 
particularly in permanent installations. In such cases two (or more) 
matching stubs may be built into the line at fixed positions. Three lixed 
stubs, properly located, can in principle match any arbitrary load. How- 
ever, in practice, the stub adjustments required to produce a match is a 
trial-and-error procedure, and three stubs are exasperatingly difficult to 
adjust. For this reason, most fixed-location stub arrangements arc double- 
stub. This results in some loss of versatility in that there are some impedance 
values which cannot be matched with two stubs at fixed locations. With 
some a priori knowledge of the load impedance, these unmatchable imped- 
ances can be avoided by using a fixed line length between the load and the 
position of the first matching stub. 

To be specific, let us examine the case of a load impedance Zf in parallel 
with a stub, and with a second stub located a distance toward the generator 
from the load. The configuration is shown in Fig. 9-13. The basic problem 
is the same as in the case of single-stub matching, except that we now tan 
adjust the imaginary part of the effective load admittance I Fi) 
we cannot adjust the location of the matching stub. 

In terms of Smith chart coordinates, the line will be matched if we make 

y((l) ■ M yO 


Since ^ 0 + jh.,, we must make )■(^/) - 1 ] Jh and b-i —b. lor a 
graphical analysis of the problem, we ask this question: If the normalised 
admittance at .r i! is to be 


y{d) 


1 jb 


1 + 
1 - 


( 9 - 66 ) 




r» - - d — i 

s-d 5=0 

F-K.UKt ^^-13 Double-Stub matching. 


"Iiilc ;U .T - 0 

.>'(0) - ,if/. +y/^7. I p" (9-67) 

is the locus of v(0) related graphically to the locus of v(c/)? First, 
that the locus 1 j jb is the unit, or matching ^ circle centered at the 
0.5 yo complex plane. (This is the admittance-coordinate 

ci^rcle - - I Smith chart.) Also, notice that, point by point, the locus 

is obtained from the locus (9-66) by moving along the complex plane 
\V^\ ^ constant by an angle 2f}cl toward the load. Thus the locus 
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(9-67) is still a circle, of radius hi, whose center is at an angle 2/?c/ from the 
positive real axis. 

Now we are in a position to outline the step-by-step procedure for 
double-stub matching. Refer to Fig. 9-13. 

1. Draw the rotated circle on the Smith chart. 

2. Locale V/, +7^^/. on the Smith chart. 

3. Follow the — constant Smith chart coordinate to the point where n 

interscclst the rotated circle, and read r(0) ^ where the 

normalized susceptance } h^. This is the required cfTecli'e 

load admittance coordinate. \ 

4. Since h, and arc known, the required stub admittaljicc coordinate 
is - /), h, . 

5. From r(0) follow the IFqI constant circle a distance 2/>V/. It will 
intersect the I ■ jh, or matching, circle at this point. This is v(t/). 

6. Read the value of h. 

7. The required susceptance of the matching stub at .v l! is by - h. 


Example 9-6 Double-stub Matching. Ciivcn that 

yv (8 /«) 10 •• n 

n 20 10 =’ () 

Use one short-eireuiled stub in parallel with the load and one short-eireuiled stub in 
parallel with the line at d 0 22A; match the line and lind the length t)!' the reqimed 
stubs. 

With lefercnce to t ig 9-13- 

1. Draw the rotated Lirde 

2. Locate i', 0 4 /O 4 

3 I ollow' the _"/ 0 4 curve to the point r(0) 0 4 /O 7, where it mtersecis Ihe 

rotated circle 

4 Calculate/), 0.7 0 4 0 3. 

5. Lrom rtO) 0 4 /0. 7, follow' the | r„| cc^nstant ciil le a distance 2/J</ 0 22/ 

“toward the generator” to the point vid) on the matching ciicle 

6. Read 1-0/) -1/1.45 

7. The required normalized susceptance of the matching stub at s d is \ 45 

The corresponding short-circuited stub lengths are 

For/), -0.3. /, 0 297/ 

For /), I 45 ■ /, - 0 404/ 

As an exercise, the student should choose the other point of mlerseclion on the 
rotated circle and find the new matchmg-stub lengths. 

t There are tw-o points of intersection. The entire proceduie is valid for either point ot| 
intersection, but it generally leads to different matching-stub lengths. 
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9.8 Lossy Transmission Lines. The distributed-circuit approach to 
lossy transmission lines is fairly straightforward. The fields approach 
provides more insight and understanding of subtleties and limitations of 
lossy transmission line analysis. However, it is rather involved.! In this 
section we present only the distributed-circuit approach to the problem. 

An actual lossy transmission line can be adequately represented at a 
suv^lc frequency by the distributed circuit shown in Fig. 9-14, where R 
represents the series ohmic resistance of the conductors per unit length, L 
represents the series inductance of the line per unit length, G represents the 
shunt conductance per unit length resulting from the conductivity and 
dielectric losses of the medium, and C represents the shunt capacitance of 
the line per unit length. Unfortunately, these parameters are frequency- 
dependent. However, if we consider them to be constant, we can write the 
cireuit equations 


dV 

Tz 

dl 

Vz 



- -GK 



(9-68) 


01 , in the sinusoidal steady state. 


— -- {R ! jod.)I 

-(G 'rhC)V 
dz 


(9-69) 



l u.iiRj 9.14 A dislributcd-circuil representation of a lossy transmission line. 


^ B Adler, L. J. Chu, and R. M. Fano; •‘Electromagnetic Energy Transmission and 
'ailialioii,” chap. 9, John Wiley & Sons, Inc., New York, 1960. 
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which can be differentiated and combined to give 

cP E 

— -(/?+ j(nL)(G + >)C)E 
dz^ 

d^I 


— - (R \~jcoL)(G \- jioC)I 

If we define 

y - [(R 1 j<oL)(G +J<oC)r ^ 

(9-71) 

the solutions to Eqs. (9-70) are 

i 

E(r) - E'c-- f- 


1(2) -- I 'C -- T I C 

' (9-72) 


where V~, /+, I are the complex amplitudes of positive and negative 
traveling voltages and currents. 

If Eqs. (9-72) are substituted into Eqs. (9-69), we find that 


E(r) E r E c 

1(2) " E c E c ' = 


(9-73) 


where 


^0 


G • pnCf 


(9-74) 


which shows that, although it is still possible to deline a characteristic 
impedance for the line, it is now a complex function of frequency, f urther- 
more, as shown by Eq. (9-71), the propagation constant y is also complex 
If we separate y into its real and imaginary parts by writing 


where a and are defined by 


7. , 7/1 


(9-75) 


a Rc [(/? -yV.LXG 

// Im [(y? - j(nL){G , 

we should find that V' (and / ■ ) is attenuated by a factor c while I (^hhI 
/ ) is attenuated by a factor c c as they propagate with a phase 
velocity 




(9-77) 


Note that both y. and /J are functions of frequency, in addition to dcpencling 
on 7?, E, G, and C, which are also functions of frequency. This cmphasi/es 
that any lossy transmission line analysis is valid only at a single Irequenev- 
Fortunately, in many problems of interest, the range of frequencies invohecl 
is small enough so that a, fi, and Zq may be considered constant (measured, 
of course, at the frequency of interest). 
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A particularly interesting special case of a lossy line is the case where 
the line parameters /?, L, G, and C have been adjusted, at least as nearly as 
possible, so that 


L C 
R^G 


(9-78) 


for all frequencies. Such a line is called distortionless, for reasons which will 
become apparent. For this situation, we have 


/ R -f " II /R/L j- j(n I L 

\ G f jinc) V C I g/C -I jo) V C 


(9-79) 


which is independent of frequency and, in fact, is just the value which it 
would have if the line were lossless. Also, for this distortionless line, we have 


y - [(R ] /o)L)(G f /ojC)]‘^ -- [RG jo)RC + yVoLG -[ (yo))2LC]‘ ‘^ 
Bill since RC — LG, this can be written 


y ^ [RG I j2(n\ RG V LC f {j(o)^LC\ - - \ RG -}- jmV LC 


which says that 


a \ RG P -- (o\ LC 


(9-80) 


Recalling that the phase velocity is given by 


(•) I 

\ Ic 


we sec that the phase velocity is independent of frequency and has the same 
\aliic as that of a lossless line. This means that pulses which, as implied by 
foiirier analysis, contain a wide range of frequencies will be propagated 
Without shape distortion. This is the basis for the term distortionless line. 

A second interesting and useful special case is the low -loss line. A precise 
^Icfmition of low loss is of course arbitrary. If we use as a criterion 

R coL G )C (9-81) 


shall see that the line is also distortionless over the range of frequencies 
which our low-loss criteria arc satisfied. In this case we have, to a 
^cm-ordcr approximation , 


^0 


R I /VoL V^ 
G I joCj 



(9-82) 
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and to a first-order approximation. 


y— [(/? i yfo/.)(G +yVoC)]'“ 



j(f)\ LC 

[(' ' 

'(' '-M 

< .. 



- j(')\ LC 

R 

1 + — T f 

j<nL 

G ^ RG ~ 

1 , 


jioC ^ (jiofLC. 



^ JcA LC 1 

(' ',TT' 

jo, cl 




ji')\ LC 1 

1 2j(>iL 

i ) 

IjinCJ 




— /V'j\ LC 

R 

G 


(9-K3) 


2\~L/C ' 

2\ ^ 


or 

R G 

y ^ ! 

.671 0 ^ / 0 

; j<'>\ LC 


(9-S4) 


which is similar to the truly distortionless case, and in fact reduces to it if 
RIL GjC. 

The foregoing remarks show that, if a line is made as nearly distortion- 
less as possible and at the same time as low-loss as possible, an analysis 
based upon the distortionless-linc assumption will probably be satisfactory. 
One must, of course, be wary in borderline cases. 

Lossy-transmission-linc analysis can be accomplished by use of the 
Smith chart at a single frequency regardless of whether it is low loss disior- 
tionlcss or not. The basic mathematical problem which must be solved is 


or 


Z(s) - 
Z(s) 


I ! I> 
^"1 - IV 

1 i IV 
1 IV 


(y-S5) 

(9-86) 


from which it is seen that the locus of 

r(5) JV (9-S7) 

which was a circle for a lossless line, is now a logarithmic spiral. The Smith 
chart still gives the real and imaginary parts of Z(.v)/Zo for ir(.s)| _ 1. fh^^ 
extension |r(A)| , 1 is treated in the literature. t 

Some examples of Smith chart calculations for lossy lines will help 
clarify the procedures. 


t Ihid., chap. 5. 
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Example 9-7 Lossy Line, (a) Suppose that a 58-cm length of lossy line which is known 
to be less than A/2 long is open-circiiited at one end and that the input impedance Z{s) 
at the other end is measured to be 


rind a and (i. 


Z(s) 


0.20 i /O 25 


Solution 

Let d be the length of the line. Then we have 

Z(0) 

— CO at open end 

Z(s) 

- 0 20 ; /0.25 at input 
— ^ r - 0.20 j /0.25 

/Vs shown in Fig 9-15, we locate the point 0 2 f /0.25 and draw the line from the 
center to this point. By measurement, we find that its length is 0 685 of the chart’s 
outer radius, which means that !f(^/)| - 0.685. Extending this line to the scale 
aiound the circumference, we see that d - 0.04A i- 0.25A — 0.29A. 



Figure 9-15. Smith chart calculations for lossy lines. 
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From these measurements and the length d — 0.58 m, we obtain 0.6x5 

or 2ar/ — 0.375, and 

0.375 

a ^ ^ 0.323 Np/m 

1.16 ‘ 

Actually, since it is the factor Intd which appears in the exponential, and since d is 
frequently specified in wavelengths, it is convenient at times to calculate 

0.375 

2a ^ ^ ^ 1.295 Np/wavelength 

(b) Assume that this same transmission line is terminated with a load impedance 
such that 

Z(0) 

- 1 0 4 / 2 0 


and that Zn ^ 50 H /5 11. Find the input impedance. 


SoLU rioN 

Refer to T'lg. 9-16 Locate the point 1.0 /2 0 as shown Rotate 0 29/ 

“toward the generator” and draw the radial line shown Then Z(0.29A)/Z„ lies on 
this line. fJ''ing a compass and a linear scale, find \V\ — 0.7. Using e — 0 685, 
obtain \ r\ e — 0.48. Again, using a compass and the linear scale, locate the point 



Figure 9-16. Smith chart calculations for a lossy transmission line. 
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|iy along the previously located radial line, as shown in Fig. 9-16. Read 

Z(0.29A) 

— = 0 35 - /O 12 


and since Z(, ^ 50 f /5, calculate 

Z(0.29/) - (50 H-y5)(0 35 - /U12) - 18.1 - y4.25 


12 


1.9 Transients on Lossless Transmission Lines. In this section we 
hail deal with wave motion in the transient state along a lossless trans- 
Qjssion line, terminated! at z - / in a linear passive load (Fig. 9-17n). The 
nput to the line is at z ^ 0. 

The partial differential equations of a lossless line are given by Eqs. 
9 - 35 ) and (9-36), and lead to general solutions of the form given in the 
)llovMng equations. 


licfc r 


y(=j) 


lizj) 




l/\ LC IS the velocity at which waves travel. At r 


(9-88) 


0, this pair 


noj) 


/(/./) 


^ [ — VWSr-^ 





^ ^Generator 

1/(0, /•) 

^0 

1 1 


= 0 

(a) 

z=l 


^ 7(0,/) ‘ o 

I — — vwv — I 
1,^7 jm/) ( ') 


-vwv- 

2 /. (/) 


ni.n 


{b) (^) 

1 KjDKi 9-17. C’iiCLiit characterization of a lossless transmission line, (o) A 
I'Mite line; (/;) sending-cnd equivalent circuit; (c) receiving-end equivalent 
<.IICLIlt. 


change of coordinates in this section is deliberate, and is made to accommodate 
‘^i>Mvcnlional ideas about positively traveling waves, left to right in the direction ol 
casing coopvlmale 
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becomes 


F(0.O"-/,(O I / (O 

- Ir UAt) - 


(9-S9) 


and provides the basis for deriving an equivalent circuit at the transmitting 
end of the line. Thus, by eliminating the function f. (/), we find 


K(0,0 Zo/(0,O -- If it) 


and deduce the equivalent circuit of Fig. 9-17/^. From t^iis circuit the 
sending-end current /(0,0 can be found, once the function ^ St) is given; 
then the function f (t) can be determined easily, since from Fqs. (9-89) it is- 
clear that 

/ (r) Zo/( 0 ,M ! /.(O ( 9 - 90 )] 

At the receiving end (r - /) the development follows a similar course j 
Thus 


;9-9i 


r(/,n - /■ ( 


/f ^ -) 

1 

r' 

/ \ / / \1 

/(/.o - 


r) ;.)] 

and by eliminating the function / (/ j 

//(•), 

1(0) : 

Z„/(0) 

■) 


which leads to the equivalent circuit of Fig. 9-1 7r. Thus, if we know / 
wc can solve for /(/,/) and, ultimately, for f . 

Tet us examine the transient behavior of a lossless line by consideniu 
some spccitic examples. 


Example 9-8 Pulses on Transmission Lines. Let holh Z.s and Z/ in Fig. 9-17^/ bl 
pure rcMsIantcs In partieiilar. Id Z, 150 11, Z, 50 12 Also, let Zn 59 d 
Assume that llie line length is 800 m, and iharthe vcloeity of propagation on (lie lin< 
IS 200 m//'S At / 0, a single pulse of 16 V and l-//s duration is transmitted hv thj 

generator Discuss the pulse behavior 

At the initial instant. / 0, the line is completely at rest, and both the \i>li<*5 

and the current are zero for Or/ More specifically, f (0) ^ 0, so that, n 
I ig. 0-17/7, the generator feeds a senes combination of two resistances, Z.s and /c 
Hcncc, by simple voltage division, w'c find that the pulse amplitude at the mpa 
terminals to the line is 

1 6 50 

no,/) 4V 0 / I //s 

150 50 


This 4-V pulse arrives at the load 800/200 - 4 /fs later. 
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From Fig. 9-1 7c, the load voltage F(/,M is seen to be equal to /", {t //r) when 
Z/^ - Z„. Additionally, the voltage equation in Eqs. (9-91) predicts f (t i //c) 0 

when - f - /Jv). Therefore, in this case, there is no reflection, and all 

the pulse power is adsorbed in the load. [Notice that the reflection coemcient at the 
load is 1 - (50 - 50)/(50 -[ 50) ~ 0, which also means that there is no reflection. 

However, we cannot use this approach when reactive elements arc included in the load.] 
We sec, then, that at the load, we have a pulse of 4 V magnitude, which begins 
.it t - 4 and lasts for 1 /(s. 


Example 9-9 Pulses on Transmission Lines. Let the conditions and line length be 
the same as in Example 9-8, except that 

Z.s 15012 Zo 50 U Z;^ -3011 
with L,s 16 V as before. 

Since there arc no reactive elements, cither at the generator or at the load, we can 
make elfective use of the reflection coeflicients 

150 50 1 

150 50 2 

30 50 1 

30 50 4 

We have alicady seen tliat this gives an initial / of 4 V, which arrives at the load end 
at / 4 //s, where it produces a reflected pul.se of ( > i)(4) - IV. At r 8 //s, 

this pulse arrives at the generator and produces a reflected pulse of (’ :*)( - 1) ^ - ! 2 V. 
At / 12 //s, this pulse arrives at the load end and produces a reflected pulse of 
( ’j)( ' 1 ) ' s V. This goes on forever. After a few round trips, however, the 
pulse IS of negligible amplitude. 

ample 9-10. Reactive Termination As a last example, let us consider a lossless 
tiansmission line terminated in a capacitor Initially both the line and the load 
uipacitoi are unchaigcd As shown in I ig 9-l8r/, the source voltage is a unit step 
and the internal impedance of the generator is equal to the characteristic (resistive) 
iinpedance of the line 

Let T //r be the time required foi a w'ave to Havel the length of the line. In 
ilio lime inlcr\al 0 t T, there is no wave traveling in the negative r direction; 
Iici’.lc / [t r/r) 0, and the sending-end equivalent circuit of Fig. 9-l7/> reduces to 
Uk' simpler circuit shown in Fig 9-186 From this circuit, wc And F(0,/ ) * 2 // i(/), 

VI iluil a leclangLilar voltage wave, described by 

/ (' r) 5" ■(' 7 .) 

travel dmvn the line accompanied by a current step of magnitude l/2Zo. At 
^ 7 the waves reach the load where the conditions are described by the equivalent 

^ii'^ui! of F Ig 9-i7r; here the equivalent generator voltage is 


u lit T) 
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I r n 7 


f T 1 - f< IT lT-~ t-lT 

(r/) 

Figurf 9-18. The dclails of I \aniple 9-10. ia) A finite line Icrniinaled in an mill 
uncharged capacitor; {h) scnding-cnd equivalent circuit: (r) rcceiving-cnd cqui\a)ea 
circuit; {d) line voltage at various instants of time 


The specific circuit applying to this example is shown in Fig 9-1 8c , and leads lo lli| 
solution 

F(/,M - u dt T){\ 

The reflected wave is determined from Fqs. (9-91). Thus 



F (/,0 /, 


(' 


,(7 T){\ 


At any point along the line, this wave is delayed by an amount (/ 
for T ' t 2T, there will be a reflected voltage wave 



which will reach the sending end at t — 2T. The terminating impedance at this 
is equal to the characteristic impedance of the line. Therefore there will ht 
reflection at this end. At each moment, the voltage at any point along the line wil 
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given by the sum of the incident and reflected waves. Thus 
V(:.l) -- + H - 2r + 

which shows that, as time goes on, the entire line will be charged up to 1 V, as expected. 
A few pictorial stages along the way are given in Fig 9-1 8r/ 


9.10 Waveguides. As the frequency increases, the performance of 
i^rdinary transmission lines becomes progressively less desirable. In 
particular, the losses become prohibitively large. Fortunately, it is possible 
lo transmit electromagnetic energy by using structures, known as waveguides, 
whose performance becomes optimum at about the same frequency for which 
ordinary transmission line performance becomes seriously degraded. This 
section discusses the elementary aspects of waveguide theory. 

For our purposes a waveguide is a hollow conducting tube of any arbitrary 
I uniform cross section. As a practical matter, a rectangular cross section 
with a width about twice the height is the most common waveguide. To 
show that this waveguide will propagate electromagnetic waves, we solve 
Maxwell’s equations subject to the boundary conditions and show that a 
nontrivial solution in fact exists. 

Consider the waveguide shown in F-ig. 9-19. The interior of the guide 
IS presumed to be a linear, homogeneous, and isotropic dielectric, in which 
Lcise Maxwell’s equations, as shown in Sec. 7.5, may be combined to yield 
I the vector Helmholtz equations in E and H. Thus, for a lossless medium, 
1 qs. (7-38) give 

V^E I fo^fieE - 0 (9-92) 

4 - - 0 (9-93) 

1 rectangular coordinates, these equations arc actually a set of six identical 


y 



Fioure 9-! 9. The coordinates of a rectangular 
waveguide. 
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scalar Helmholtz equations in the E- and H-field components. Let us write 
out explicitly the equation for //,: 


dx^ 


dm. 

3 / + -I 0 


( 9 - 94 ) 


It is well known that a solution to this equation may be obtained by assuming 
a product function of the form 

y/,(AM',z) - X{x) n v)Z(r) : (9-95) 

where A'(.v) — a function of .v only 

y( r) — a function of v only 
Z(r) a function of r only 

If we use this information, we see that Eq. (9-94) can be written 




(YZ) 


(lY'^ 


(l\^ ' ■ ' dy 

or upon dividing by XYZ, 


(XZ) 


d-Z 

d^ 


( XY ) 1- o^fieXYZ - 0 


1 d‘^X , 1 d^-Y 1 d^Z 

XdP ‘ 'y'J? ‘ Z~d? 


( 9 - 96 ) 


In this equation, the variables are separated. Hence each term on the left 
must be equal to a constant. Accordingly, Eq. (9-96) may be written 

— A“ ( 9 - 97 ) 


where the constantst B'^, separate the original partial dilTereiilia 
equation into three total differential equations, of the form 


d^X 

d^ 


f A^X 


0 


d^Y 

— 4 B^Y 0 
dv- 


d'^Z 

'd? 


^,7.7 - n 


( 9 - 98 ) 


The solutions of these equations should be well known to the student. 

t Wc anticipated the final result when wc chose to write the constants as - A’^ ^ 

y“. It will be seen that this combination of algebraic signs best fits the rest of the problem 



See. 9.10 WAVEGUIDES 


437 


X Cj sin Ax - 1 - Q cos Ax 

y ^ sin By C 4 cos By (9-99) 

Z --- C,cy^ + 

which means that 

tJ, XYZ -- (Cl sin Ax [- cos Ax) 

' (C 3 sin By H C, cos By)(Cryy= f (9-100) 

Examination of the original vector Helmholtz equations in E and H 
[L qs. (9-92) and (9-93)] shows that £,., E,, E,, and //„ all yield solutions 
identical in form with Eq. (9-100), and hence the solutions can differ only in 
the as yet undetermined— multiplicative constants Cj, C^, C 3 , C 4 , C 5 , C^. 
lo find the relationship between the field components, we need to return to 
VlaxwclTs equations 

V X H - yroeE V x E 

\\lnch, when written in rectangular components, yield 


dH, 

dll. 



dE„ 


dy 


joeE^ 

dy 



dH, 



dE„ 

dE, 


^dJ 

dx 

- jo>€E„ 


d.x 

-J<'>/iH„ 

dH„ 

dH,, 


dE„ 

SE,. 


“a7 

dv 

j<')€E^ 

“ 



At this point we return to Eqs. (9-99) and note that the function Z is 
die sum of the two traveling waves, the first of which is traveling in the — z 
direction and the second of which is traveling in the f z direction. Because 
of linearity, it is legitimate to consider the two directions of travel separately. 
Af'cordingly , wc shall deal with the +- traveling wave, and write the z 
dependence simply as c for all the field components. Having done this, 
becomes y, and the set (9-101) transforms to 


dH, 

~dy 

yH„ 

jiotE, 

^ !■ 
3v 

yE., -- 


yUs 

dH, 

'd^ 

i«>eE„ 

-y£. 

dE, 

dx 

--- -J«>f^H„ 

dH„ 

dx 

dH, 

dy 

- jtoeE. 

dE„ 

dx 

dE, 

dy 

j(ouH^ 
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By properly combining these equations we obtain 

E =- 

* dx dy 

'' dv dx 

' ■ /|2 dx dy 

y dH, jo>e dE, 

dy dx 

where A'^ -f 


( 9 - 102 ) 


\ 

( 9 - 103 ) 


From these equations it can be seen that two special classes of solutions 
are possible: 


1. Those solutions for which 0, J- 0. Since the remaining E-iicid 
components are transverse to z, these solutions are called transverse 
electric modes, or TE modes. 

2. Those solutions for which //. -- 0, E. -/ 0. For reasons parallel to 
those stated above, these solutions are called transverse magnetic modes, 
or TM modes. 


Obviously, the most general solutionf is the simultaneous existence of 
TE and TM modes. However, it is advantageous to examine each case 
separately. 


9-11 TM Modes in Rectangular Waveguides. In this case H- 0. 
The boundary conditions are that Ej.,„ 0 at .v 0, y - 0, .v a, and 

y = b. Moreover E, is of the form given by Eq. (9-100), specialized for a 
positive traveling wave, that is, 

E, — (Cl sin Ax ^ cos Ax)(C-i sin By f cos By)e^ ^’^ (9-194) 

Using the boundary condition E^ - 0 at v - 0 and also at )’ - 0, wc see 
immediately that the cosine terms must be zero, and that E, must be given bv 

E^ - C sin Ax sin By e^^"" (9-105) 

where C CjCg. Now, using the boundary condition E. = 0 at .x - ^7 and 
also Sit y — h, we see that we must have 

sin Aa 0 
sin Bh 0 

t Nole that a TEM wave cannot exist inside a waveguide, because setting Ez 
in Eqs. (9-102) would make all the other components of the field equal to zero. 
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These two equations require that 


Aa ^ triTT , 2, 3, . . . 

Bb -~=im 77 ---1,2, 3 


( 9 - 106 ) 


Neither m nor n can be zero since zero for cither one would make 
identically zero, and there would be no held. 

Having completely determined the a' and v dependence of we could 
insert £, into Eqs. (9-102) to obtain the other field components. However, 
since y appears explicitly in Eqs. (9-102), it is expedient to examine the nature 
of 7 before proceeding. 

In terms of the explicitly determined values of A and B, Eq. (9-103) gives 



(9-107) 


Tims we see that y is a real number for 



and that is a pure imaginary number for 





This means that true wave propagation occurs only for o) greater than a 
ciiioll (ani^ular) frequency (o,, defined by 

,„, v . (^'1 : ( V 1 

Since we are primarily concerned with the waveguide as a wave-propagating 
struct Lire, we note explicitly the expected pure imaginary form of y by 
\vriiing y ; yp’, where 

'"’the phase-shift constant for the particular field configuration implied by the 
/;; and n. 

b wc now insert all our results into Eqs. (9-102), we shall have the final 
I ''^^iiiplete set of equations which describe the field vector for the TM modes. 
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The resulting equations are 

= C sin Ax sin By 
-j^A 


E,j,= 


C cos Ax sin By 


-m 




C sin Ax cos By e~’^- 


C sin Ax cos By e 

/,2 

h2 

H, = 0 


C cos Ax sin By e 


(9-110) 


where 


A = m 1 , 2, 3, . . . 

a 


B - - — — 1, 2, 3, . . . 

h 


(9-111) 


The wave associated with the integers m and n is designated as the TM , , 
mode. 


9.12 TE Modes in Rectangular Waveguides. We derive the field 
equations for the TE modes (E, — 0) in a similar manner, except that, since 
E^ — 0^ we must look to Ej, and Ey to satisfy the boundary condition | 
^laii " - (^- leave it as an exercise for the student to go through the] 

detailed steps in the derivation, and assert that the complete set of equations 
for the field vectors which define the TE„,,, modes are 

— C cos Ax cos By 

^ ~r;r ^ " 

/r 

Hy C cos Ax sin By (9-lb 

/r 

Ej. ■ C cos Ax sin By 
JofiA ^ 

£•- - 0 

where fi. A, B, and are the same wave parameters as defined for TM modeJ 
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Another group of wave parameters which apply to both types of modes 

arc; 


I, The cutoff wavelength 

^ t 2 

fc VJuff [(« i / a )2 H - («//>)*]' 2 ( 9 - 113 ) 

where the last equality Follows from Eq. (9-108). This is the longest 
wavelength (measured in an unbounded medium with the same /i and e) 
at which true wave propagation occurs. For longer wavelengths the 
modes become evanescent. 

In terms of/^, 

where / cjf is the wavelength measured in the same unbounded 
medium. 

1. The phase velocity 


(O 



(0 

\ - (nm/aY — (/ztt/^)^ 


c 

v'l ■ 


(9-115) 


Phis is the velocity of propagation of a constant phase front. Notice 
that since the phase velocity is not linearly dependent upon frequency, 
a broad-band signal will be dispersed as it travels down a waveguide, 
l or narrow-band signals the notion of group velocity was found to be 
meaningful. From Eq. (7-127) we obtain 

1 A '(pye — (mnjaY !- {nirlhf _ (9-116) 

(I (5 1 do } o)pe Vj, 


Notice that r c for all / r: 
fhe guide wavelength 

v ^, 2 tt 2 tt 

f ft \ o)^p€ — {mnla)^ - (mrjhY 


(9-117) 

\'l - ifclff 


Notice that r>_ X for all / 


- /c- 

l 


Also, notice that 


1 


1 


(9-118) 


Now, there is one significant difference between TE and TM modes. 
Hocall that, for TM modes, either condition m - 0 or n 0 resulted 
*n a zero- field. However, inspection of Eqs. (9-112) shows that both 
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ic) 

FiciURh 9-20. F.leclric (solid) and magnetic (dashed) field 
configuration in a rectangular waveguide operating in the 
TFk) mode, (a) Fields in waveguide cross section; (h) 
electric field configuration, side view at a' - «/2; (t) 
magnetic field configuration, lop view at y - /)/2. 


m ^ 0, // y- 0 and m A 0, n - 0 yield nonvanishing TE-mode iicl 
configurations which arc considerably simpler than the general TE,„ 
configurations. For example, m ^ 1, n ~ 0 yields 



H,. = Q 
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This special case is of particular practical importance because it is 
possible to design a waveguide such that all the wave propagation is in 
this mode. This mode is called the dominant mode, designated as the 
TEio mode. The corresponding field configuration is shown in Fig. 
9 - 20 . 

As can be verified from the appropriate equations, the wave param- 
eters of the dominant TEjo mode are 



- 2a 

O) c 

Itt 2 

-- — - - 

\ inlar \ I - (fjff 


( 9 - 120 ) 


Wave propagation is restricted to the TEn, mode by designing 
waveguides with width-to-height ratios ajh of about 2 and using an 
operating frequency which is above the TE^o cutofii frequency but below 
the first higher cutoff frequency. 


Example 9-11 Design of a Rectangular Waveguide. Design a rectangular waveguide 
which, at 10 GH?, will operate in the TE,„ mode with 25 percent safety factor 
if 1 25/r) when the interior of the guide is filled with air. It is required that the 
mode walh the next higher culolLwill operate at 25 percent below its ciitoiT frequency, 
f or the TEin mode, /r -- cjla. Therefore the lower bound for the dimension a is 


The upper bound is found from the condition / 


a 


1.25c 


1.25 3 - 10'® 

2 - 10 "’ 


1.25/,-. Thus 
1.875 cm 


so that a must be chosen such that 1.5 ' u 1.875. 

The wave with the next higher cutolT frequency is the TE„i mode. 

/; - cl2h, and 

f_ 0.75A; - 0.75 


By analogy. 


from which we find that the choice of b must be such that 


h 


0.75c 

IT 


0,75 X 3 X 10'® 


1.125 cm 


2 X 10'® 
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Frc.iJRF 9-21. Fxcitation method for Tb|o 
mode 

If wc choose the upper bounds a 1.875 cm, h = 1.125 cm, the cutoff frequency 
of the next higher mode, the TF^ mode, will be 15.52 GFI/, well beyond the operating 
frequency. I herefore wave propagation will be confined to the TEm mpde. 

One method of exciting the Th,o mode is shown in Fig. 9-21. 


9.13 Power Calculations in Waveguides. The time-average power 
transmitted by a waveguide can be expressed in terms of the complex 
Poynting vector. Thus the time-average power per unit area transmitted in 
the positive r direction is given by 

P.-ViKt (E^H* - E^H*) (9-121) 

It is a relatively easy task to show that this expression reduces to 

P, = + \Hf) (9-122) 

where the vertical bars indicate amplitudes of complex quantities, and Zo 
represents a wave impedance which is defined thus: 


^0 

(l)fl 

for TE modes 






for TM modes 


Notice that 


(9-123) 


^ ^ (characteristic impedance of medium)^ (9-124) 
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Now, the total time-average power propagated in the z direction is 
given by 

Pt =- f " 4 cix dy 

-''o Jo 


The details of the integrations are lengthy, but the results are simple. We 


have, for TM modes, 



and for TE modes. 



- ir] 

except TEjo and TEqi modes (9-126) 
TEio and TEq, modes (9-127) 


These equations show that Prp is independent of the z coordinate, as 
expected, since the waveguide was assumed to be lossless. However, even 
if the guide is completely evacuated, the finite, though very high, conduc- 
tivity of the walls will have some effect on the power transmitted, causing it 
to decrease with increasing distance from the source. The reduction in the 
total power transmitted is due to the heat generated by currents flowing in 
the waveguide walls. As shown in Fig. 9-22, the wall current flow is non- 
uniform, but the configuration repeats itself every full wavelength. The 
actual power loss per unit area in the walls can be computed by multiplying 
the current density squared by the surface resistance^ R, of the walls. The 
power lost per unit length of guide, can then be obtained by integrating 



Top wall 


Side wall 


Figure 9-22. Current flow in the walls of a rectangular waveguide 
operating in the TEj,, mode. 


1 This is a quantity defined as R, where f) is the depth of penetration, discussed in 

Sec. 8.7. Su/face resistance is measured in ohms per square. 
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this power-loss density over the wall surface of a unit length of guide. For a 
guide operating in the TEm mode, this gives 


/ a 


(9-12K) 


A convenient way of accounting for wall losses is to attach the 
exponential factor e to all field expressions. The so-called attenuation 
constant ol can then be determined by noting, first, that the z variation of 
power transmitted will be of the form Since the powej- loss per unit 

length of guide is equal to the space rate of decrease of power flow, the 
relation of Pj to Prj, is, simply, \ 

dP ^ 

P,, - - ^ - 2oL)Pr =- 2 olPj, ' ( 9 - 129 ) 

dz 


from which it is clear that 


For the TEjo mode, this definition gives 

/?,(! -!- 2hf,-laP) 

bVilfe \'l - (f,lfr 

and is seen to be a frequency-dependent quantity. 


(9-130) 


( 9 - 131 ) 


Example 9-12 Power Transmission. At 9 GHz the inside dimensions of the standard 
waveguide used in practice aie 0.9 by 0.4 in. Find the maximum power that can be 
transmitted in the TL,n mode, assuming that the air dielectric will break down when 
the electric field intensity exceeds 3 - 10" V/m. 

from F^q (9-119), the maximum value of the transverse electric field intensity 
occurs at a* ajl and is equal to 

ojuaC 277 9 10“ .477 10 ’ ■ 0.9 . 0.0254 C 

V/m 

77 77 

This quantity is not to exceed 3 10" V/m. Therefore the maximum value ot the 

constant C is 5.79 10^ A/m 

On the other hand, 

- 2« - 2 0.9 0.0254 - 0.0457 m 

c 3 10" 

2 ^ 0.0333 m 

/ 9 y 10" 

^^^ 377 li 
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Substituting these quantities in Eq. (9-127) gives 



0.9 X 0.4 X (0.0254)* /0.0457Y 

4 (377) 1 (5.79 10*)* 

0.944 10' W 



as the maximum amount of power that can be transmitted without causing breakdown 
of the air dielectric. 


9.14 Cylindrical Waveguides. The analysis of cylindrical waveguides 
follows exactly the same route. The results are summarized below. 


TM modes In the usual cylindrical coordinate system notation, the 
expressions for the field components in this mode are 



E. ^ CJ,^(rli) cos n(f (9-132) 

Hr - CJ „{rh) sm «(/' 

Irr 

CJ'„(rh) cos n(j) e 

H, - 0 

where the factor is understood and 

where C a constant proportional to the strength of the field 
J„ - Bessel function of first kind and order n 
y' derivative of J,, with respect to its argument (r/i) 

Ji^ and necessarily less than for transmission to 

occur 

The magnitude of// is determined from the boundary condition 

-- 0 ( 9 - 133 ) 

I which makes E. identically zero at r - a. To avoid the use of relatively 
igh frequcjicies, h must be small. Therefore only the first few roots of 
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Eq. (9-133) are of practical interest. They are 


n ^0 


n ^ I 


n = 2 


{ha), , - 2.405 
(ha), .^ -- 5.520 


{ha), , -- 3.832 
{ha), ., - 7.016 


{hay, , - 5.136 
{hay, ., ^ 8.417 


The first subscript refers to the value of /i, and with reference |o Eqs. (9-132), 
it specifies the number of full-cycle variations of the field cortoponents in the 
peripheral direction. The second subscript refers to the roor^ in ascending 
order of magnitude, and specifies the number of half-cycle variations (Fig. 
3-13) of the field components in the radial direction. 

Corresponding to the ordered values of h, that is, {ha)^^ Ja, the 

various TM waves are referred to as TMo^, TM,.,, and in general TM,,„^. Ii 
will be noted that 


IttV jU€ 

ji - Vio^fie h„J - o>\ /le^ 1 - (yj 

(0 ('> 

^ h„j \ I - (fjfr 


f \ li.,J \'l -UJff 


( 9 - 134 ) 


TE modes Expressions for the field components are 

<’)U 

e,--Lh, 

(OU 

^ H 


E. - 0 

H, . Cy;,(/jr)cos/H/'C' ^1'-- 

h 


= IT ""P ® 


h^r 

//j - CJ„(hr) cos n<p e^’"' 
The requirement at the boundary r ^ 1 is given by 

■/;(/»«) - 0 


(9-135) 


( 9 - 136 ) 
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the first few roots of which are 


« - 0 


n = 1 


/I -2 


The corresponding TE waves are referred to as TEoi, TE„, and in general 
TF,,,,. The equations for the wave parameters /,, /^, and 2^ are the same 
as for TM modes, and are expressed by Eqs. (9-134). 

Figure 9-23 shows a field plot for the TEn mode, in which the cutoff 
frequency 


c , 0.293 

In a aV iJ,e 


(9-137) 


IS the lowest. Thus the TE^^ mode is the dominant mode in cylindrical 
waveguides. 
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Figure 9-23. Electric (solid) and magnetic (dashed) 
field configuration in a cylindrical waveguide operating in 
the dominant TEn mode. 
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z 



FiciURF 9-24. A cylindrical cavity 
resonator. 


A pnictical application of cylindrical waveguides is in the construction 
of resonant cavities, suitable for use, for example, in direct-reading frequency 
meters. One of the simplest forms of a resonant cavity is a finite section of 
cylindrical waveguide terminated at both ends by flat conducting plales 
(Fig. 9-24). Waves traveling in both the positive r direction and negative 
z direction can exist simultaneously in such a structure, thus giving rise to 
standing wave. The requirement that //, 0 at z - 0 leads to 

//, - -- jlCJ „{hr) cos n(jf' s'ln fiz (9-138) 

for all TE„,„ modes. The requirement //, 0 at z ^ / leads to 

sin jil 0 

from which 

(J -- y k - 1,2, 3, . . . (9-139) 

The symbol k stands for the number of half-cycle variations in the z direction. 
Since ^ it follows that the frequency at which a cavity 

operating in the mode will resonate is 



(9-140) 
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where 


(.ha)' 


11, m 


Priictical frequency meters operate in the TEj^ mode. 

We could obtain many more interesting and practical deductions and 
c\tensions of our introduction to waveguides. However, a more complete 
discussion would be too lengthy to include in this text. Accordingly, we 
conclude the discussion with a suggestion that the student consult the 
liicraturc-t 


9.15 Summary. This chapter began with a treatment of the TEM mode 
on a general transmission line from an electromagnetic field point of view. 
Bv proper manipulation and interpretation of the general results, it was 
shown that they could be cast in the more conventional form, which expresses 
transmission line behavior in terms of a line voltage, a line current, and a 
line characteristic impedance, where line voltage and line current were seen 
to be field integrals, and the characteristic impedance was seen to express the 
line geometry. The results were then applied to the particular case of a 
coaxial transmission line. 

Following this development, basic classical transmission line analysis 
using Smith chart calculations was presented for both lossless and lossy lines, 
und then a brief presentation of transients on lossless lines was given. 

1'he chapter concluded with an introduction to waveguide theory, with 
considerable emphasis placed on the dominant modes. 


Problems 

9-1 Characteristic Impedance. Calculate the eharaclcrislic impedance of a lossless 
iiansmiSMon line, which, when terminated in a resistive load of 100 12, presents an im- 
pedance of 40 /30 12 at a point A/8 away from the load 

9-2 Characteristic Quantities of the Standing Wave Distribution. On a certain 
los transmission line with a characteristic impedance of 50 12, the measured VSWR is 
^ I lie first voltage minimum occurs at //8 away from the load Find the terminating 
inipcdance. 

^■3 Characteristic Quantities of the Standing Wave Distribution. Given that 

K (zd - 30/30'^ V 
/(r.)- 1 / 30^ A 

hcieimine the impedance and the instantaneous current at the input terminals. 

^ F. Collin, “Foundations for Microwave Engineering,” McGraw-Hill Book Company, 
York, 1^66. 
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Problem 9-3 


9-4 Standing Wave Ratio. A lossless transmission line having Zo — 100 £2 is terminated 
with an impedance of Zy, = 100 ; /50 D. What will the voltage standing wave ratio be ' 

9-5 Smith Chart Calculations. The VSWR on a lossless line is 5. At a certain point 
on the line, within A/4 m From the load, the impedance has an angle 45” and h^s a normalized 
value greater than I. The load has a normalized magnitude of 1. How tar is the point 
from the load, and what is the actual value of the load, if Z„ — 100 12 '^ \ 

9-6 Impedance. Starting with hqs (9-40) and (9-41), prove that the input impedance 
of an open-circuited, lossless transmission line of length L is 

^oc - /ZoCOt/iL 

Also prove that the impedance of a short-circuited lossless transmission line of length L is 

Z,^. — /Zo tan (iL 

9-7 Single-stub Matching. A line with a normalized load admittance of 0.55 i /() 27 
is to be matched, using a single short-circuited stub What is the minimum distance of llie 
stub from the load and the required stub length'^ 

9-8 Impedance Determination and Matching. A lossless transmission line of 
Z,, - 5012 IS terminated in an unknown impedance The standing wave ratio on the 
line IS 3. Successive voltage minima are 20 cm apart, and the first minimum is 5 cm from 
the load 

(t/) What IS the terminating impedance’^ 

{b) Find the location and length of the short-circuited stub required to match the 
line. 

9-9 Double-stub Matching. Before the matching section is inserted, the VSWR is 4 
Choose the shortest distance d such that there is only one solution for /, and i. {not two) 



Pure 

conductance 


Problem 9-9 
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9-10 Double-stub Tuning. A lossless transmission line of Z„ 200 LI has an unknown 
load impedance and a standing wave ratio of 5. The first voltage minimum is 4 cm 
Irom the load, and the minima are 20 cm apart. We wish to match the line by placing a 
short-circuited stub in parallel with the load and a second stub 10 cm from the load. 

Find the required stub lengths. 

9-11 Series-stub Matching. A short-circuited scries stub is to be used for matching. 
What value of d will yield the smallest length /? 



I 

i- d 


PROBLrM 9-11 

9-12 Matching. Determine the capacitive susceptance of C' needed to effect a match. 



PROHLtM 9-12 


9-13 Matching. What values of inductive and capacitive reactance (in ohms) must be 
iiscil to obtain a match ? 



Problfm 9- 1 3 


’-U Lossy Line. On a transmission line operating at w ^ 1.5 x 10’ rad/s. the 
li'llowing constants arc observed: 

a 0.866 IO-‘ Np/m 
/S - 0.5 X 10“‘ rad/m 
Zi, -- 100 O 

"'hat arc R, G, L, C for the line? 
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9-15 Lossy Line. A lossy transmission line has constants per meter of /? = 10" ^ £] 
G = 10 ® n, L ^ 10 ^ H, C ^ 10 “ F. At a frequency of 1590 Hz, find 
(a) The characteristic impedance of the line 
(^) The velocity of wave propagation 

(r) The percentage to which the absolute magnitude of the voltage of a traveling 
wave decreases in I km 


9-16 Lossy Line. At point A the instantaneous voltage is 


(«>M +5sin(m, 


= 100 sin I 
At point B the instantaneous voltage is 

I'b lOOe > sin ^ j 


sin (• • •) 


(a) Calculate the values of a and (i 
{h) Fill in the • ■ ■ blanks. 

(r) What is the voltage reflection coeflicient ? 

(d) What is the instantaneous current at A ? 

(e) What is /? i /A' and G |-y/^ for the line*’ 

(/) If Fo — 0.5/30' , what is Zy/^ 


r ■ 




A 1 

B 

Load 

I 

1 

1 

1 

r I 

A I 

1 

1— 

1 

1 

Zo=2[30“R 1 

1 

1 

^ 



Problem 9-16 


9-17 Transients. The open-circuit voltage at the generator terminals is 

Fs - 2u xU) f 2u ,(r - 10 ') - 4u_xU - 2 x 10^*) 

Sketch and label, where appropriate, the voltage on the line at r ^ 1.25r, where T ^ 10 ^ 
is the time for signal to travel the length of the line. The line is / m long. 



Problem 9-17 
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)-l8 General. A load on a transmission line, with a characteristic impedance of I 12, 
onsists of a variable L and R senes combination such that |Z^| — 5, 

(«) As one proceeds toward the generator, which docs he encounter first, a voltage 
maximum or a voltage minimum'^ Show why. 

{h) For all possible variations of the load, what arc the least and greatest distances 
to the first voltage minimum'^ 

(f) A single short-circuited stub is to be used for matching What value of load will 
require the shortest distance to the stub? What will be the length of the stub? 

9-19 Transmission Line Theory and the Laplace Transform. An initially quiescent 
tiansmission line d m long is energized by an arbitrary voltage f\t) Expressed in the com- 
plex frequency variable .v, the arbitrary load, source, and characteristic impedances are 
/^(s), and Z„Cv), respectively. 

Develop a general expression for F(z,a), that is, ), which applies for any source 

voltage. [Hint. Develop the first three terms of F(r,0 by the following piocedurc. 
Assume that the line is lossless, that it is terminated in pure resistances at both input and 
output, and that the source voltage is a unit step, that is, Obtain, in 

sequence, F(r,r) and f'(r,.v) for this case Then “upgrade" F(z,,s) to get its form for the 
(general case.] 

9-20 Standing Wave. A lossless transmission line whose characteristic impedance is 
L2 IS terminated in a mismatched load. When the load is replaced by a short circuit. 
It IS found that no shift occurs in the position of a certain minimum m the standing wave 
pattern. Show that: 

(^/) The load reflection coefficient is a purely real number. 

(/j) I'he load is a resistance of Z»/VSWR i2. 

9-21 Power. Prove that the instantaneous power transmitted by a lossless line to a 
purely resistive load is given by 

p^: ,) -- 1 1_ [(1 r„2) cos 2(u>/ t>:) - r„“ cos 2(<ul -\ ftz)] 

2 Zo 

Note that the time-average power is equal to as expected. 

9-22 Impedance. I et be the distance from the load at .s 0 to the first voltage 
mimiiiLim (Note that dy^^^J^ is a positive quantity.) It S is the VSWR, prove that 

^ 1 jS tan 

” 5 /tanM“ 

9-23 Transients. Foi the opcn-circuited line shown, plot F(0,0 and 7(0,0 and 
include their asymptotic values. 
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9-24 Transients. Solve the problem of Example 9-10 when the line is terminated in an 
inductanee L. 

9-25 Rectangular Waveguide Modes. The inside dimensions of a waveguide, widely 
used at frequencies around 10 GHz (A'-band), are 0.4 by 0.9 in. Find the cutoft’ frequency 
of the dominant mode and the maximum frequency that can be used to the exclusion of all 
other modes 

9-26 Field Plots. For the TM,i mode in a rectangular guide draw sketches of (a) 
versus .v, {b) versus z, (c) E. versus y, for the same instant of time. 

9-27 Rectangular Waveguide Modes. Is it possible for the waveguide slruciurt: 
(0.4 by 0 9 in.) shown to allow only dominant-mode propagation? | If su, over what 
frequency range? 



Air 


Dielectric 

\ 

QO— 

^0 



— W CD 

Side view ( x = const ) 


Problem 9-27 

9-28 Waveguide Impedance. A section of 0.4- by 0.9-in. rectangular waveguide, 0.2 m 
long, IS operated at 10 GHz. The VSWR is 6, and the distance to the first rnminuini is 
0. 10A„ What will be the normalized input impedance of this waveguide"' 

9-29 Delay Line. What length of 0.4- by 0.9-in. waveguide is required to introduce a 
signal delay of 2 //s at 10 GHz ? 

9-30 Power in Waveguides. A rectangulai waveguide is designed to have a latiu 
= 0.8 at a frequency of 5000 MHz in the TLj„ mode. The guide has a heighi-li 
width ratio of 0 5. The time-average power flow is 1 kW. Compute the maximum values 
of electric and magnetic intensities in the guide, and indicate where these occur. 

9-31 Standing Waves in Waveguides. One-half of a very long section of A-hand 
waveguide (0 4 by 0.9 m ) is filled with a dielectric whose relative permittivity is 1 5 The 
guide is designed to operate in the dominant mode at a frequency of 9350 MHz. Diaw ii 
sketch showing the variation of the E field with z in the plane .v - «/2. Label your sketch 
with all pertinent information. Assume that the wave is launched in the dielectric and thiit 
the load is perfectly matched to the air-fillcd guide. 

9-32 Attenuation. The power level at a certain point in a rectangular waveguide 
operating in the TEm mode is P„. What is the power level at a second point wliost 
distance is 1.5 m from the first toward the load"' The attenuation constant a is 0.032^ 
dB/m. [Hint. To convert decibels (dB) to nepers multiply by 0.1151.] 

9-33 Cutoff Frequencies in Cylindrical Waveguides. An air-filled cylindrical wave 
guide has a dominant-mode cutoff frequency of 9 GHz. What is its inside diameter 
Determine the cutoff frequencies for the next three lowest-order modes. 

9-34 Power Loss in Cylindrical Waveguides. Derive an expression for the instan- 
taneous current density in the walls of an infinitely long circular waveguide excited m the 
TMoi mode. Next, evaluate the power loss due to the finite conductivity of the walls per 
unit guide length in terms of the surface resistance R„. 
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9.35 Rectangular Resonator. Show that the resonant frequency of a rectangular 
resonator is given by 



where I is the length of the resonator, and k 1,2,3,.... 
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9-36 Cylindrical Resonator Design. It is desired to build a cylindrical cavity resonator 
at hOOO MHz to operate in the TEon mode. If the frequency of operation is to be 10 percent 
abo\c cutoff, determine the cavity dimensions. 

9-37 Frequency Calibration of a Cavity Resonator. The diameter of a cylindrical 
resonator is 4 cm. Draw a calibration curve showing the variation of resonant frequency 
with cavity length in the TF.,,i mode. The dielectric is air. 
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RADIATION AND ANTENNAS 


10.1 Introduction. Any system of conductors and materiiil media whic 
is connected to a power source so as to produce a time-varying clectn 
magnetic field in an external region will radiate energy. When the system i 
arranged so as to optimize or accentuate the radiation of energy from som 
portion of the system while at the same time minimizing or suppressm 
radiation from the rest of the system, that portion of the system whic 
radiates energy is called an antenna. 

Thus antenna theory tacitly assumes that the antenna is connected to 
nonradiating power source by means of a nonradiatmg transmission 1 
This idealization can usually be achieved in practice, and although, in som 
practical antenna problems, achieving this idealization may be the mo^ 
difficult part of the problem, m this chapter we presume that it has hcc 
solved, and we concern ourselves only with the antenna. 


10.2 The Radiation Problem. In Chap. 2 we showed that we could cio 
Maxwell’s equations into a form involving a scalar wave equation and 
vector wave equation plus some subsidiary equations. In particular, w 
were able to show that the set of equations 



P 

€ 

(lO-l 

3'A 

V'A - 

/^J 

(10-2 

9A 

where E = ~ — — 

B V X A 

(10-2 

with A and (f) connected by the Lorentz condition 


V ■ A ^ -fjLt 

d<f> 

dt 

(10-4 


was an alternative statement of Maxwell’s equations. This formulation 
particularly useful for radiation problems in that it directly relates the scab 
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nd vector potentials to the sources of the fields. The scalar potential ({> is 
ot really necessary in antenna problems since B can be obtained from A, 
nd then Maxwell’s equation 

rr 9E 

VxH-e— (10-5) 

an be integrated with respect to time to give 

E * f V X H r/t (10-6) 


Thus it is evident that what we need is the solution to Eq. (10-2). 

Although a rigorous solutionf of this equation is possible, the details 
lie involved, and hence we present only arguments which make the result 
,ccm logical. With this in mind, we note that, in rectangular coordinates, 
Cq. (10-2) can be expressed as three scalar equations in the three components 
>r A, and that each of these scalar equations is of the same mathematical form 
IS Eq. (10-1). In source-free regions, p - 0, and Eq. (lO-l) is the scalar 
)Mive equation in </> whose general solution is a completely arbitrary, analytic 
function of the arguments t — r/r and t i r/r, where r denotes distance 
measured along the direction of propagation and r l/V /it. Also, for 
linic-independent source distributions, Eq. (10-1) is just Poisson’s equation, 
whose solution is 

(10-7) 

47re Jr r 


Wc should expect the nonhornogeneous time-dependent case to incorporate 
(he features of both types of solutions, since these are just special cases of the 
general solution. More precisely, it seems intuitively reasonable that the 
correct solution would be obtained by simply substituting t r/r for t in 
ihe integral of Eq. (10-7). 




_l_ f PO 

47T€ Jr /* 


( 10 - 8 ) 


That this expression is indeed a valid solution of the time-dependent non- 
hoinogencous wave equation can be shown by direct substitution. However, 

I computations are rather involved, and are not presented at this time. 
Notice that the time t in Eq. (10-8) is the time at the point of observation. 
On the other hand, /' f - r/r is the time at the source point. ^ Thus the 
•^Hnation says that sources which had the configuration p at / t ijv 

A. Stratton, "tlcctromagnetic Theory," chap. 8, McGraw-Hill Book Company, 
York, 1941. 
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produce a potential at a time t which is latert than the time r' by an amount 
that takes into account the finite velocity of propagation of waves in the 
medium. Because of this time-delay aspect of the solution, the potential (/> 
is known as the retarded potential^ and the phenomenon itself, retardation. 

Fn antenna problems it is convenient to eliminate the scalar potential 
and to cast the entire problem in terms of the vector potential A. In 
rectangular coordinates the time-dependent nonhomogeneous vector wave 
equation in A can be written as three simultaneous scalar wave equations, 
namely, j 



- ar* 


1 

‘ (10-9) 


d^A, 
dt- - 


\ 

\ (10-10) 

\ 

VM. 

d^A, 

- 

-flJ, 

(10-11) 


Since these are mathematically the same equations as the equation in </>, wc 
can write down their solutions, by inspection, as 

r JsKt - riv) , 


A 

^ 477 


J^t - r/v) 


/I f J„it - rjv) 


( 10 - 12 ) 


( 10 - 13 ) 


JzU - I'll’) 


( 10 - 14 ) 


or more compactly, in vector notation, 

A,f f <10-15, 

477 Jr r 

The problem of calculation of the field of an antenna of known current 
distribution thus reduces essentially to the evaluation of Eq. (10-15). 


10.3 The Field of a Current Element (Hertzian Dipole). A large class 
of antennas consists of conducting wires arranged so as to produce desired 
radiation properties. In most cases the cross-sectional size of the wires can 
be neglected, and the wires can be treated as perfectly conducting filamentary 
conductors. With this idealization, Eq. (10-15) can be written 


A - 


477 Jr r 


( 10 - 16 ) 


t The alternative argument, t [ rjv, represents advanced time, implying that the phenom- 
enon represented by the quantity can be observed before it has been generated by the 
sources. This is physically inconceivable, and that part of the solution which depends on 
t f rjv is henceforth discarded. 
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where ~ r/v) is the current carried by the wire along the contour C, and 
jy is a vector element of length in the direction of the wire. An isolated 
infinitesimal section of the wire is known as a current element, or Hertzian 
dipole. Although, obviously, a current element cannot be isolated from 
the rest of the antenna, it is still very useful to calculate the fields which an 
isolated current element would produce. The fields of an actual antenna 
can be calculated from the fields of a current element by integration. 

In this section we propose to calculate the field of the current clement 

ld\. 

From Eq. (10-16) we have that the vector potential A is 

--]cl\ (10-17) 

477/' \ r / 

or if I is a sinusoidal current, 

A / cos loit — d\ (10-18) 

47rr \ Vf 

f rom this expression it is apparent that the phase delay, corresponding to a 
line delay of rfv, is (or/p rad. It will be convenient to use the spherical 
geometry of Fig. lO-l, where d\ is in the z direction, and lor notational 





Figure 10-1. The geometry 


of a current clement (Hertzian dipole). 
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convenience we shall write t — rjv as t' in the final results. Jn this notation 
A has only a r component, which is given by 


A. 


fil d I cos mt' 
A-ttk 


(10-19) 


However, the E and H fields are more useful when expressed in spherical 
coordinates. Using Eqs. (1-13), we can write 


Aj. A^ cos 6 A^ — A^ sin 0 
and using B - V x A, we find 

B, - (V X A), = 0 
B, ^ (V X A), - 0 

1 


o; 


( 10 - 20 ) 

( 10 - 21 ) 

( 10 - 22 ) 


B.„ 


^ d BA, 

r ~ 

filcU id 
477/' \dr 
fji.l ^// sm 0 


Att 




cos 0 / 

r\ 

Sin 0 cos vAt 1 


cos 

t 

\ iJ. 

J BO 

L /• \ 

v) _ 

— (0 sin (i)(t - rjv) 

cos (f) 



rv 


J 



To find the E field, we use Eq. (10-6), and obtain 

/ ^// sin 0 1 — 0 ) sin ro/' cos (o/' sin (ot' 


AtT€ 


U —0) Sll 

\ rv 


4 


in <»t'\ 
(»r^ / 


21 dl cos 0 ( cos (ot ' si n (nt ' 


Att€ 


I rh) 


4- 




Lastly, dividing Eq. (10-23) by //, we have 

/ ^// sin 6/ — o/ sin fo/' cos r/>t4 




477 


rv 


cos 0 )t'\ 
r^ } 


(10-23) 

(10-24) 

(10-25) 

( 10-261 


We see from these equations! that, ev«n for a simple current element 
the exact total field is complicated. Fortunately, we seldom need to conside: 
the exact total field. There are two reasons for this. First, we notic( 
that the terms involve inverse r, and terms. For large distances fron 
the current element we can neglect the higher-order terms. For instance, it 
Eg and the inverse r and inverse terms are equal in magnitude whenj 

O) 1 

V r 


t The corresponding forms in the frequency domain are given in Prob. 10-3. 
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.it is, for 


r 

O) 


A 

27T 


(10-27) 


le second reason is more fundamental. Since the antenna’s primary 
iiction is to radiate energy, it will be possible most of the time to ignore 
ose terms which do not contribute to energy radiation. The next section 
ill show that only the inverse r terms contribute to the time-average 
cliated power. 

Accordingly, it is customary in practice to call the field represented by 
le 1/r terms the radiation field and, in so doing, to distinguish it from the 
liiiction field, which is represented by the l/r^ terms and which predominates 
. small distances r. Note that, aside from a time dependence, the induction 
l‘1l 1 in Eq. (10-26) is predictable from the Biot-Savart law. Note also that 
1 C l/r‘^ term in Eq. (10-24) is just the electric field intensity of an electric 
ipole if the time dependence were to be suppressed. Accordingly, the 
' term is sometimes called the electrostatic field term. 


).4 Power Radiated by a Current Element. In order to calculate the 
[lower radiated by a current element, we need to calculate Poynting’s vector. 
The instantaneous Poynting’s vector is given by & x . For the 

ickls given by Eqs. (10-24) to (10-26), has a 0 component and an r 
lomponent, namely, 

P, - - P, - (10-28) 

s obvious that the radial component is the only component which contrib- 
s to the net outward power flow. Thus 

P dP sin^ 0 1 o)^ sin^ (ot' (o sin (ot' cos (ot' 


1 

sin^ (Ot' 


(o sin (Ot' cos <ot' 




r'7 


(Ot' sin ojt 


r'V r*c 

after application of some trigonometric identities. 


' cos (Ot'\ 
or^ / 


(10-29) 


/2 dP sin2 0 




sin 2(o£ cos2fo/' 
2(or'^ 


(o sin 2(ot' ^ ^^2(1 


cos 2(ot') 




2r^v^ 


(10-30) 


^Hing that the time average of both sin 2(ot' and cos 2(ot' is zero, we can 
the time average of as 

fu2/2^//2sin2e 

^r(nA) ” 


327r2erV 


(10-31) 
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The important feature of this result, for our present use, is that the time- 
average value of the radial component of Poynting’s vector is one-half times 
the product of the inverse r terms in E and H. Hence the far field of uur 
isolated current element, which is specified by 


E 

H 


(ol r// sin 0 
Airerv^ 
(oJ dl sin 0 
Airrv 


sin (ot' 
sin (ot' a^ 


(10-32) 


is all that is needed for calculation of radiated power and is\also a valid 
approximation to the total field for large distances. This is true for the fai 
field of any antenna. For this reason the far field is frequently called the 
radiation field. 

Before we calculate the total radiated power from our current element, 
let us examine the radiation field further. First, we note that the E and the 
H fields are in time phase and normal to each other. Second, we note that 

|E| - .y|H| (10-33) 


where // - \ ///e. Thus, except for a (sin 0)lr term in both E and in H, the 
radiation field has the properties of a uniform plane wave. For spherical 
surfaces of large r and for regions on the surface which are small enough so 
that sin 0 can be considered constant, the far field appears to be a uniform 
plane wave. 

Returning to the problem of calculation of the total radiated power, wc 
sec that 


Power radiated 




.,21 

327Th 


dl^ p" rasin' 
Jo Jo r 


2 

2 6 / 


r 2 sin 6/ dO dq^ 


dl^ 

12 to 2 


(10-34) 


Generally, it is useful to assume that the antenna is in free space, for which 
has the value of 12077, and to note that (d/v -- ft ~ 27r/2 and that /2/2 - //„!.■ 
With these substitutions we obtain 

Power radiated 0772|^^j 72 ^^^ (10 35) 


By analogy with circuit theory we like to write power R, 

define 



as the radiation resistance of a current element. 


( 10 - 36 ) 
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10.5 The General Nature of the Far Field of an Antenna. In general 
terms, we can write for the field of a current element 


17 ^0 . , 
^ — Sin (ot 
r 


— sin cot' 
rr] 


(10-37) 


where Eq contains all the amplitude factors in Eqs. (10-32), or if we absorb 
a 90 ° phase factor into £" 0 , we can write 


Eg - Re 
= Re 


( 

( 


r 

/Jt-) 

Tjr 


) 

) 


(10-38) 


which suggests that we can make use of the simplification of manipulation 
alforded by working with the complex fieldsf 


ff. 


r 

Epe-’K’- 

Tjr 


(10-39) 


for most antennas, the far field is of a similar form, such that we can, in 
general, write the far field 

p-Jpr 

E=-E„ (10-40) 

r 

H-ia^xE (10-41) 

n 

Vitb E perpendicular to H, and both E and H perpendicular to a,., where a,. 

the radius vector from the phase center (at a given observation point this is 
defined. I as the center of that sphere on which the plane of the field vectors 
cjthibits the least local variation) of the antenna, which usually coincides with 
physical center. We should note that some complicated antennas do not 
a true phase center, and this simplification is not valid. 

In simple cases, the field is linearly polarized. Since the general case of 
chipiical polarization can usually be treated as superposition of two linear 
pnliii izations, in the rest of this chapter we assume linear polarization. 

^ Sec Prob. 10-3, previously cited. 

standard definitions see Test Procedures for Antennas, IEEE Trans, on Antennas 
^Propagation., vol. AP-13, pp. 464-466, May, 1965. 
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Usually, of course, will be a function of angular position, just as it 
was for a current element. Additionally, the general nature of the far field 
of an antenna is such that at any point in space it behaves locally as a uniform 
plane wave. 


10.6 Antenna Patterns. An antenna pattern is a three-dimensional plot 
which shows the antenna’s characteristics as a radiator of energy. Three 
types of antenna patterns are in general use which show the relative angular 
distribution of (1) field intensity, (2) power density, or (3) radiation intensity. 

The E-field pattern A plot of |E| as a function of 0 and is called the 
WJjeld pattern (three-dimensional). As a practical matter, it is of course 
impossible to present a complete three-dimensional plot. In most cases, a 
plot of |E| as a function of 6 for some particular value of q plus a plot of |E| 
as a function of q) for some particular value of 0 give most of the useful 
information. 


Example 10-1 Field Patterns. Given that the E field has only a 6 component 


En sin 0 

E, - 

r 


(10-42) 


Plot the E-field pattern for 0 = constant and for q constant. 

These plots are shown in Fig 10-2a and b. 

Usually, the patterns are normalized so that the maximum magnitude is 
I , and are then called normalized Ei-field patterns. 


The power pattern A plot of the time-average Poyntmg’s vector is 
called the power pattern. The power pattern may be thought of as a plot of 

Re (5,) 3^ Re (E X H*) 


Since the complex Poynting’s vector for the far field is real, this gives for 
our example 

1 sin^ e 


Re(S,) = 5, 


rjr^ 


This pattern is shown plotted in Fig. \0-2c. The half-power^ points 
ligure specify the heamwidth. This is the angular distance (90 in Fig. 1 - c) 
beiween the directions at which the power is one-half the maximum power. 


The radiation intensity pattern If we multiply Re (iS'^.) by r , we 
obtain the radiation intensity U. Thus 

U - Re (5,) W/unit solid angle 
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(c) 

KujURh 10-2. The field patlerns of Eq - (l// )Losin 0 e (a) for B ^ eon- 

slanl; (h) Eq for (p con.slant; (c) power pallern for (p - constanl. 


A plot of the radiation intensity is called the radiation intensity pattern. 
our example 


1 sin^ 0 

2 r] 


W/unit solid angle 


In 


Both the power patterns and the radiation intensity patterns are usually 
normalized to unity by dividing by the maximum value at a particular r. 


Thus 


Re (5^^) sin^ 0 


(10-43) 


— sin^ 0 


(10-44) 


The normalized patterns are obviously identical, and it is customary in 
practice to refer to either of them as the pattern. Use of this imprecise 
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terminology is also extended by the methods generally employed to measure 
patterns experimentally. Most recording techniques actually present the 
logarithm of the power per unit area relative to an arbitrary reference, and 
the usual reference is the maximum power per unit area. The quantity 


10 log 


Re jS,) 
Re (5, ) 

^ ^ lll'l v-' 


expresses the result in decibels (dB). 


(10-45) 


10.7 Directivity and Gain. Before proceeding further with our discussion, 
we need precise definitions of two terms which, because of their similarity, 
are frequently misused. 

The directivity D of an antenna is defined as the ratio of the maximum 
radiation intensity to the average radiation intensity. Put mathematically, 

D (10-46) 

where is the average radiation intensity. Notice that, by use of the 
general method of obtaining an average, we have 

^ (10-47) 

or 4n-l/,„ - ^ t/(0,vO r/il --- (10-48) 


Equation (10-48) states that 47 t times the average radiation intensity equals 
the total power radiated by the antenna. Hence we can write Eq. (10-46) as 


^ 4ttU„ 


(10-49) 


which says that we can calculate the directivity by taking the ratio of 47r 
times the maximum radiation intensity to the total power radiated. 

Equation (10-49) is the IEEE standard definition of directivity, and it is 
frequently the more convenient equation to use for calculation. 

A secondary concept which we need is that of a lossless isotropic 
radiator (antenna). For a lossless antenna, the power input equals the 
power radiated. For an isotropic antenna, the radiation intensity is the same 
all directions, and hence constant — Thus, for a lossless 

isotropic antenna, we have 

^mput '^railiatcil 


(10-50) 
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Such an antenna, although conceptually very useful, cannot be achieved in 
practice.! 

Now, the gain G of an antenna is defined as the ratio of the maximum 
radiation intensity from the antenna, maximum radiation 

intensity from a reference antenna, the same power input. Thus 

C7 ^ (10-51) 

The gain of an antenna is a relative quantity. It involves the Use of a 
reference antenna and takes into consideration the efficiency qf both 
antennas. Efficiency is defined as the ratio of total power radiated by an 
antenna to the net power accepted by the antenna. 

To standardize the gain specification, two reference antennas are 
commonly used. They are the lossless half-wave dipole (see next section) 
and the lossless isotropic antenna. For these two cases, we use the terms 
gain over a dipole and gain over isotropic. Gam over isotropic is used often 
enough so that a special symbol Gq is defined for that case. 

G„ = (10-52) 

where Uq is the (constant) radiation intensity of a lossless isotropic radiator 
with the same power input. From these definitions, we have 
where k denotes the efficiency of the antenna, and is the maximum 

value which the radiation intensity would have if the antenna were lossless. 
Notice that, for a lossless antenna, k ^ 1 and 6 o — D \ that is, for a lossless 
antenna, the gain over isotropic is exactly equal to the directivity. Since 
many antennas have relatively small losses, there is a tendency to be rather 
lax in distinguishing between gain and directivity. 

Frequently, it is convenient to specify gain and directivity in decibels 
by giving 10 times the logarithm to the base 10 of the actual ratio. 

Gain in decibels — 10 log Gq 


For example, a gain Gq 20 would be given as f5 dB. 

In concluding our present set of definitions, we should point out that 
the concepts of gain and directivity are frequently generalized to include the 
concept of gain and directivity as a function of direction. Specifically, 


Co(0,?’) 


U(0,q>) 

u. 


(10-53) 


+ It has been shown, however, that one can approach arbitrarily close to this idealization. 
See W. K. Saunders, On the Unity Gain Antenna, “Symposium on Electromagnetic 
Theory and Antennas,” Copenhagen, June 25-30, 1962 (Pergamon Press). 
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IS the gain over isotropic as a function of direction (d^cp), and 


D{d,<p) 


u{0,<r) 

^av 


(10-54) 


IS the directivity as a function of direction These expressions are 

really just normalized radiation intensity patterns. The gain ) has 

been normalized by dividing the radiation intensity U(0,q^) by the radiation 
intensity Uq of a lossless isotropic antenna of the same input power, and 
D(0,(p) has been normalized by dividing by the average radiation intensity 
Note that, for a lossless antenna, ^ and ^ 

s(^ that for low-loss antennas the difference between gain and directivity 
IS small, and one tends to be lax about making a distinction. 


Example 10-2 Calculation of Directivity. Suppose an antenna has a power input of 
4077 W and an elficiency of 98 percent. Also, suppose that the radiation intensity has 
been found to have a maximum value of 200 W/unit solid angle. Find the directivity 
and gain of the antenna. 

We have 


t/av 


P rad 


(0.98)(4077) 


9.8 W/sr 


Hence 


Also, 


200 

D - 20.4, or 13.1 dB 

9.8 


Pin 4077 

- 10 w/sr 

477 477 


and 


G„ - 200/10 - 20, or 13 OdB 


10.8 Linear Dipole Antennas. A linear dipole antenna is a straight-wire 
antenna, usually center-fed (Fig. 10-3(2). A linear monopole antenna is a 
slraight-wire antenna fed against a ground plane (Fig. \0-3h). It is fairly 
obvious that a monopole antenna differs structurally from a dipole antenna. 
However, the electrical problem of a monopole antenna is basically the same 
as that of a dipole antenna, and is best handled by the method of images. 
This method implies that the vector potential and the field intensity of a 
nionopole in the region above the ground plane are exactly the same as those 
of a center-fed dipole with the same current and an overall length which is 
Iwice the monopole length. It is clear, then, that analysis of the center-fed 
dipole includes analysis of the monopole. 

I et us fix our attention on the short dipole, defined as a center-fed antenna 
^‘i\ing a length that is very short compared with a wavelength. If the overall 
length L of a center-fed dipole is short enough so that the contributions to the 
Held from each infinitesimal element of its length arc in time phase with 
other, the total fields can be calculated by simple scalar addition of the 
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(^7) {b) 

Figure 10-3. The current distribution on linear antennas, (a) Short dipole, 
short monopole. 


infinitesimal fields produced by a chain of Hertzian dipoles. This approxi- 
mation is valid for L li roughly speaking. For such an antenna we 
have 


“^^^2 yoj/sinO 

-Lhi ^7T€V^r 


0 


dl 


Our approximations here mean that we can consider the distance r from the 
point of observation to the source point (position along the antenna) to be 
constant, allowing us to write 


joj sin de 

^TT€V^r 


CLi 


jo) sin Oe 

‘ dl L.L 

Liz 47T€V^r 


(10-55) 



(10-56) 


This result simply means that the fields of a short dipole are obtained from 
the expressions for an infinitesimal dipole by simple substitution of L for dl j 
and /j,,. for /, where 


/ 


a\ 



Idz 


(10-57) j 


The current along a short dipole and along a short monopole varies 
nearly linearly (Sec. 10.9) from Iq at the center to zero at the end, as shown in ; 
Fig. 10-3. From this it is obvious that 



(10-58) 
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We can readily calculate the total radiated power from a short antenna by 
substituting — TJ2 and L = dl into Eq. (10-35) and noting that, for a 
monopole, the radiated power is just 34 that of a dipole (it radiates only into 
the upper half space). We obtain, for the dipole. 



and for the monopole, 



(10-59) 


(10-60) 


where, as in Eq. (10-35), denotes the root-mean- square value of /. 
We can also define a radiation resistance for each case by 


(dipole) — - 12 

(monopole) = IOttM — il 


(10-61) 

(10-62) 


Some numerical values are of interest. For L ^ 2/10 the two resistances are 
approximately 2 and 1 12, respectively. These values are very small for 
transmission line loads and cause rather severe problems of transmission line 
matching. The matching networks required frequently have large losses, 
with the result that the overall system efficiency is small. 

A quantity which is often specified for short dipoles is the effective 
length, defined by the relation 

1 

L,, - I{z)dz (10-63) 

/o -I 

where /„ is the current fed to the antenna which extends from z = — L/2 to 
r = Lfl. From this definition it is apparent that the effective length of an 
antenna is that length which, by supporting the feed current of the actual 
antenna throughout the entire length, has the same overall effectiveness as 
the original antenna. 


10.9 Current Distribution on a Linear Antenna. We saw that for 
f'liort antennas we had to know the current distribution on the antenna before 
could finish the problem. For longer antennas it is necessary to know it 
l^cfore we start. In principle, we can find the current distribution by solving 
Maxwell’s equations subject to the boundary conditions along the antenna. 
In practice, it turns out that this is such a formidable problem that it has been 
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(^7) (Z,) 

Figure 10-4. The geometry and the assumed sinusoidal current distribution 
for a center-fed dipole and a monopole, (a) Dipole; (h) monopole (H = Ljl). 


solved rigorously for only one casc.t We are therefore faced with the 
necessity of assuming a distribution, hoping it is correct. Intuitively, we 
might expect the current to have the standing wave distribution characteristic 
of an open-circuited transmission line (see previous chapter.) This assump- 
tion proves to be correct, at least as a valid engineering approximation, in 
that antenna calculations based upon this assumption yield quite accurate 
results. 

The standing wave current distribution in the z direction has a magnitude 
I = j (10-64) 

and hence is called a sinusoidal current distribution (Fig. 10-4). 


10.10 The Longer Linear Dipole and Monopole. When a center-fed 
dipole or a monopole, base-fed against a ground plane, has a half length 
which exceeds approximately A/10, the simple analysis of Sec. 10.8 for short 
linear antennas is no longer a valid approximation, and we must use a more 

t R. W. P. King, The Linear Antenna: Eighty Years of Progress, Proc. IEEE, vol. 
pp. 2-16, January, 1967. 
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exact analysis. The usual procedure is to calculate the vector potential, and 
ihe far-held electric and' magnetic helds from the vector potential. 

If we use the geometry and assume a sinusoidal current distribution, as 
shown in Fig. 10-4, we shall hnd that the vector potential has only a 2 
component, given in complex notation by 


A. 


P sin 
J - // 47rr 



///,„sin/^(// — z)c 
47rr 


dz 


where H — Ljl. In these integrands we set r — ~ z cos 6 in the expo- 
nential factors and r the denominator; we then factor the constant 

terms, and obtain 


A. sin /^(// f dz 

477^0 J-H 

ul 

+ — sin /i(H -- dz (10-65) 

477^*0 Jo 


Noting that in the first integrand z is negative allows us to change signs on 
r and change limits so as to obtain 


III c 

^ sin ll{H - z){e dz 

477ro Jo 

ale r" 

^ sin f^(// — z) cos {/iz cos d) dz (10-66) 

277/',) Jo 

and after integration, 


/x/„,c cos p{H cos 0) — cos [iH 
277/i/'o sin“ 0 


(10-67) 


From >4, we obtain the far held in a manner similar to that employed 
tor the inhnitesimal dipole. The details are not displayed here. The results 
are 

^ jl,„e co s ((iH cos 0) - cos pH (10-68) 

277/'o sin d 

Eo - (10-69) 

When the half length H is equal to a quarter wavelength, the antenna is 
t^nown as a half-wave dipole (or a quarter-wave monopole, if fed against a 
[iiound plane). These antennas are of particular practical importance 
because they have desirable input characteristics and also have desirable 
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z 



Figure 10-5. The normalized E-ficld pattern for a 
half-wave dipole. (A quarter-wave monopolc has the 
same pattern for (i 7r/2, but the fields are zero for 
Q '■> W2 ) 


radiation patterns. Substituting H ^ A/4 into the general expressions, 
Eqs. (10-68) and (10-69), gives the results 



(10-70) 

(10-71) 


where the subscript on r has been dropped in accordance with usual notation. 

The E-field patterns and the power, or radiation intensity, patterns for 
this special case are relatively easy to plot. A three-dimensional cutaway 
view of the normalized E-field pattern is shown in Fig. 10-5 for the A/2 
dipole. The A/4 monopole pattern is the same as the A/2 dipole in the upper 
half space, and is zero in the lower half space (i) > tt/A). 

The total time-average power radiated by a half-wave dipole can be 
calculated by integrating the complex Poynting’s vector over a sphere of 
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radius r. We have 


ViE,H* da 



(10-72) 


The remaining integral in Eq. (10-72) is not easy to evaluate. It may 
be attacked by a change-of-variable technique and eventually cast into a 
slowly convergent infinite series, or it may be programmed on a digital 
computer. The result, in any event, is that its value to four significant 
figures is 1.2186, and we obtain the numerical result that the radiated power 
is given by 

U 

^r.id = 73 half-wave dipole 


Using our previous definition of radiation resistance, we see that 

half-wave dipole (10-73) 

Since the fields of a quarter-wave monopole for 0 < 77/2 are exactly the 
same as those of a half-wave dipole and zero for 0 ; - 77/2, and since the 
half-wave dipole fields are symmetrical about 0 — 77/2, we should have just 
one-half the radiated power of a dipole for the monopole case. That is, 

TJ 

j _ 36.5 ■ quarter- wave monopole 


and the radiation resistance would be 

36.5 il quarter- wave monopole (10-74) 

A look at Fig. 10-4, specialized to H A/4, shows that the driving-point 
current is given by 

I -= I ^ sin /?(// - 

In this special case, the resistive part of the driving-point impedance of the 
antenna is just the radiation resistance. It is beyond the scope of our 
presentation to derive the driving-point reactance, but it turns out to be 
approximately zero. It is exactly zero for H slightly less than A/4. Most 
A/2 dipoles and A/4 monopoles arc adjusted to make the driving-point 
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reactance zero. When the length is adjusted, the driving-point resistance is 
slightly less than 73, or 36.5 Q. The resulting driving-point impedances of 


73 + JO 
36.5 lyO 


half-wave dipole 
quarter-wave monopole 


(10-751 

(10-76) 


are comparatively easy to match to transmission lines, and in a large measure 
account for the popularity of these antennas. 

We complete our discussion of the two special cases by calculating their 
directivity. From the definition of directivity we obtain, for ^ ^/2 dipole, 


^ 2 ^( 60 /^ VZtt) 

^ 73(7, //2) 

and similarly, for a 2/4 monopole. 


2.15 dB 
(10-77) 


D - 3.28, or 5.15 dB 


(10-78) 


10.11 Antenna Arrays. When two or more antennas are located in a 
common region of space and driven either directly or indirectly from a 
common generator, we have an antenna array. In principle, the general 
antenna-array problem is handled by superposition. That is, the resulting 
E and H fields can, in principle at least, be found by writing the vector- 
phasor sum of the fields produced by the individual antennas. 

To obtain specific results, one must consider specific arrays. The 
simplest array consists of two identical antennas and, more specifically, of 
two identical short dipoles oriented in space, as shown in Fig. 10-6, and 
driven with in-phase currents of equal magnitude. 



Figure 10-6. The geometry of two identical short dipoles. 
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The far fields of the individual antennas at an ordinary far-held point 
will be in the 0 direction, and will be given by the sum of 

-jPti 

Em sin 0 (10-79) 


and E^ = E^sinO (10-80) 

^2 

-7— I j ( 10 - 81 ) 


In the far-held region, the lines are essentially parallel, and we have 


ci 

^ ''o + ^ cos 7 ' 
d 

'*2 ^ ^0 - 2 


(10-82) 


In the far held > djl, and we can use ^ Ao in the denominator. 

However, because of the periodic nature of the exponential, and rg must 
be expressed as in Eqs. (10-82). This stcites that the variation of r affects the 
phase in the integrand but has little effect on the magnitude. Accordingly, 


sin 0 j/^r„-j/R(A/ 2 )coH 7 jindl'l) 

sin 


(t> 4- 


vihere y> -- j Id con y', and finally, 

£„(2cos|) 


(10-83) 

(10-84) 


where 


^0 


E„, sin 
f'o 


(10-85) 


IS ihc held of the individual short dipole. 

To interpret the 2 cos (y^/2) factor, we note that the pattern of two 
in-phase isotropic radiators of unity magnitude separated by a distance d 
vvoiild be 






In view of this expression, we see that the pattern of the two identical in- 
pli ise dipole antennas can be expressed in normalized form as 


(sin 0) 
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ia) 


(d) 




FiciURE 10-7. The array factor for two isotropic in-phasc point sources for three 
different spacings. (a) d - //4; {h) d -- A/2, d A. 

where the first term is the normalized pattern of the individual dipole, and 
the second term is the normalized pattern of the array of isotropic pojnt 
sources. This result is general for arrays of identical antennas. H is 
common practice to analyze arrays of identical antennas by first finding the 
array pattern (frequently called the array factor) and multiplying it by the 
pattern of the individual antenna. 

Analysis of arrays of nonidentical antennas is usually a formidable | 
problem, which we do not present in this brief treatment of antennas. 
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Example 10-3 Arrays of Isotropic In-phase Point Sources. In this example we 
give the array factor (that is, the normalized E-/ield pattern) of two isotropic in-phase 
point sources. 

As derived in this section, the array factor is AF - cos (v’/2), where v’ ^ Pd cos (f\ 


Case T. ci A/4 


and 


Case II. d - All 


y) ^ pd cos (f 


In A 77 

y-cos r/.^-.-cosy. 



AF ^ cos 


cos <p 


Case III. d - ^ 


AF cos (tt cos 9^) 


These array factors arc plotted in Fig. 10-7. 

If the two individual antennas of an array are not in phase, the previous 
results will be modified to inelude their relative phase. In partieular, if we 
let a be the relative phase by which antenna 2 leads antenna 1 , we can let the 
phase reference of tlie array be the ccnterpoinl of the array, and let antenna 
1 lag this point by a/2, and antenna 2 lead this point by a/2. Then the result 
will be 

£■-- i- ^ cos I j (10-86) 

where yf — /)V/ cos (/ a (10-87) 

W'hich shows that the array factor is still cos (y>/2). But in this case yj includes 
the relative phase a. 

We now present three examples to show typical results.! 


Example 10-4 Specific Array Factors, We consider three cases. 
Case I. d A/4, a tt/I 


1 

2 


Pd OL 

— COS -f - 
2 ^ 2 


277 A 

--cosrH 




COS g) 


AF cos 



cos (f ) 


t A rather cxlensive set of array factors for two isotropic point sources is given in J. D 
lv;aus, “Antennas,” chap. 11, McGraw-Hill Book Company, New York, 1950. 
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Minor lobes 


Figure 10-9. The individual antenna pattern, the array factor, and the resultant 
E-field array pattern in the plane of the array for two identical half-wave dipoles 
spaced A/4 apart and fed in phase quadrature. Individual dipole x array factor == 
resultant pattern. 


These array factors are shown plotted in Fig. 10-8. Ifxamination of this figure 
and Fig. 10-7, which is for a -= 0, shows that a wide range of array factors can be 
obtained by adjusting the spacing and phasing of the array. Arrays are commonly 
used to produce some desired modification of the pattern of the individual antenna. 
Figure 10-9 shows an example of this for two half-wave dipoles spaced A/4 apart and 
fed with the right-hand antenna leading the left-hand antenna by 90". Notice that a 
fairly accurate sketch of the resultant pattern can be made by geometrically multiplying 
the individual pattern and the array factor. 

The example given in Fig. 10-9 shows only the pattern in the plane of 
the dipoles. The total pattern of the array of course is three-dimensional. 
A fairly accurate visualization of its three-dimensional behavior can be 
obtained by applying the same technique in the plane perpendicular to the 
plane of the dipoles (0 — - 90° plane), and then in the plane perpendicular to 
the line joining the two dipoles. This is left as an exercise for the student. 


10.12 Uniform Linear Arrays. A uniform linear array is an array of 
identical antennas uniformly spaced along a straight line, fed with currents of 
equal magnitude and having a uniform progressive phase shift. Figure 
10-10 shows an //-element uniform linear array. Using the methods already 
dc\ eloped, we can write the total radiation E field as 

E -- ^ f I- -t ^ (10-88) 

! where iff — jicJ cos (f -f a (10-89) 


1 and is the individual antenna's E-field pattern. Since we are primarily 
I inteiested in the array factor, we suppress and, after an algebraic manipu- 
bon, write 


1 _ sin (niffll) 

I — sin (v// 2 ) 


(10-90) 


Tliis result has several interesting properties, which we now examine. 


^ d he angle yf/l has a maximum value of {fid a )/2 at 7 ^ = 0 and a 
minimum value of {— fid 1 a)/2 at (p — tt. At (p 27r, y/2 returns to 
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Current 

Phase 0 a 2a 3a \r7-1)a 

Figure 10-10. The spacing, magniliide, and relative phs^se of an 
//-element uniform linear array. 


its maximum value. Examination of this behavior and a little thought 
show that the array factor, Eq. (10-90), is symmetrical about the line of 
the array {q — 0, (f — tt line). 

2. By dilTercnliation and inspection we find that the principal maximum of 
the array factor occurs at — 0 and that the magnitude of this principal 
maximum is equal to n. 

3. The secondary maxima occur at, approximately, 


/JV' 

which means — -{2k 1)— k - 1, 2, 3, . . . 

In particular, the first secondary maximum is at 

Ip 2 tt 

2 2n 

and has a magnitude of |sin (37r/2A7)| ^ Notice that this has a limilmc 
value, for n large, 

lim — I — ^ - ^ — 0.2\2n 
y, [sin (377/2/7)1 377 

Since the magnitude of the principal maximum is /7, we have that the 
ratio of the first secondary maximum to the principal maximum is 0.212, 
or 13.5 dB. 



4. 
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The array factor has zero nulls when the numerator 
nxp 

sin — 0 except y) 0 
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is zero; that is, when 


which means 


im 


k-- 1,2,3,. 


Two special cases of uniform linear arrays are of particular interest and 
practicality. 


Case I. Broadside array If all the elements of the array are in phase 
(7. -- 0), the array is called a broadside array, for reasons which are obvious 
from an examination of the location of the principal maxima. These 
maxima are at yi/2 - 0 because, for a - 0, 


y) — fid cos (f -- 0 




Thus wc have the principal maxima perpendicular to the line of the array 
(or broadside). The angle 7', in Fig. 10-10, is actually an angle oi' revo- 
lution with only positive values from 0 to 77. In many practical antenna 
situations it is convenient to view 7 as a planar angle whose range is from 0 
to Ztt. 


Case IL End-fire array Tf the progressive phase shift a is related to 
the spacing by a - - fid, the principal maximum is at 7 - 0, and the array 

IS called an end-fire array. 

There arc several other classes of wire antennas and arrays of linear 
elements. t However, at frequencies approaching, roughly, 1 GHz, the wave- 
length is only a fraction of 1 m, and the size and power-handling capability 
ol' wire antennas are correspondingly small. For applications in which 
microwave frequencies are employed, it is necessary to use reflector-type 
antennas, like those shown in Fig. 10-11, with large physical dimensions. 
1 he next section analyzes the radiation from such antennas. 


10.13 Huygens’ Principle and Aperture Antennas. In our discussion 
of linear dipole antennas we assumed a well-defined, known current distri- 
bution, and we were able to calculate the lar field of the antenna by rather 
straightforward methods. In the case of microwave antennas we do not 
have a well-defined, known current distribution. However, in most cases 
(T interest, we are able to determine the E- and H-field distributions over a 

^ H. Jasik (ed.), “Antenna Engineering Handbook,” McGraw-Hill Book Company, 
New York, 1961. 
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Figure 10-11. Reflecior-lype antennas, {Courtesy of Scicntific-Atlania^ Inc.) 

finite open surface located in front of the antenna. In such cases we call 
this surface the aperture, we call the antenna an aperture antenna, and v\e 
call the method of calculation of the far-field pattern of the antenna the 
aperture field method. 

A basic postulate in the analysis of aperture antennas is the validity of 
Huygens^ principle. 

Let X be a closed surface consisting of a perfect screen S,, on which the 
tangential component of the electric field intensity and the normal component 
of the magnetic field intensity are both zero, and an aperture which is 
bounded by a closed contour C (Fig. 10-12). For harmonic fields, 

Maxwell’s equations predictf that the field at every interior point (a', v,z) of a 
linear, homogeneous, isotropic, and source-free medium bounded by is 
given in terms of the aperture field ¥. 1 , by the relations 

E(.v,>’,r) = / f { [(n X H,) • V']V> ! x H,) 

477- W 6 

+ ywe(n x Ei) x V'<j4j da (10-91) 
^ ^ f { [(n X E,) . x E^) 

4770)// J.S', 

X Hi) X da (10-92) 

t S Silver (ed.), “Microwave Antenna Theory and Design," chap. 5, McGraw-Hill H*"’)' 
Company, New York, 1949. (Note opposite direction of the vector n.) 
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F rciURr 10-12 An aperature in a pcrfecl screen. The 
primary sources are outside the closed surface defined by Sy 
and 5,. 


here 

n X H,) • = a,[ (n x H,) • A (V'-A)] f aT (n x H,) • (V'^) 

' OX J ‘ L ov 

id where </) ^ ft — v)V fie, and r is the distance from the fixed point 

observation (.v,v,-) to the variable source point on the aperture 

I- Furthermore, V' denotes differentiation with respect to the primed 
inables, and n is the unit outward vector normal to the surface H. 

Fquations (10-91) and (10-92) represent a general mathematical state- 
ent of Huygens’ principle for harmonic fields and state that, if the field can 
: described on the boundary, it can be found at any point inside. By means 
lengthy calculations requiring the introduction of several simplifying 
'Sumptions, this pair of expressions can be reduced to the forms most 
iilablc for analysis and physical interpretation. 

Thus, for r » A/ 277 , the transformed expressions for the field intensities 
'e 


{V'.A)J (10-93) 


a,^(n X H,) 


^ Ur X j^(n X Ej) ~ ■J~ u, X (n X H,) -y- da (10-94) 

H(,v,v,r)--. r Ur xbn X H,)- /-Ur X (n X Ei)l' da (10-95) 

477 J.v L V /« -I ' 
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From these expressions it is clear that the field in the interior can be evaluated 
from a knowledge of the tangential components of the field on the aperture Sy, 
It is also clear that both integrands are transverse to u^. Therefore, for ; 
points of observation such that r » A/ 27 r, the contribution to the field from 
each infinitesimal Huygens^ source on is perpendicular to u^, the direction 
of wave travel. 

An application of the results obtained so far is illustrated in the following 
example. 


Example 10-5 The Pyramidal Horn. Electromagnetic horns, ip general, comprise an | 
important class of aperture antennas. Figure 10-13 shows a cbmmonly used type of 
horn, the pyramidal horn^ which is fed by a rectangular wavc^ide in the doniinani | 
mode. It IS knownf that, for all practical purposes, the mouth oJjthe horn is unifornili 
polarized in one direction (the y direction in this case) and that thdi aperture illumination 
function is given by ' 


El 


-^0 



(I0-%|| 


where /.'o is a constant. As indicated in Fig. 10-13, the distances In and in hi], 
(10-96) define the flare of the horn. The aperture S\ is the mouth of the horn, and the | 
surface S, is the rest of the .vv plane. Also, n a^, and 

.V .v' y v' ‘ z 

u, - UjHj — UJ 2 L, : ■ 'JLy 4- - a* 

r r r 

where /o, Uy, u. arc the direction cosines of the unit vector Ur. 





A 


Figure 10-13. A pyramidal horn. 

t S. A. Schelkunoff and H. T. Friis, “Antennas,” chap. 16, John Wiley & Sons, In' 
New York, 1952. 
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Since the aperture field is nearly a uniform plane wave, the magnetic field intensity 


H, 



(10-97) 


where 1207r represents the intrinsic impedance 
Setting 


.) P 

then reduces Eqs. (10-94) and (10-95) to 


l(f! , rV] 


j f"/- -rrx 

E(.v, v,r) - — E'o cos — 

J-nl2 J -hl2 " 

itrU,^r Uiz m/‘ . /OaJ dvd\ (10-98) 

r 

>" [— (Wj w/)aj ! i iiz)d:]- c/vdx (10-99) 

r 


These integrals are best evaluated on the digital computer. For numerical 
results, we consider the case of a standard horn, for which a - 5.984 \ n,,h 4.908 in., 
!„ 14.333 in , -- 13.633 in. For this horn, the power patterns calculated at 
16 GHz arc shown plotted in Fig. 10-14, and are seen to agree well with the measured 
patterns throughout the dynamic range of the recording apparatus. 


The complexity of the use of the vector equations (10-94) and (10-95) 
was largely hidden in the statement of the preceding example that calculations 
arc best made on the digital computer. The computational difficulties can 
be greatly reduced, and the working equations considerably simplified, by 
introducing several additional approximations. These approximations 
reduce the analysis of aperture antennas to a scalar problem. The final 
result IS given by Eq. (10- 1 13), below. The algebraic details follow.! 

Let us consider a TEM wave impinging upon a plane aperture Sy, along 
a direction p, as indicated m Fig. 10-15. The source field is zero everywhere 
except over S^. Then 


Hi / - (p X El) n X Hi a« X - (p x EJ | (10-100) 

V p V 

iind with li - 27r/A, Eq. (10-94) becomes 

. Jiii 

E(.v,)’,z) — u, X j( a, X E,) r “r ^ ^ (P ^ 

2 A J.s'j " 

(10-101) 

t of the final result, Eq. (10-113), docs not require a full understanding of these 
algebraic details. They arc essential only for a full realization ol the implications of the 
^approximations. 
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FkjUre 10-15. Geometry of a plane aperture. The wave is 
incident from r 0, giving rise to a diffraction field in the 
region z ■ 0. 


Over the plane aperture the direction of the source field vector is 
arbitrary. However, no generality will be lost if, for the purposes of this 
analysis, we consider it to be uniformly polarized in the .v direction, namely, 

El - F{x\y\0)2L, - '' ‘a,. (10-102) 

Here A and L denote amplitude and phase functions, respectively. Then 

a, X (p X E,) - a. X (p X 2i_,)F — [p(a, • aj -- a^(p • z^)]F 

and since a, • a^. 0, the vector integrand I in Eq. (10-101) transforms to 

^ X { - (a, X a^.) — X [(p • a-)aJ}A’ — - — x f [a, ^ (p • a,)uj x ^^F 

- [a, 1 (p ■ aJU;.](u^ • 2k^)F + a^[(a, • u,) ^ (p ■ a„)(u^ • uj]/ 

^ points near the r axis, that is, for 0 small, • a^. ^ 0, and the first term 

(he right vanishes. Then 

I ^ a,(a, • u, + a^ • p)f 
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The amended expression for the E field is 

E(.v, v,r) /-'(a, • ! a, ■ p) — da (10-103) 

This equation expresses the so-called diffraction ficdd (Sec. 8.9). It is 
customary in practice to divide this diffraction field into three general zones. 


1. The near-field zone 

2. The Fresnel zone 

3. The Fraunhofer, or far-field, zone I 

The near-field zone is the immediate neighborhood of the aperture. No 
further simplifying approximation can be made, and Eq. (10-103) applies. 

The Fresnel region is far enough from the aperture $o that in Ec] 
(10-103) a, • ^ a. • a^ - cos i), and /* = 5 ^ R in every term except in the phase 

factor e With these approximations, Eq. (10-103) becomes 


a; 


f F(a 

2?,R J . 


-•pi cos 0)e da 


(10-104) 


The variation of the phase factor e can be determined from a 
consideration of the distance 


r - [(.v-.v')^ i iv-yr 1 

in terms of spherical variables 

.V = 7? sin 6/ cos 7 

V ~ sin 0 sin 7 
z R cos 0 

We have 

r -- [/?- 2/?( v' sin 6^ cos 7 ' r'sinf>sin7 ) } i (10-105) 


Adding and subtracting the term 

T~ - ( v' sm 0 cos 7 f y' 5*111 0 sin 7 )^ 


under the radical and 
obtain 


r 


, subsequently, factoring out the completed square, wc 


- (R 



A-'^ -I j'- - rr 


(R - T)- J 


(10-106) 


Now the earlier hypothesis r ss /? carries with it the tacit implication that 
r-. Therefore the radical can be approximated by the first two terms 
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of a binomial expansion, giving 


r ^ — dTi j_ * -t 

'2 {R- TY 


R - T 


S /? - r H 

- /? + /"i 


■v'“ -f v'“ - 
2(R - T) 

JC'2 I y't _ T'i 


where 


— — (x' sin 0 cos q + y' sin 0 sin f/*) 

^'2 _|_ y'2 _ Q ^ _|_ y' Q gjj^ 


(10-107) 


(10-108) 


The diffraction field, Eq. (10-104), for the Fresnel region then becomes 


• p cos 0) da 


(10-109) 


In the Fraunhofer region, the second term on the right of Eq. (10-108) is 
neglected, and 

t\ ^ - (v' sin 0 cos 7 ' ! y' sin 0 sin f/ ) (10-1 10) 

For apertures perpendicular to the direction of propagation, p a^, and 


W" ' 


(-r' vo^ 


7his equation is valid for small 0 only. Therefore 


1 I cos 0^2 


(10-111) 


(10-112) 


so that, finally. 


r 

r J 1 sill M(r cDhV I // 

^ IR M 


(10-113) 


When the illumination function /•' can be represented as a product of 
iwo functions, 

f __ ^■,(.v')Fa(/) (10-114) 

the scalar wave function £j. is the product of two Fourier integrals, 

r r 

dx dy' (10-1 15) 

XR jx' ‘V 
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which usually provide the point of departure in the analysis of aperture 
antennas. 

From the preceding derivation it is clear that Eq. (10-115) is subject to 
several restrictions, namely: 

1. Harmonic time variations 

2. Linear, homogeneous, isotropic, and source-free medium 

3. Zero tangential field intensities over the complement of 

4. r 2/277 

5. Plane aperture j 

6 . ^ 0 

7. a. • u,. a„ ■ a^ - cos 0 

Jim 

g ^ am 0(J-' « OS f/ 

/' ^ R 

9. Incidence along the normal to the aperture (a_ • p - 1) 

10. 1 + cos 0 ^ 2 

11. Separable illumination function 


In closing, it is important to remark that the radial distance which marks 
the boundary between the Fresnel and Fraunhofer regions is taken in 
practice to be 2D‘^//, where D is the maximum linear dimension of the 
aperture. In terms of Eq. (10-108), this corresponds to a maximum phase 
deviation of 77/8 deg. To prove this statement, we note that the second 
term in the numerator of the fraction may be neglected in comparison with 
the first, so that 

277 277 ( D/ 2 y^ 77 

2 2R T 2R 8 


or 



(10-116) 


Let us now apply Eq. (10-1 13) to a specific problem. 


Example 10-6 Uniformly Illuminated Rectangular Aperture. Let a rectangulai 
aperture in the jrr plane (Fig. J0-J6) be centered about the origin, and suppose that Ihc 
E field is uniform and is polarized in the x direction; that is, in Eq. (10-1 13), let 

Eo < ;c' < - , < y' < - 

2- -2* 2”^-2 (10-117) 

0 elsewhere 


We wish to derive expressions for the scalar far field and to determine the 3-dB, or 
half-power, beamwidths 
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1 KiURi 10-16. Radiation from a uniformly illuminated rectangular aperture. 


We have 


[ I ^ dx' dy' 

J-hU J-a/2 


JpJ( Pa /2 


fa /2 

i-a/2 

..r' ^ 


cos</» (/v 


Sin ( - /3 sin i) cos rp 


fJ sin 0 cos (f 


' j ^,Jn' Pii 'n 

J bhi 

) (s 


iJinOsiii (p jy' 


(i sin 0 sin (p 


■ P Sind sin g^ 


(10-118) 

In the y -- 0 plane, which in this case is the E plane, this expression reduces to 

ic ^P'^' sin [(77-tf//) sin 0] 


EA(f' -- O' ) 


?.R (tt^z/A) sin 0 


*^hile in the (p — 90“ plane, which in this case is the H plane, it becomes 

/e ^P^ sin [(7r/;/A) sin 0] 

= 90'’) - iob)E. ,.„ r- 


In cither plane, the radiation pattern exhibits a dependence of the type displayed in 

• ig. 10-16. 
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The 3-dB beamwidth in the (p = QT plane is obtained by setting 


0.707 - 


sin [(tt^/A) sin 0(,] 
(tto/A) sin 


and solving for the angle 0^^. (For the q) ^ 90' plane, a is simply replaced by b m 
this expression.) For small values of (he argument a* - (tta/A) sin fly, 


Therefore 


sin X ^ 


A-‘ 




0.707 


A- - a-'*/6 I A-V120 
X 


from which it follows that a' ^ I 4, or 0^ ^ sin ‘ (1.4 A/tt^z) 
plane. 


3-dB beamwidth ^ 2 sm 




a 


while in the q 90 plane, 

A 

3-dB beamwidth ^ 5 \ ~ deg 
Clearly, the largei the aperture, the smaller the beamwidth. 


hus, in the q - o 




(10-119) 


( 10 - 120 ) 


The usual type of aperture-antenna problem consists in finding the 
aperture field which will optimize the far-field pattern to specilic requirements. 
A few general characteristics are: 


1. Symmetrical apertures with A and L [Eq. (10-102)] symmetrical aboul 
the center of the aperture produce symmetrical far-field patterns. 

2. A constant, L 0, and a symmetrical aperture produces zero nulls 
in the far-field pattern, and the main beam is the narrowest that can be 
obtained for the given aperture size. However, the secondary maxima 
(side lobes) arc high (see previous example). 

3. Larger apertures give narrower beams. 

4. L 0 and A symmetrical but monotonically decreasing from the center 
of the aperture will, in general, decrease the secondary maxima. 

5. In general, L l 0 will produce a moderate increase in main beamwidlh 
compared with the uniform-phase case, and the pattern will have 
nonzero nulls. 


Since narrow beamwidth and low side-lobc level are very common 
aperture-antenna requirements, a great deal of work has been done on 
defining the “best” amplitude distribution to optimize the conflicLinc 
requirements. 

To sum up, this section has given a brief introduction to aperture 
antennas. Such antennas may be analyzed with the aid of Eqs. (10-94) and 
(10-95) or, when more assumptions are allowed, with the aid of Eq. (lO-H-^^ 
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10.14 Aperture Synthesis.l A field synthesis problem of great impor- 
tance is that of designing radiating systems to produce desired radiation 
characteristics. In most practical situations, the designer of a linear or 
planar array is required to solve the following problem. Given the specified 
radiation pattern, how must the array be arranged, and how must the 
individual elements be excited in order to produce the best (in some pre- 
specified sense) approximation to the given pattern? One method of 
attacking this problem is known as the Fourier synthesis method, based on 
Schelkunoff’sJ early mathematical treatment of arrays of isotropic sources. 

Recall that the array factor for uniform linear arrays is given by Hq. 
(10-88). If the amplitude and phase progression are not constant, the corre- 
sponding expression for the radiation pattern factor will be 

F{xp ) ! •■• V B,_,e^^^^ (10-121) 

where B^ --- \Bj,\ is the complex amplitude and phase of the kih clement, 
and 

yj — lid cos <!> (10-122) 

as in Sec. 10.12. 

In Eq. (10-121) the left-end element is the reference element. If the 
center element is taken as the reference element, as in Fig. 10-17, the radiation 
pattern for an array with 2N + 1 elements will be 

hXv) {■■■■ + A ,e ! Ao + A,e'^ I • ■ • 4 /lx 

(10-123) 



d 


Figure 10-17. Array of 2/V -I I equally spaced isotropic point 
sources. 

t This section was written in collaboration with G. W. Breland. This section may be 
oniiiied with no loss in continuity. 

t S. A, Schelkunoff. A Mathematical Theory of Linear Arrays, Bell System Tech. J., vol. 
22, pp. 80-107, 1943. 
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where ^ \A^\ is the complex amplitude of the k\h element. In 
compact notation, this can be written 

(10-124) 

h 1 

If, further, we demand that the excitations of elements equidistant from the 
center element be complex conjugate pairs, that is, 

- K (10-125) 

then the pattern factor of the array becomes purely real, sinipe now 

\ 

\ 

F{y}) ao 2! i^k f- AMcos — j sin ky^) 

k J 

A' 

f 2 {a^ —jbj^Xcos ky) + j sin ky)) 

k 1 

V 

- Uq 4 2 (fl;^ cos ky) + sin ky)) (10-126) 

A'--l 

where we have set 


/to ~ I yo 

A-k - T Jb^ 


(10-127) 


We recognize Eq. (10-126) as having the appearance of a finite Fourier 
series for F{y)). It will actually be a Fourier series if F{y)) is a periodic 
function with a periodicity of 27r. From Eq. (10-122) it is apparent that 


VV- 0 ^ 




(10-128) 


We see that Fiyj) satisfies the periodicity requirement only if 2(id -= 2n. or 
since ft ^ Itt/X, only ift d ^ Xjl. If c/ Xjl, the excitation coefficients are 


t The requirement that d A/2 can be changed to d < A/2 by making F{y)) pseudo-pcruidic 
by use of a fill-in function. In this case the method leads to a nonunique solution in 
each new choice of fill-in function gives a new solution. 
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calculated by the usual methods of Fourier analysis. They are thus given by 

1 r''*' 

1 f''" 

J (10-130) 

1 

^ 2^ J- (10-131) 

ll is worth noting that, for a given number of equally spaced radiators, this 
finite Fourier series approximation for any given radiation pattern is 
optimum in the mean-square sense. 

Example 10-7 Fourier Synthesis. As an example, let us approximate the idealized 
radiation pattern shown in Fig. 10-1 8«. It is clear that such a pattern is not exactly 
realizable with a finite number of radiators, but the mathematical simplicity of this 
type of pattern n-iakes it attractive for illustrative purposes. 

Noting that Fig 10- 18a specifies the pattern as a function of the angle ip, we apply 
the simple transformation yf ^ fid cos tp, in which case we obtain Fig. 10-1 8 / 2 , noting 




J_ 


60 ° 90 ° 120 ° 

{a) 


180 ° 


F(v//) 


[d) 

Figure 10-18. Example on Fourier synthesis. 
(a) Pattern to be approximated by Fourier synthesis 
method ; (b) pattern after change of variable from 
Fiyp) to F(yf). 
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the change on the horizontal axis. Applying the expressions for the Fourier coeffi- 
cients, we obtain 


- 


Cik = 


-T 

In 

J—n 

-T 

2’^ J 

J — V 


F{y)) dtp 


dtp = 0.5 

Trl2 

F(vO cos k^f ciyj 


I® 


(10-132) 


, — sin — k odd 
cos ky) dy> = [ kir 2 


k even 


/’(vO sin ky^ dip — 0 for all k 


Table 15-1 displays values of and for values of k to 15. Figure 10-19 illustrates 
the prescribed pattern and representative synthesized patterns for values of (p between 
90' (broadside) and ISO'' (end-fire) for arrays having 3,7, and 15 elements. We note, 
particularly, the results of increasingly larger numbers of elements in that the approxi- 
mation to the desired pattern is improved. 


Fourier synthesis has thus been demonstrated for aperture design where 
discrete radiators are employed. The task of presenting a complete survey 


Tablf 15-1. Element Excitations for Fourier 
Synthesis Example 



a 

b 

Element 

{Real parts) 

(Imaf^inary parts) 

0 

0.5 

0 

1 

0.3183 

0 

2 

0 

0 

3 

- 0.1061 

0 

4 

0 

0 

5 

0.06332 

0 

6 

0 

0 

7 

0.04547 

0 

8 

0 

0 

9 

0.03537 

0 

10 

0 

0 

11 

- 0.02894 

0 

12 

0 

0 

13 

0.02448 

0 

14 

0 

0 

15 

-0.02122 

0 




Figure 10-19. Example on Fourier synthesis. 

of all the synthesis methods is prohibitive in length and completely out of 
place in such an introductory treatment as was intended here. The interested 
reader is referred to the suggested references! for coverage of the numerous 
other techniques of antenna design. 

t P. M. Woodward, A Method of Calculating the Field over a Plane Aperture Required 
to Produce a Given Polar Diagram, J lEE, vol. 93, pt. III-A, pp. 1554-1558, 1947. 

C. L. Dolph, A Current Distribution Which Optimizes the Relationship between 
heamwidth and Sidelobe Levels, Proc. IRE, vol. 34, pp. 335-348, June, 1946. 

T. T. Taylor, Design of Line Source Antennas for Narrow Beamwidths and Low 
^idelobes, (RE Trans, on Antennas and Propagation^ vol. AP-3, pp. 16-28, January, 1955. 
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10.15 Reciprocity. The central theme of this section is the reciprocity 
theorem, a theorem which follows from the symmetry of Maxwell’s equations, 
providing a powerful tool for the solution of electromagnetic field problems 
Let a system of sources Jj, produce a field E,, H,, and let a second 
system of sources Jg, p^, operating at the same frequency, produce a second 
field Eg, Hg. If at all points of interest the medium is linear and isotropic, 
but not necessarily homogeneous, then 


D - eE E- jiiH I 

where e and // are scalars possibly dependent on position, an 

V X Ej — 

V X Hi -- Jj -| yVoeEi 

while, similarly, 

V X Eg - -yVo/zHg 

V X Hg — Jg 1 yV'^eEg 


(10-133) 

(10-134) 


Dot-multiplying the second equation in Eqs. (10-133) by Eg and the 
second equation in Eqs. (10-134) by E, and subtracting, we obtain 

Eg • (V X 111) E, • (V X Hg) Eg • Ji - El • Jg (10-135) 


By dot-multiplying the first equations in Eqs. (10-133) and (10-134) by H. 
and Hi, respectively, and subtracting, as before, we obtain 

Hg • (V X El) - Hi • (V X Eg) - 0 (10-136) 

Adding Eqs. (10-135) and (10-136) and applying the identity 

V ■ (a X b) b ■ (V X a) — a ■ (V x b) (10-137) 

to the left side of the resulting expression, gives 


V • (El X Hg - Eg X Hi) = Eg ■ Ji - El - Jg (10-138) 

This is the differential form of the general reciprocity theorem. In a current- 
free region, Ji - Jg 0, and 

V • (El X Hg -- Eg X H,) - 0 (10-139) 

This is the earliest form of the reciprocity theorem as derived by Lorentz. 

The integral form of the reciprocity theorem is obtained by integrating 
both sides of Eq. (10-138) over a volume V, enclosed by a surface X, and 
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then applying the divergence theorem to the left side of the resulting expres- 
sion. We find 

^ (Ej X Hg Eo X Hj) • n da — - (Eg • Jj — E^ • Jg) dv (10-140) 

where n, as usual, is the unit vector drawn in the outward direction at every 
point on the surface X. Although quite general, this form of the reciprocity 
theorem is not the most practical. 

Let us assume that both systems of sources are within a finite distance 
from some arbitrary origin. If i] is a large spherical surface centered about 
that origin, the fields Ej, and Ea, are both locally plane at every point 
on the spherical surface, where, as a result. 

Hi - /- (n X El) Ha - - (n x Eg) 

Accordingly, the integrand on the left of Eq. (10-140) can be written 


E, X Ha — E.> X Hi -- /- [Ei x (n x E,) — E.> x (n x Ei)] 

V // 

- [(El • E,)I1 -- (El • n)E2 - (El • E^ i (E^ • n)Ei] (10-141) 

where the last equality follows from the identity 

a X (b X c) — (a • c)b - (a • b)c 

Since the waves are locally plane at every point on the large sphere, it follows 
that 

Ej • n - Ea • n - 0 

The right side of Eq. (10-141) therefore vanishes, and in this case the 
reciprocity theorem becomes 

^ ( El X Ha - Ea X Hi) • n da -- (E, • J, - E, • Ja) dv =- 0 

The results of this analysis, namely, 

^ (El X Ha - Ea X Hi) • n da - 0 (10-142) 

(Ea • Ji - El • Ja) t/i' -- 0 (10-143) 




can now be developed into a number of reciprocity theorems of fundamental 
iniportance in circuit and in field theory. For example, Eq. (10-143) can 
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Fkiure 10-20. Reciprocity in networks. 


be used immediately to show that the impedance and admittance matrices of 
a linear bilateral network arc both symmetric. 

It will be demonstrated in Chap. 1 1 that a circuit is a configuration of 
electromagnetic structures which allow specialized fields to exist in confined 
regions of space, beyond which the field is everywhere essentially zero 
Accordingly, the left-hand side of Eq. (10-140) is zero if X is a closed surface 
completely surrounding the entire circuit, and Eq. (10-143) holds identically. 
As in Sec. 6.7, each of the two terms m this integral can be transformed to 
give 

f (E, • J, - E, . J.) dr 2 - 0 (10-144) 

Jl' A 1 

where the <//s and the /’s denote the terminal variables of a network with A' 
terminals (Fig. 10-20), and the subscripts 1 and 2 distinguish two solutions of 
the network problem. It is tacitly assumed that the potentials 
are measured relative to some arbitrary ground. 

Since Eq. (10-144) holds for any set of applied voltages at the terminals 
of the network, we can let 

^ ^ (10-145) 

^2A - 0 k /- j <^2A' / ^ k j 

where / and / are any integers between 1 and N. In this special case, the 
sum in Eq. (10-144) reduces to 

- <^1./*, - 0 (10-146) 


Since 


^ 2 * y 1)^23 hi — yii^ii 
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^vhe^e j,, and denote transfer admittances, Eq. (10-146) simplifies to 

yu -=yn (10-147) 

which satisfies the criterion of symmetry. In a similar way it can be shown 
that 

(10-148) 

Thus the admittance and impedance matrices of a linear bilateral network are 
always symmetrical. Stated differently, the ratio of the voltage applied at 
one port of a network to the current flowing at a second, when all other 
terminals are open-circuited, remains unchanged if the voltage is applied to 
the second port, and the current is measured at the first. 

It will be seen that this same notion can be extended to show that the 
receiving antenna pattern is the same as the transmitting pattern. 

We recall that the pattern of a transmitting antenna is the aggregate of 
values of relative field (or power) intensity measured at all points on a large 
spherical surface centered about the phase center of the antenna. If we 
divide the spherical surface into a large number N of contiguous and 
infinitesimally small elements of surface, the pattern could be taken by 
moving a small exploring dipole from one small element of surface to the 
next, and measuring the current / flowing in the short dipole. The exploring 
dipole must be placed flat against each surface element and must be oriented 
at each stop along the way in both the G and q directions in order to take into 
account possible polarization effects. We can describe what is actually 
happening here by considering the transmitting antenna and the N positions 
on ihe surface as a single network with a total of A/ -h I terminals, which, by 
our previous results, is therefore characterized by symmetrical impedance 
and admittance matrices. ConvSequently, for every location on the surface, 
the ratio of transmitted and received energy is the same regardless of whether 
the antenna is used as a transmitter and the dipole as a receiver, or vice versa. 
In practice, the antenna under test is usually rotated about two mutually 
orthogonal axes, while the source is transmitting a fixed amount of power 
from a distance normally equal to, or greater than, 2Z)“/A. 

U IS worth noting in closing that the reciprocity theorem can also be 
used to prove that the antenna impedance for transmitting is the same as the 
internal impedance of a generator representing the antenna for receiving. 


10.16 Summary. This chapter has presented an introduction to the 
'mportant subject of radiation from antennas. The first topic discussed was 
the relation of the field to its sources. It was shown that considerable 
simplification of the problem results when only the far field is required, 
ttoncepts of antenna patterns, directivity, and gain were eve ope a 
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defined. As specific examples of antenna far-field calculations, the far 
fields of linear dipoles were obtained. Antenna arrays were discussed and 
specific results obtained for uniform linear arrays. Finally, an introduction 
to aperture antennas and the aperture field method for obtaining and 
synthesizing the far-field pattern of aperture antennas was presented. 


Problems 


10-1 Field of a Hertzian Dipole (Review). For a current element, the 0 component 
of the electric field intensity is given by 


/ dl sin 0 / 

47TC \ 


CO sin (Of ' cos cui ' 
^ ^ — 


sin (Of 


) 


where t' ^ t — r/v. Identify each term (in powers of 1/r) in this exprcssioii by name, and 
single out the term which is most important in the study of antennas. \ 

10-2 Charge Distribution. In a quarter-wave monopole mounted over a perfect 
ground, the approximate current distribution is given by the expression /,„ cos 
where z 0 coincides with the feed point of the antenna. Determine the charge distri- 
bution in the antenna Is it in phase with the current distribution ’^ 

10-3 Complex Field of a Hertzian Dipole. Prove that in complex notation the field 
of an elementary dipole is specified by 


En - 


til d I sin 0e~ 




4 tt 

t}I dl LOS de 


I I i _l) 

\ r ' ’’ /(Iry 

/ 2 2 \ 

/"/V/ 


/ d! sin Oe 




where the factor is understood Note that these are the frequency-domain representa- 
tions of Fqs. (10-24) to (10-26). 

10-4 Hertz Potential. The radiation field is often derived from a single potential, known 
as the Hertz potential, defined by 

dU 


- fl€ 

dt 


V n 


Prove that in a linear, homogeneous, isotropic, and source-free medium 

dm 


and that 


10-5 Polarization. Two short- wire antennas are excited by currents of equal 

and phase. A distant receiving antenna is located on the j axis. If this is a short linear 

antenna, how should it be oriented to intercept maximum signal ? 


vm — 

' Bt^ 

0 

dm 

an 

E - V(V • 11) -- fi€ 

' dt^ 

B //eV X — 
dt 
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10-6 Loop Antenna. A loop antenna consists of one or more complete turns of wire 
carrying, essentially, a uniform circulatory current and producing a radiation pattern 
approximating that of an elementary magnetic dipole. (An elementary magnetic dipole 
IS a loop with a uniform in-phase current and linear dimensions which arc very small 
compared with the wavelength.) 

Show that the far field of a small loop antenna, the plane of which is coincident with 
the xv plane, is given by 

/?- I /I ni sin 0 e E, 

471- y « 

where m is the strength of the dipole (current times area), and r, 0, and tp are the usual 
spherical coordinates. The time factor is understood. 

10-7 Array Factor. A linear array is formed by spacing A/2 apart three short dipoles. 
The currents fed into all three dipoles are equal in magnitude and in time phase Derive 
an expression, and plot the array-factor pattern in a plane normal to the elements of the 
an ay. 

10-8 Antenna Arrays. Two thin linear antennas are operated at the same frequency 
and are positioned a half-wavelength apart in the xy plane, as shown. The antennas arc 
iruhvidually isotropic radiators in the xy plane. When the impressed terminal currents arc 
^1 ^2 •/ A. Ihc field intensity at point P in the far field due to the array has a 

magnitude of 2 /iV/m. 

Determine the magnitude of the field intensity at the same point P when the impressed 
currents arc /, - A and -- A. 


y 


/ Neo** 


p 


A 


4 


A 

2 


X 


Problfm 10-8 
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10-9 Uniform Linear Arrays. Calculate the width between nulls for a six-element 
uniform linear array of spacing d ^ -A/4 (a) for a broadside array and (h) for an end-lire 
array. 

10-10 Uniform Linear Arrays. Calculate the half-power (3-dB) beamwidth for the 
arrays of Prob. 10-9. 


10-11 Aperture Antennas. A square aperture antenna of dimensions fl — 6 ^ 20A 
is illuminated with an jr-polarized uniform plane wave. Calculate the angular 
positions of the nulls of this pattern in the xz plane and in the vz plane. 

10-12 Aperture Antennas. In Example 10-6, let 






fiin 0,1 



b 

2 


VO elsewhere 

Derive an expression for and plot the scalar far field as 
is fixed, and p = Inj?.. 

10-13 Aperture Antennas. In Example 10-6, let 

, 27rjr''\ a ^ , 

fCx\y) = 2 - 


a function ol^ 0. The angle 0^ 


a 

2 ’ 2 ' ■ 2 


lo 


elsewhere 


Plot the 0 variation of the far field in the xz plane, and determine the, 3-dB beamwidth 
Note that the beamwidth of this pattern is larger than that of the uniformly illuminated 
aperture, but the side lobes are smaller m this case. 

10-14 Electrodynamic Similitude. When antennas are located on large structures 
such as airplanes, ships, or satellites, it becomes unfeasible to test the antenna charac- 
teristics on the full-scale model. Instead, a scale model is normally constructed, and the 
tests are performed at a frequency different from the design frequency. The exact relation- 
ships of frequency to scaled dimensions can be determined directly from Maxwell’s 
equations, and are expressible as a pair of equations 


//\=* /“ 

— constant /m— — constant 


where / and t represent distance and time scale factors, and which together constitute a 
statement of the principle of electrodynamic similitude. In essence, this pair of equations 
requires that when the linear dimensions of the model arc reduced to l/« times those of the 
full-scale antenna, the test frequency and conductivity of the materials used in the model 
must be n times those of the full-scale antenna. (Note - Because of the high conductivity 
of the metals, the requirement for a change in conductivity is usually disregarded in 
practice.) At the same time, e and ft of the materials used in the model must be the same 
as in the full-scale antenna. 

Consider a 30-MHz antenna, the size of which is to be reduced by a factor of 4 for 
testing purposes. 

(a) Determine the operating frequency. 

(b) If the antenna includes a dielectric substance as a part of the radiating system, 
prove that the loss tangent (<T/ajc) of the dielectric used in the test must be the 
same as in the full-scale antenna. 
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Problem 10-14. Testing of scaled aircraft antennas. {Courtesy of 
Lockheed-Georgia Company,^ 


10-15 Aperture Synthesis. Show that the far field of a line source and the illumination 
of that line source form a Fourier transform pair. 

10-16 Aperture Synthesis. Discuss in detail why Fourier synthesis is unique only for 
half-wavelength spacing of elements. 

10-17 Aperture Synthesis. Approximate the following pattern with an array of seven 
elements, using Fourier synthesis. 





Problem 10-17 
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10-18 Mature Approach to Practical Problems. The following case studies arc 
intended to test your maturity in electromagnetics. Each case may well arise in actual 
engineering practice. This, however, does not imply that a unique solution exists for all 
On the contrary, it is quite probable that many of the situations presented may not possess 
unique solutions, while others may have no apparent solution at all. Nevertheless, for 
purposes of this exercise, you arc expected to put forth a reasonable effort in order to come 
up with a technically plausible solution. 

(a) A vertically polarized uniform plane wave impinges upon a body whose physical 
dimensions and electromagnetic properties are entirely arbitrary. Is the reflected 
(backscattered) wave vertically polarized also? Explain, and if your answer 
happens to be negative, give a counterexample. j 

(h) The term reficctivity is occasionally used in practice to refer to such quantities as 
r, which was defined in Chap. 8. In some instances, however^ when this term 
IS applied, the physical medium under consideration is a slab which is finite m 
extent in all directions. The question, then, is whether a merc\spccification of 
a numerical value for V is sufficient to provide complete identification of the 
electromagnetic properties of the slab, assuming it to be linear, homogeneous, 
and isotropic. 

(c) Consider a cloud of electrically short dipoles (short pieces of wire) randomly 
dispersed in free space. Is it sufficient to know only the backscattcring properties 
of an isolated dipole as a function of its orientation in order to predict the overall 
behavior of the cloud, assuming that the relative orientation of the various dipoles 
in the cloud has in some way been established a prion ? 

(d) A uniform plane wave is incident normally upon a perfectly conducting screen 
extending to infinity in both (transverse) directions A hole cut out in the screen 
with dimensions which are comparable with, but not very much larger than, the 
wavelength allows a diffracted field to exist in the half space on the opposite side 
of the screen Does the relative field distribution across the aperture (and 
hence the relative diffracted field itself) remain unaltered if an object is placed in 
front of the aperture, but slightly away from the plane of the screen, so as to 
block partially the direct rays impinging upon the aperture? 

(i’) Is mechanical pressure exerted on a transmitting antenna while in operation'^ 
On a receiving antenna? Explain. 

(f) In designing a 30- to 70-MHz antenna, a practicing antenna engineer decides, 
because of tight structural specifications, to use a single-turn half-loop antenna 


' Half- loop anienna 


jolid coDduclinq skirl 





20 " - 



Problem 10- 18/. 
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mounted over a ground plane, as indicated on the left of the figure. Much to his 
disappointment, however, he discovers later that such an antenna has an extremely 
low radiation resistance, and on top of that, it presents rather severe matching 
limitations. In order to circumvent the first problem, he decides to top-had 
the antenna by placing a conducting skirt over the loop, as shown on the right. 
Can you justify his action technically? What would you have done in this case? 
Would you expect the Jet exhaust from an aircraft engine to affect in any way 
the radiation characteristics of an antenna transmitting through, and in a 
direction normal to, the exhaust column? Specifically, would you expect the 
antenna pattern to be altered in any way by the exhaust stream ? 

Suppose you arc flying above a layer of clouds and your problem is to detect a 
second object flying below the clouds but near enough to the earth’s surface so 
that appreciable clutter background exists by virtue of the presence of the terrain 
below. Give a preliminary design of a system to solve this problem, conceptually 
speaking. 

How would you communicate by v^ireless means in a thick forest if the distance 
separating you from a second party was less than, say, 10 miles? 



CHAPTER 11 


THE QUASISTATIC FIELD 


11.1 Introduction. This chapter is devoted to a study ofVhe field theor 
of lumped electric circuits and devices. \ 

Early in our careers, most of us acquire the impression tViat an electrii 
circuit is an interconnection of elements, identified through their termina 
volt-ampere relationships: V ^ //? for a resistor, V - L for an inductor 
and J C dVjdt for a capacitor. Though this is all we need in an introduc 
tory course on electric circuits, the behavior of these elements at higf 
frequencies is difficult to understand on the basis of classical circuit theory 
alone. It seems quite puzzling when later we discover that, for example 
certain structures behave like inductors when their physical appearance i: 
anything but that of an inductor. This is particularly true in the frequence 
range around 100 MHz and above. 

In order to overcome such conceptual difficulties we need to reali/i 
that, with every type of circuit element, there is a sped fic-type, frequency 
dependent, localized electromaf^netic field. 

A second point, often overlooked in basic presentations, is that ihi 
definition of potential difference is normally couched in terms of stationan 
electric field concepts. We saw in Sec. 3.3 that the value of the electroslalK 
potential at a point is unique and that potential difference between any twi 
points is independent of connecting path. It is demonstrated in this chaple: 
that under time-varying conditions the scalar potential cannot be deliiicc 
uniquely as the line integral of electric Jield intensity. What, then, do 
mean by potential difference in a circuit in which terminal variables changi 
with time? We hope to give a satisfactory answer to this question, basim 
our arguments mainly on the fundamentals of field theory. Circuit theor; 
alone cannot provide an answer. 

Thus the major purpose of this chapter is to develop the ideas associatec 
with electric circuits from the field theory point of view. A second, anc 
equally important, purpose is to develop the mathematical formalism nccdec 
in the study of electromechanical devices and transformers. The commor 
thread running through this chapter is the notion of quasistatic (slowl) 
varying) fields, which we develop. 
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dealt cs^ntially »ith 

compared with linear dimenaiona of the structure® Thurw" 

have left a gap in the fr^uency spectrum where wavelengths and linear 
dimensions are comparable with each other. What then are the S!u 
phenomena which take place at frequences between these tw; extremes^ 

To begin answering this question, we consider the problem of a TEM 
wave guided by a pair of perfectly conducting parallel plates in a source-free 
nonconducting region characterized by the two scalar constants c and u 
We suppose that the plates are large enough in the y direction (Fig 1 l-H so 
that, for all practical purposes, d/dy = 0. We also suppose (hat the field 
owes its existence to a set of harmonic sources connected to the plates at 
- ^ require the solution to Maxwell’s equations which satisfies 

the boundary condition a, x H = 0 at z ^ 0, and also the condition 
a, xE-^0atA:=-0 and at .y ^ d. 

A solution of Maxwell's equations which satisfies the second boundary 
condition is the familiar (from TEM waves) pair 

E,-- ni.n 




£ ^’"0 


(11-2) 


where // -- roV/Ie, ij — and the factor is understood. Upon 

requiring that the tangential component of H vanish (open circuit) at z ^ 0, 



Figure 11-1. A waveguiding structure. 
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we obtain and thus 

= 2£’+ cos 

Hy ^ — = —j2 — sin 

V V 


(11-3) 

(11-4) 


We recognize Eqs. (1 1-3) and (1 1-4) as expressions for standing waves similar 
to those encountered in the study of transmission lines. Using the infinite 
series expansions 


cos,v= I 1-^ 


sin A' --- A' ^ 

3! 5! 


— higher-order terj^s 

1 

-higher-order terms 


we find 


E, - 2£, 


1 - 




{fizY UizY 

2! 4! 

(/izY (/l=Y 




/i- 


3! 


-higher-order terms 


higher-order terms 


(11-5) 


( 11 - 6 ) 


Since (i — (i)\ /le — Itt//., Eqs. (11-5) and (11-6) may be represented as 
power series expansions in o. 


E, - 2£, 


1 


(z\>€)“ (zVfieY 




E 


4! 


— {z\ fiey 


higher-order terms 
(11-7) 


(Z\ fl€)(ti — 


3! 


(ZV>€)- . 

ill’* 


5! 


Alternatively, using fi — 27r/A, 


£, - 2£J 1 - 


, 1 


{iiTziky (IttzI^y 


2 ! 


4! 


higher- 
order lermsj 


higher-order terms 


(ll-«) 


(11-9) 




;2 


£, r27rz 


{iTTZlXy ^ {iTTZlXf 


3! 


5! 


■ ■ 4 — higher-order termsj 
( 11 - 10 ) 


Clearly, the argument iTrzjX reaches a maximum (absolute) value at z — 

At low frequencies, a is small compared with wavelength, liTajX U 
and in this case the field may be represented by the first few terms in the 
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expansions. Specifically, as the frequency approaches zero, 

= Hy =--0 ( 11 - 11 ) 

where, it should be emphasized, the time dependence e''^‘ is understood. 
Since the magnetic field intensity is everywhere zero, no current will be drawn 
(n X H K at both plates) from the sources, and the field will be uniform. 
As a result, charge will appear on the surfaces of both plates with an absolute 
density p,, = eE^. = leE ^ ; the net charge on each plate will be 

Q Ps area of plates ^ eE^{ab) 


Since the field is uniform, the potential difference V between the plates will be 
unique, with V -= E^d. Hence the capacitance seen by the sources will be 


C 




( 11 - 12 ) 


where ah is the area of the plates, d their separation, and t the permittivity of 
the medium between the plates. 

This is just the familiar expression for capacitance of a pair of parallel 
plates. But inasmuch as the current drawn from the sources is zero, it is 
not at all clear how the capacitance C defined by Eq. (1 1-12) is in any way 
related to the capacitance C expressly defined by the volt-ampere relation 
I - C dV'Idt. Yet the equivalence of the two definitions is usually taken for 
granted. 

To resolve this dilemma, we must take a closer look at Eqs. (1 1-7) and 
(11-8). We assume that the frequency is higher, but is low enough so that, 
to a good approximation, the spatial dependence of the field is given by 

E^ lE^, Hy (zV/if)ro ( 1 1 - 13 ) 


In other words, for slow time variations the field is represented by terms up 
to and including the first power in m in the two senes expansions.^ o e 
same approximation, potential difference is still e me y . 

However, since H is no longer zero, current will be drawn from the sourc , 

which, at z —a, will be given by r £ I 

J2 — (aV 


I 


plate width x surface current density 


for harmonic time variations, the relation I ^ C dVjdt reduces to 7 ^ jo^CV. 
Hence the dynamic capacitance 

7 ba\^ ^ (11-14) 


obviously the same as the static capacitance. 
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Though in no way conclusive, the preceding development strongly 
suggests that under time-varying conditions the field in idealized lumped 
circuit elements is not purely periodic in space, like a wave, nor is it purely 
static. Indications are that it is nearly static, that is, quasistatic. 

As the frequency is increased, more terms must be retained in the power 
series expansions. With an increasing number of terms, more questions 
arise as to their meaning from a circuits point of view. In due time, it will 
be seen that such terms can often be taken into account as equivalent 
inductances and capacitances interconnected to form circuits with equivalent 
terminal properties. Thus, as the frequency is allowed t!o increase, what 
appears at first to be a very simple structure eventually Exhibits complex 
field and circuit properties. \ 


11.3 An Iterative Solution for Time-varying Fields.f To examine 
further the field basis of circuit theory, it is instructive at this point to in- 
troduce a series-expansion technique for field analysis. By this method, 
the solution to a dynamic-field problem is obtained as a power series in the 
frequency variable, each term of which is derived by iterating upon the 
preceding term of the senes. 

Let us assume that the field vectors contain the time only as a factor 
and write the field equations in the form 


V X E -yr)B 

V X H -- J -{ JfoD 

V • B - 0 

V • D — p 


( 11 - 15 ) 

( 11 - 16 ) 

( 11 - 17 ) 

( 11 - 18 ) 


The medium is assumed to be linear, homogeneous, and isotropic. A 
natural consequence of the field equations is that the field vectors are 
generally dependent upon frequency, and also upon the space coordinates. 
This is quite obvious from inspection of Eqs. (1 1-15) and (1 1-16), where the 
angular frequency (o appears explicitly. It is reasonable, then, to expect 
that every field quantity can be expanded in a Taylor series about fo 0. 
Recalling the formula 

(x - x„r c/YM 


f(x) 2' 


dx'^ 


(11-19) 


t R. M. Fano, L. J. Chu, and R. B. Adler: “Electromagnetic Fields, Energy and Foices, 
John Wiley 8l Sons, Inc., New York, 1960. 

A. F. Stevenson, Solution of Electromagnetic Scattering Problems as Power Senes 
in the Ratio (Dimensions of Scatterer)/Wavelength, J. Appl. Phys., vol. 24, pp. 1134 114^' 
1953. 
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we can write, in particular, 

Eix,y,z,(o) =- f — ” 

where the coefficient of the nth power of w, namely, 

E = -L 


n^O 
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( 11 - 20 ) 


rt! 


5 (i>” 


( 11 - 21 ) 


course for the other field quantities, w.th the correspEg Sh^'’' 


same 


9 ( 0 " 

D(.v, v,z,<o) ^ I o,»D„ D - 1 [D(-v,y,z,0)] 

” n\ 

„ _ 9"[H(.v,y,z,0)] 

" n! 


H(A:,y,z,(o) = 2 (o"H„ 

ori 

J(.v,y,z,(o) (o-'J„ 

00 

p(x,y,z,(o) = 2 ,„"p„ 

n^O 


9(0" 

1 __ 1 ^"[J(-^tV,r, 0 )] 

" /i! 


Pr, 


da/‘^ 


_ 1 g''[p(^,y.-, 0 )] 


( 11 - 22 ) 

(11-23) 

(11-24) 

(11-25) 


n ! 9(o" 

Each of the six field quantities is thus expressed as a power series in (o 
Introducing Eqs. (11-21) and (11-22) into Eq. (11-15), we obtain 


(11-26) 


( I ->'» i (o"B„ 

/ „.-0 


(11-27) 

Interchanging the order of differentiation and summation and collecting 
terms, we find 

V X Eo -t- (o(V X El + JB„) + (o2(V X Ea + yB,) + • • • 

-[- higher-order terms ^ 0 (11-28) 

or in compact form, 

aa 

V X Eo -E 2 E„ j-yB„_i) = 0 (11-29) 

?J— 1 

If this equality is to hold for all (o, the coefficients of all the powers of o> must 
be equal to zero. Thus 

V X E„ = 0 


V X El -|- y'Bp — 0 

V X Ej -|- y’Bi = 0 


(11-30) 


V X E„ -l-yB„_i = 0 
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The other field equations can be treated in a similar manner. We have 


V X Hp Jo 

V X = Jj^ -)- yOp 


(11-31) 

V X H„ = J„ ^ yD„_, 

Also 

V-B„-0 /;-0, 1,2,3, ... 


(11-32) 

^ 0, 1, 2, 3, . . . 

i 

(11-33) 

Finally, from the equation of continuity. 

\ 


V - J 4 joip 0 

(11-34) 

we obtain y . _ 0 

\ 


^ • Jl —jpo 


(11-35) 





It is to be noted that Eqs. (11-32) and (11-33), unlike the rest, involve 
only field quantities of the same order. This is because the angular frequenc\ 
(D does not appear explicitly in Eqs. (1 1-17) and (1 1-18). On the other hand, 
when o) docs appear in an equation, as in Eq. (11-15), it brings about a 
coupling between field quantities of sequential order. For example, the 
second equation in Eqs. (1 1-30) relates the zero-order B field to the jirst-otdvr 
E field, while the third equation relates the first-order B field to the second- 
order E field. This characteristic property allows us to calculate a field 
through a series of iterations. Explicitly, we note that the zero-order field 
is a solution of 

V X Eq ^ 0 

V X Hq — Jq 

V-Bo-0 (11-36) 

V • Da = Po 

V . J„ = 0 

and that the first-order field is a solution of 

V X Ej = y’Ba 

V X H, = J, + yDo 

V • Bi = 0 

V • Di = />! 

V . Ji = -jp^ 


(11-37) 
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while, in general, the nth-order field is a solution of 

V X E„ 

(11-38) 

^ • Dn P„ 

V • J — in 

The method of successive iterations consists in solving, first, the set 
(11-36). This solution establishes the zero-order field. Next, the known 
zero-order field is introduced in the first-order equations (11-37), and this 
set is solved for the first-order field. The first-order field is then used to 
determine the second-order field; the latter is used to determine the third- 
order field; and in general the nth-order field is used to determine the 
(n ! l)st-order field. Thus all the terms in the series expansion for the 
dynamic field are determined in succession by solving a particular set of 
equations in which the known quantities arc the previously derived results. 

We hasten to add, however, that the power-series method of analysis, 
in general, does not enable us to obtain solutions to problems not amenable 
to solution by classical methods. It does, nevertheless, provide a convenient 
means of identifying the intrinsic nature of lumped circuit element fields and 
to predict their behavior with frequency variations. Generally speaking, 
the number of terms in each power series which will result in an approximate, 
yet sufficiently accurate, answer depends on the ratio of physical dimensions 
to wavelength. 


Example 11-1 A Parallel-plate Waveguide. As an example, let us obtain the solution 
to the problem considered in Sec 1 1 .2 by the method of successive iterations. Specifi- 
cally, let us seek a power-series solution to Maxwell’s equations of the form 

E - H - (1 1-39) 

which IS independent of the variable y and which, on the boundaries of the waveguide 
(Ing. 1 1-l), satisfies the conditions a, X E ^ 0 and aj.*H == 0. It is furthermore 
required that, at r - 0, ~ 0 (open circuit). Translated in terms of E, the last 

icquircment is V X E - - 0 at r — 0. Since, moreover, V ■ E = 0 everywhere between 
ihe plates, it follows that, on the plane z ^ 0, the electric field intensity vector is 

El..« = 

In other words, when the E field is expanded in a power series of the form 

£ = £■„+ utEi + I • ■ ■ f higher-order terms 

the term E, must be specified by Eq. (1 1-40), and all higher-order terms must be zero 
at i = 0. With this in mind, we can now proceed with the actual solution of the 

problem. 
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Zero-order Field 

The zero-order electric field must be a solution of 


VxEo = 0 V-Eo-O (11-41) 

which IS normal to the perfectly conducting plates and which, furthermore, assumes 
the value £'oxaj; for z 0. The solution is 


Eq — 


(11-42) 


In this expression, is a scalar function completely independent of the space co- 
ordinates, Its magnitude is determined by the sources at z = (—a. 

In order to find the zero-order magnetic field, we must fii^st determine the zero- 
order current. Since the plates are perfectly conducting, the current flow in the system 
is confined to the surface of the plates, and can therefore be represented by a surface 
current density K. According to Eqs. (11-36), the zero-order equation of continuity 
is simply V • J„ = 0. Therefore the zero-order component of the vector K must be 
divcrgenceless : 

V-Ko = 0 (11-43) 


or in expanded form. 


dy dz 


(11-44) 


Since by hypothesis djdy — 0, it follows that K is independent of the coordinate :: 


Consequently, 



K(i 2 = constant (independent of v, and z) 


(11-45) 


Since the plates terminate at z ^ 0, no steady current can flow in the plates (direct 
currents cannot flow through an open circuit); as a result, — 0. The j^-directed 
zero-order component of K is also zero for a similar reason. 

It follows now that the zero-order magnetic field must be a solution of 


V X H„ - 0 V . Ho = 0 


(11-46) 


such that Ho X a, = 0 and Hu ■ a^; ^ 0 at jc — 0 and ai x ^ d. In other words, both 
the tangential (no surface currents present) and the normal (perfect conductors) 
components of Ho must be zero at the plates. Additionally, Ho 0 at z ^ 0, by 
assumption. We conclude that Ho -0 everywhere. This is quite reasonable since 
there are no zero-order currents anywhere to support such a field. 

Summarizing, the zero-order field is 

Eo = £'o^x H„ = 0 (11-47) 

where the factor is understood, and is a scalar quantity whose magnitude is a 
measure of the relative strength of the field. 


First-order Field 

In view of the fact that Ho = 0, the first-order electric field equations (ll-37)j 
reduce to the pair 

VxEi = 0 V.Ei = 0 (U-48) 
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Expanded in rectangular coordinates, these become 


/afu- SE,y\ (dE,, dE,.\ , /dE„ dE^A 

- -irr ' ^ -^r ' 'vr " 


dE,, dE, 


or since a solution of the form (11-39) is sought which has no y dependence, 

BE,:, BE., 

— -^0 — ^ = 0 (11-49) 

Bz Bx 

From this it follows that 

Eij. ^ constant (independent of .v, v, and z) 

a constant which, by virtue of Eq. (11-40), must be equal to zero (no hrst-order or 
higher-order terms are allowed at z -- 0) Hence the first-order electric field is zero 
throughout the region bounded by the plates. 

As for the first-order magnetic field, we have from Eqs. (1 1-37) 

V X H, - /Do = (7€Fo.)a. V • H, - 0 (11-50) 

Since the required field is to obey Eqs, ( 11-39) and the condition BJBy ^ 0, the second 
equation immediately reduces to the identity 0 -- 0, while the first equation, after 
expansion, becomes 

BH^y BHxy 

^ - 0 

Bz Bx 

To satisfy both equations simultaneously, we must have 

Hxy— -j€zEor ! constant (independent of .v and z) 

The requirement //^ — 0 at z ^ 0 can obviously be met only by setting the constant of 
of integration equal to zero. 

In summary, then, 

E, ^ 0 Hi -= i-j€zEoj.)&s (11-51) 

define the first-order electric and magnetic fields, with the factor again understood. 

SKCOND-ORDfcR FlELD 

The second-order electric field obeys the relations 

VXE. = -/B. V-D, -0 (n-52) 

Upon substituting the expression for H, from Eqs. (11-51), keeping in mind the 
conditions (1 1-39) and B/By — 0, we find 

^ -/lezEo. 

Bz 

and after integration, 

f constant (independent of x, y, and z) 

The constant of integration must be zero, since at z ^ 0 the E field is to have a 
order component only. Thus 


(11-52) 
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In exactly the same way, the second-order magnetic field is obtained from 


V X H.> - 0 V • B. - 0 


(11-55) 


with the corresponding result, 0. 
Summarizing, the second-order field is 


Ea - H, - 0 (1 1-56) 

Higher-oruer Fields 

Continuing, this process will show that the Aith-order field is specified by 


n odd 




H,. 


f \rr^{f,erri-E,, 


, /. 


n odd 


(11-57) 


( 11 - 58 ) 


\0 n even 

Hence the desired power senes expansions for the electric and magnetic fields aic 


/f--0 H 


( ir'-(o)\ / k)" ■ 


H - I S , -I 

ti (I iniii L Y 

or since fi - o)\ />€, 


{ 1)<" 

n • 


r, - t„, 2 


ff )i luM 


( 1)''- 


(/Ir)’'' 


cos /fz 




, sin ft: 


(11-59) 

( 11 - 60 ) 

( 11-61 

( 11-62 


F'xcept for a slight dilTcrencc in multiplicative constants (/;„, m place of It ), this pan 
of expressions is clearly identical with the pair (11-3) and ( 1 1-4). 

Althoug;h much longer and by far more tedious than the classics 
solution (Sec. 1 1.2), the power-senes solution will enable us to point out tl| 
basic nature of fields found in lumped circuit elements and electric device: 
In the following section, we shall see that the zero-order field and the iirsl 
order field give rise to the conventional idea of lumped capacitance. In 
doing, we shall understand why at times we can solve (as is often done 
actual practice) a static-field problem, and then tag on a time factor to i 
static solution in order to obtain a reasonable approximation to the acli 
field. 


IS I 


11.4 Variations of a Capacitor with Frequency. The power-sc 
solution provides a ready means of analyzing the frequency dependence ( 


The 

iatin 
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structure from a driving immiUance (impedance or admittance) point of 
view. For this purpose, we can take one of two equivalent approaches: we 
can define impedance (admittance) as a ratio of voltage (current) to current 
(voltage) or we can define it as a ratio of complex power to current (voltage) 
squared. The latter approach is developed and exemplified in Sec. 1 L5. 
The more familiar former approach can best be presented with the aid of an 
example. 


Example 11-2 Frequency Behavior of a Capacitor. A very pmctical form ot a 
capacitor is the paper capacitor. It can easily be constructed by sandwiching together 
a flexible dielectric film between a pair of aluminimi foils. The resulting structure, 
rolled into a cylinder, can be connected to a circuit by means of a pair of leads per- 
manently attached to the ends of the foils. The electromagnetic field in this structure 
IS understandably similar in many respects to that of a simple parallel-plate capacitor 
of the type shown in Fig. 11-1. 

It was previously shown that, neglecting fringing, the held in a capacitor, with 
plates of infinite extent, is defined by 



r fi 

UhV 
' 4! 


highcr-ordcr lerms^ 

(11-63) 


1 1 

itizf 

3! 

5! 

• ■ • higher-order terms^ 

(ll-(i4) 


At sufficiently low frequencies, all structural dimensions are small compared with 
wavelength, and in this case a reasonable approximation to the actual field is the 
zero-order field 

^ E„ - (11-65) 

H" ^ H„ 0 (11-66) 


These arc just the first terms in the expansions (1 1-63) and (1 1-64) The factor e>^^^ 
IS understood Clearly, the zero-order field has the same space variation as it would 
have for dc excitation, but it varies periodically in time. Since K - n X H and 
II 0, no current will be drawn from the sources, and, to a zero-order approxi- 
mation, the admittance seen by the sources at r -- a is 

y„ r{ - a) (11-67) 

k'"( a) 

as expected (capacitors are open circuits at zero frequency). 

At slightly higher frequencies, the first-order field must be included. 

FJ ^ E„ i wE, - Eora. (11-68) 

H' Hu T coHi - ( jioezEy^Mv (11-69) 

The total current drawn from the sources at r - - a may be obtained by first calcu- 
lating the density of the current flowing on the surface of the lower plate. 


= a, X H* --- ( 


(11-70) 
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r iCiURF [ 1 -2 The general definition of circuit capaci- 
tance. 


Since K' is independent of v, in full agreement with the initially imposed condition 
d/dy ^ 0, It follows that 

/*( a) — r KH a)dy ^ bKH a) = fOj€ahEoj: (11-71) 

Jo 


Accepting the definition of voltage. 


ro 

C a) E'( a 

J(( 


)cix--E^ a)d^E,^ 


as an extension from the static case, we have for the first approximation to admittance 


K'( a) Eojd 


where C is just the electrostatic capacitance defined by Eq (11-12), and Y' — fO)C 
is clearly the circuit definition of a capacitor for sinusoidal time variations. 

It should be observed at this point that Eq. (11-73) was derived by retaining only 
the first two terms in the power-series solution for the field. The zero-order and first- 
order fields together define the so-called cjuasistatic field, and always lead to the 
accepted notion of lumped circuit elements. That this is true for a general capacitor 
is demonstrated as follows. 

Figure 1 1-2 shows a capacitor driven by a sinusoidal source. Assuming that the 
dielectric separating the conductors is perfect {a = 0), it is evident that = 0. Since 
the first-order equation of continuity is, simply, 


I ^ 


VJ 


(11-74) 
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the first-order component of the current is 





■ n da 



' ^\dv 



Podv - jQ„ 


(11-75) 


where Q„ is the total zero-order charge deposited on the 
relation of to the zero-order component of voltage, 
for electrostatic capacitance. Hence 


surface of conductor The 
K), IS the definition 0,, ^ CKt 


lCy« (11-76) 

and the total current drawn from the source, to a first approximation, is 

7'=^ da I (o/i) -- /(uCT„ (11-77) 

where the minus sign is the result of definitions of current directions in Fig. 1 1-2. To 
the same approKiinalion, then, 

/‘ 

y - h'>c (11-78) 

y 0 

and this proves our assertion. 

l o continue, as the frequency becomes still higher and the structural dimensions 
become appieciable fractions of wavelength, the second-order field must be included. 
Thus 

Ko * foEi t 1 - * Mf.o‘‘^//€2“)af (11-79) 

H“ — Ho -r <J>H, I fo-Hu - Lot( — (11-80) 


and the second-order approximation to the admittance, seen at the generator terminals, 

IS 


m-a) hJr-{ a) f?{jo>ea) ju^jeabld) 

- u) a) d(\ ^ 1 


or 


yz _ 


jtoC 

1 r (yw)“[(t//r)V2] 


(11-82) 


Here r l/\ /7^ is the velocity of TEM wave propagation in the medium filling the 
space between the plates Dividing numerator and denominator by the factor /wC 
leads to 

ya ^ ! (11-83) 

\IjojC \ j(x}{{alv)-flC] \lj(oC i jwL 

where we have set 

_ ^ (11-84) 

2C 2h 


As shown m 1 ig. 1 l-3c, ihe admittance r=can be synthesized readily by connecting a 
capacitor and an inductor in senes. 

At frequencies such that to - v 2 i’/«, Eq- (1 l-^l) reduces to /toC, and the 

admittance is just that of a capacitance C. From the equivalent relation 

^ •^' 2 y ^ ^ ^ ^ (11-85) 

Q} ^Trf a/ 2 TT ^ 


It becomes immediately clear that the quasistatic approximation to a field is generally 
valid when the dimension a is much less than a quarter wavelengt . is is a 
rule of thumb to remember. 
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o- 
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o 



{a) 


U) 



Fkjure 11-3 
frequency. 

(^v) y" - 
(h) - 

ic) - 


I quivalcnt-circuit reprcsenlalion of a capacitor as a function of 


0 

j(oC 


/ojC 


1 : 


.Aa(vf 


Ui) 


/<«r[ 


1 ! (/O))^ 




I ! 



By now we are probably startled, having discovered that a common, ordinary 
parallel-platc capacitor is not just a capacitor, but in fact a structure capable of actin 
like a senes combination of a capacitor and (of all things) an inductor! Strangcl 
enough, this is not all. We shall discover, as wc go on, that more and more clement 
will be needed to represent a single capacitor. 

To a third-order approximation, the field within the capacitor plates is given h' 


E® — Eo 1 n^Ej -1 w^Ez 

1 tw=*E3 - E'orCl ia>2/(ez“)aj. 

- Ho f wH, 1 i 


and the driving-point admittance by 


, {ajvY~\ 

clEH a) 

1 + (ytuF— ^ 


(I1-S6 

(I1-S7 





Sec 115 IMMITTANCE FROM POWER CONSIDERATIONS 


527 


An equivalent representation for is 


1 ^ 1 

/wC C i 

1(0 — ; 

2 /(o (2L/3) 


(11-89) 


and in this iorm it is easily recognized as a drivmg-poinl admittance for the circuit 
shown in Fig. I [-3cL 

It IS easy to see that as the process of successive approximations is continued, 
more and more elements will be needed to synthesize an equivalent network. In the 
limit as the structural dimensions become very large compared with wavelength, the 
driving-pomt admittance will approach the ratio of L, to as expressed by t qs. 
(11-61) and (11-62). Thus 


hHi-a) 
clL{ —a) 


— I — Ian (iu 
tjd 


(11-90) 


which is just the familiar expression for the admittance of an open-circuitcd trans- 
mission line. For [ia very small, tan (iu pa, and Y - liocabld /VuC, as expected. 

It IS customary in practice to speak of straw or distrdnacd, effects when the 
behavior of a circuit or a device cannot be predicted on the basis of ordinary network 
theory. One distinct advantage of the field approach is that it provides the basis for 
a clearer understanding of these effects at the higher frequencies. 

The term distnhuted network can now be appreciated fully in the light of the 
preceding development. 


In summary, the power-senes method of analysis provides the means for 
understanding the frequency dependence of lumped circuit elements. At 
sufficiently high frequencies a simple capacitor, for example, exhibits the 
properties of an equivalent circuit comprised of two or more ideal circuit 
elements. 


11.5 Immittance from Power Considerations. We saw in Chap. 7 that 
j the complex Poynting’s theorem is expressed by 

^i(E X H*)-n(/a - IE- J*</r ; UE’-)dv (11-91) 

fhc surface integral on the left represents the complex power flowing into the 
region bounded by the closed surface X- Let this power be denoted by the 
\vinbol If the development in Sec. 6.7 is repeated for sinusoidal time 
^‘11 iations, it will be found that complex power in the circuit sense is given by 
hie following equation: 

IV I* (11-92) 

Let the volume V enclosed by the surface S contain a linear passive 
^^-terminal network. Then 

iPa) • J* dv 


(11-93) 
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is the power dissipated in the volume V, averaged over a complete cycle, and 



(11-94) 

(11-95) 


are the time-average magnetic and electric energies, respectively, stored in 
the field. For such a circuit, the equation 

Pc - I VI* - iP,) +j2o^{{WJ - {[¥,)) (11-96) 

provides a convenient means for defining immittance in termi of power and 
energy, even when the network cannot be identified in terms 0f conventional 
resistors, inductors, and capacitors. For, by definition, 

/ 

V ~ZI - — 

Y 

and hence 

^ 1 K/* ^ \(Zl)l^ - \Z |/|2 

where |/| is the magnitude of the current flowing through the network 
terminals. Introducing Eq. (11-98) into (11-96) and dividing through by 
|/|V2, we obtain the desired result: 

- mi -<►>'.») (M-w) 

The corresponding expression for input admittance can be obtained in a 
similar manner. We have 

P* =~- IV*I - iy*(VY) l\V\^Y (11-100) 

and therefore 

^ ^ ->2co((1K„) - (W,))] (11-101) 


The validity of this result is contingent only upon our being able to define the 
voltage V at the terminals of the network. 

Now let us apply these results to the power-series representation of a 


field. Let 

S, - KE X H*) 

S* - i(E* X H) 

(11-102) 

and 

^ Sr • n 

P* -- -^S*-nda 

(11-103) 


By virtue of its direct dependence upon E and H, the Poynting vector can be 
expressed as a power series in (o. Thus, by direct substitution of the series 


\ (11-97) 

(11-98) 
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representations of E and H in the expression for S*, we find 

S* = KEo -I- wE,* + w'^E* H ) X (H„ + + • • •) 

(11-104) 


so that 


|K|V2 


£ S* • n da — £ ^ 

I V[^I2 




(11-J05) 


Example 11-3 Frequency Behavior of a Capacitor. Let us apply the foregoing results 
to the parallcl-plalc capacitor of Hxample 1 1-2. Let be the infinite plane z - - a. 
Since n and the direction of the Poynting vector is along the positive z axis, the 

numerator in I q. (1 1-105) is, simply, 

V >E{-a)H{-a)]da ^ a)H{-a)]bd 

Taking into account the fact that K is real, we may write 

1 _ LL* - VV -- [Z:( -a)d][L{ -a)d] 

Hence the admittance expression 

Pt _ V2Ei-a)H{-a)]hd hH{-a) 


^ \vri2 \AEi-u)dY dEi a) 

is the same as that found in E'.xample 1 1-2, and the same answers apply. 


(11-106) 


11.6 Basic Concepts of the Calculus of Variations. Preparatory to a 
full discussion of electric networks from the field-theory point of view, we 
now consider the simplest problem of the calculus of variations. The pre- 
ceding sections were primarily concerned with single lumped devices; the 
following three sections are devoted to a study of the field aspects of groups 
of such devices connected in networks. 

In the basic calculus, the ordinary derivative is a measure of the local 
rate of change in functional value, which in turn fixes the sensitivity of the 
latter to small variations of the independent variable(s) about the point of 
observation. This is illustrated in Fig. 11-4 for a function of one variable. 
The changes A/(.Y.^), A/l-Va), A/(Xi) in functional value at three points Xg, Xg, 
v'l are seen to become correspondingly smaller, in keeping with the magni- 
tude of the local derivative. For a given change Ax, the corresponding 
change in the value of the function is A/(x). It is evident that, for suffi- 
ciently small Ax, the change in the value of the function is least at points 
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nx) 



Figure 11-4. The sensitivity of a function with changes in the 
absSolute magnitude of its local derivative. 


along the a* axis where the derivative is zero. This can also be seen from the 
Taylor series [Eq. (11-19)] expansion of the function /. If .V(, denotes any 
point along the .v axis, than at any other point 

fix) -= /{.V„) ' (a- -- A-„) 

, ( V - A-o)- ix - X^y dy (X^) ^ 

' 2! dx^ ' 3! dx^ ' 


and therefore the functional change 4 /(a') ^ /( ') — /( 'o) due to a change 
A.y -= (a- - An) is 


A/ (a) - (a- 


.dj(x„) (a- 

-'o) 


- a-„)2 dy{x„) 
2! dx^ 


(a - Ao)=* dyixo) 
3 ! ^/A=> 


(11-107) 


For A.v sufficiently small, the first term on the right is the dominant one. 
Therefore the absolute magnitude of A/(.v) is primarily determined by the 
magnitude of the first derivative, and has its minimum when dfix^jdx-^^ 
The simplest problem of the calculus of variations is concerned with the 
properties of a function of a function, or 2 l functional. The independent 
variable, in other words, is a function /(a'), and not x itself. The problem 
is then to determine that function which, among a class of admissible com- 
parison functions, makes the value of the prescribed functional least sensi- 
tive to changes in the independent function. We say that, for that function, 
the functional is stationary in the variational sense. 
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Consider the basic integral 


1 


■I 


v') dx 


(11-108) 


where the integrand is a continuous function of its arguments, namely, the 
variable .v, the function yix), and its derivative v'(a-), and has continuous 
second derivatives either mixed or unmixcd, with respect to all its arguments, 
for all y' and for ,y and y in the region defined by 


-Vi : -Y : A'a 

.VtCv) < v(-y) y^ix) 

The problem is to determine v(-y) such that the integral (11-108) has a 
relative extremum, either maximum or minimum, in this region, subject to 
boundary conditions 

y(x,) - K, y(x,) ---- K, 


where A\, are given constants. For our purposes, let it be required that 
the basic integral / is to be minimized. Then the question is, among all the 
admissible comparison functions K-y), is there a particular function Vo(v) 
such that 

/[Vo] •- /[.)’] (11-109) 

for all v(a)? The brackets in Eq. (11-109) signify that / is a functional of 
Suppose Vo(a') is, indeed, the minimizing function. Then 

f ' ./(.xO’oO'o^dx f /(.v,v,/)t/.Y (11-110) 

for every admissible comparison function v(-y). Let v/( v) be a given function 
which has continuous second partial derivatives on [a'i,^.,] and which vanishes 
at A'l and x,. Then, for a suitably chosen constant a, the sum Vo('') i ^v( ^) 
IS also an admissible comparison function because, first of all, it has con- 
tinuous second partial derivatives, being the sum of two functions satisfying 
this condition; second, ro(AT) 1 a;/ ( at) - ATi and J’o(a' 2 ) -} ^^/(at) Ag; 
and finally, V](-v) < when a is sufficiently small. As 

a result, 

rV(v,)oo';) ‘/-V ■ f /(•'■. )’o + + “ '/) (11-111) 

Jxi <1x1 

The right-hand side of Eq. (1 1-1 1 1) is a function of a, once Vo and r/ are 
assigned, and has a minimum when a = 0. Thus, letting /(O) and /(a) 
denote, respectively, the left and right members of Eq. (11-111), we obtain 

7(0) c /(a) (11-112) 
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and therefore 


J/(a) 


— 0 when a — 0 


That is. 


^ r'-Y df{x,yo,y'„ 

doL Ja-i L dx 


) ^ ^ 9/( v,;'o. X,) ci(}’o -I- ar;) 
c/a dy„ t/a 


+ 


3/(.v,)’o,.Vo') 'Ajo < 




c/a 


c/.Y 


(11-113) 


= [ [»/^./( v,Vo,X) I A-V, Vo.Jo) = 0 (11-114) 

Integrating by parts, we find 




d 



[91 J 

Jxi 

;,)c/.Y 

>1 /(■V,.l’o,.V„) 

L oy„ J 

J"! 

L 



dx 


(11-115) 


Since, by assumption, ij(Xi) ----- ^/(.Va) ^ first term on the right vanishes. 

So Eq. (11-114) may now be written 


dl{0) 

doL 



/■(■V,VoO’;) 


d r_a_ 

c/.vLar,; 


/■(a-,vo,.v;,) 



(11-116) 


We now invoke the fundamental lemma of the calculus of variations. 
Let A', and x^ be real constants, with at < Aa- If F(x) is continuous on 

[.\T,A-a], and if ii(x)F(x) dx — 0 for every function //(.v) which has con- 
tinuous second partial derivatives on [at, -V g] and for which /y(-\T) y(xn) 0, 
then the function F(x) is identically zero on [-Vi, V 2 ]. This lemma applied 
to Eq. (1 1-1 16) gives 


■j- /'(v, v„, v;) 
o}’o 


c/ r_^ 

c/.vLai',; 




(11-117) 


This means that a function it which satisfies Eq. (1 1-1 10) is a solution of the 
differential equation 


3 


dy 


-- 0 


(11-118) 


In the calculus of variations, Eq. (11-118) is known as Euler's equation. 


Example 11-4 Shortest Distance between Two Points. As an example, let us show 
that the shortest distance between any two points in a plane is a straight line (Fig. J 1-5). 



Sec. 11.6 BASIC CONCEPTS OF THE CALCULUS OF VARIATIONS 533 



Figure 11-5. The parameters of Example 11-4. 


Let and be any two points in the xy plane, and lcty(A:) represent the 

set of admissible comparison functions. The integral to be extremized is 

i[y] = dx 

J X\ 

and the corresponding Euler’s equation is 

iiw " 

The solution of this differential equation is an elementary task. We obtain 

/ = C. 

and therefore 

y = CjX^Cz (11-119) 

Clearly, this is the equation of a straight line. The constants of integration 
may be evaluated from the boundary conditions y(xi) = y^ and = y^. 

The term ourjix), which was introduced in the preceding development, 
changes a given function y(A') into a new function By con- 

vention, the quantity 

— oi'}']{x) ( 11 - 120 ) 

is called the variation of yCv). Corresponding to this change in y(x), a given 
function f{x,y,y) varies by an amount which, neglecting higher-order terms, 
is defined to be the variation of /, and is accordingly expressed by 
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Evidently, the integrand in Eq. (1 1-114) is equal to the variation of f{x,y,y') to 
within the multiplicative constant a. In view of this, the preceding develop- 
ment of the simplest problem of the calculus of variations may be stated thus: 
A necessary condition that the integral (1 1-108) be stationary is that the first 
variation vanish: 

bl J bf{x,y,y) dx — 0 (11-122) 


If the basic integral involves m independent variables x,y, z, . . . and // 
dependent' variables y, w, r, . . . , a similar development leads to one Eulci 
equation for each of the n dependent variables. The interested reader is 
referred to the literature.! ; 

Summarizing, the simplest problem of the calculus of variations is to 
find a function which extremizes the value of a given functional. 

11.7 A Variational Principle for Electromagnetic Fields! It is often 
advantageous to examine field and circuit problems from an energy point of 
view, particularly when we seek information about their fundamental nature 
and a deeper understanding of their behavior. For example, through 
energy considerations we are able to define impedance for a given electro- 
magnetic structure, even though a clear-cut identification of its component 
parts in terms of lumped circuit elements is impossible. Similarly, we often 
prefer to think of resonance as the phenomenon which occurs when a system 
stores, on a time-average basis, equal amounts of electric and magnetic 
energies. A variational principle,! discussed in this section, expresses from 
an energy point of view what is perhaps one of the least appreciated prop- 
erties of fields and circuits. In essence, the principle states that the electro- 
magnetic state of a system at every instant of time is at the lowest possible 
level consistent with the constraints of the system. 

The principal objectives of this discussion are, first, to gain insight into 
the properties of electromagnetic fields through study of the variational 
principle, and second, to establish the conceptual framework for deriving 
Kirchhoff’s voltage law, using this principle as a basis. In the process, some 
related topics will be singled out for special attention. 

The variational principle is the statement of Hamilton’s principle for the 
electromagnetic case. In mathematical form and for a linear, homo- 
geneous, and isotropic medium, this principle is 


b[ \ (UE‘^ 1 J- A 

Jr 


(fp) dv f// 0 


(11-123) 


t F. B. Hildebrand, “Methods of Applied Mathematics,” Prcnlice-Hall, Inc., Englewood 
Cliffs, N.J., 1952. 

! D. T. Pans and F. K. Hurd: Relaxation Properties of Fields and Circuits, Proc. /E7T. 
vol. 53, pp. 150-156, February, 1965. 
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where the integrations extend over arbitrary intervals in the three-dimensional 
space and time domains. The variations are with respect to three mutually 
orthogonal space variables, and time. Slated in words, Eq. (11-123) asserts 
that the behavior of electromagnetic fields, generated by currents and charges 
which are distributed in a prescribed system of conductors, is characterized 
by the fact that the time integral of the energy function 

L 4 J • A - Jr (11-124) 


has a stationary value when compared with all nearby varied fields which 
satisfy the requisite boundary conditions for the prescribed system of bodies. 

For a proof of the validity of Eq. (1 1-123), the reader is referred to the 
original article cited. 

The statement of Eq. (11-123) for fields produced by charges at rest or in 
uniform motion is 

(ie£- - Ifiir- + 3 ■ A - <f>p) Jv - 0 (1 1-125) 


Specialized for the case of a stationary distribution of charge, this equation 
assumes the form 

{UE- - <f>p) Jr - 0 (11-126) 


Let us consider Eq. (11-126) as it relates to a closed system. For such a 
system the integration extends over the entire domain of the field, including 
the regions of its sources. Then, as in Chap. 6, 


j" Jv - I" i(-W) • D Jr 

- f V . -I <f>V-'D)Jr 
.'r" 

^ l<f)D ■ n Ja I |* 2^/3 r/r (11-127) 

where n is the unit normal vector drawn outward to the surface enclosing the 
domain of the field. The closed surface integral on the right-hand side of 
Eq. (11-127) vanishes identically as the boundary surlace is allowed to recede 
to infinity; the second integrand on the right vanishes outside of the region of 
the sources. It follows that, for closed systems, 



(11-128) 


and that, consequently, Eq. (11-126) becomes 


xf leE-Jr 


(11-129) 
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We saw in Chap. 6 that the requirement imposed by Eq. (11-129) is usually 
known as Thomson’s theorem. It states that charges distribute themselves 
on surfaces of conductors in such a way that the energy of the resultant 
electrostatic field is a minimum. This statement is valid, of course, only if 
the integration in Eq. (11-129) extends over the entire domain of the field. 
It should be noted, however, that if the integration extends over any sub- 
region of space which is source-free, then Eq. (11-126) once again reduces to 
Eq. (11-129); hence the electrostatic energy contained (and we are speaking 
in rather loose terms here because the concept of energy localization is open to 
some criticism) in a volume of arbitrary size enclosing no charge is stationary 
in the variational sense. 

We nekt derive an expression, similar to Eq. (11-129), wjKich expresses 
mathematically the behavior of fields generated by charges in uniform motion, 
i.e., by direct currents. We approach this problem in very much the same 
way as we approached the derivation of Thomson’s theoreml In fact, it 
should be clear a priori that the steps in the two analyses bear ^ one-to-one 
relation. We have from Eq. (11-125) ^ 

r J-A)Jr = 0 (11-130) 

For closed systems, the first term on the left becomes 



J,.* 


(V X A) • H dv 

J[V-(A X H) I A-(V X H)]c/n 


KA X H)-nc/fl I JA- J^/t 




(11-131) 


As in the case of Eq. (11-127), the closed surface integral vanishes as Ih' 
surface is allowed to expand into a sphere of infinite radius about the origin 
So Eq. (1 1-130) transforms to 

(11-132 

which expresses mathematically a properly of magnetostatic fields, analogoii' 
to Thomson’s theorem. Thus Eq. (11-132) states that the distribution o 
direct currents is such that the total energy of the resultant magnetostatK 
field is a minimum. 

To sum up, electromagnetic fields tend to be in the lowest energy siali 
consistent with the constraints of the system. This property is expressec 
tacitly by Maxwell’s equations and explicitly by Eq. (11-123). 
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11.8 Field Theory and the Circuit Concept. Let us next turn our 
attention to circuits and show that ICirchhoff’s voltage law can be derived 
using the variational principle as a point of departure. 

To this end, we must first identify the three basic circuit components, 
that is, capacitors, inductors, and resistors, with terms in the integrand of 
Eq. (11-123). In the process, we must be sure to note the highly specialized 
nature of fields that we normally associate with lumped elements. We know 
that the field produced by a given configuration of priniary sources can be 
confined to a finite region of space only if it is completely surrounded by 
electric walls and/or magnetic walls, that is, surfaces on which the tangential 
components of the electric and/or magnetic field intensities vanish. We also 
know that such walls do not exist in the case of circuit components. Yet our 
concept of circuit components as electromagnetic structures requires that the 
associated fields be confined to a limited region, having rather vague bound- 
aries, in the immediate neighborhood of the elements. 

Our transition from fields to circuits as disciplines is also contingent 
upon a second equally fundamental and extremely important assumption. 
We are referring, of course, to our circuit concept of voltage in which a 
certain basic limitation is often overlooked. Voltage diiferencc, in the circuit 
sense, can be precisely defined in terms of field quantities if and only if the 
field is electrostatic; otherwise the time integral of the electric field intensity 
IS dependent upon the path of integration. That is, the electric field intensity 
must be derivable from a scalar potential. An extension of this concept to 
lime-varying fields is valid only if the lime variations are so slow that the 
electric field behaves almost as an electrostatic field. This is just the class of 
liclds which will be considered in the present discussion. We have previously 
called them quasistatic fields. 

Consider the field produced in the electromagnetic structure shown in 
1 ig. 1 1-6. Three distinct types of fields arc associated with the conductor 
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configurations shown. We assume that the field in each region is confined to 
that region. We further assume that the various physical bodies in the 
system are electrically interconnected by very thin p>erfect conductors and 
that no fields are associated with the electrical interconnections. 

We begin our examination with region 1. This portion of the overall 
structure consists of two arbitrarily shaped conducting bodies embedded in a 
perfect dielectric. Since only very slow time variations are allowed, the 
field in this region is virtually electrostatic; consequently, the variational 
principle for this region is Eq. (11-126). The integral in Eq. (11-126) may 
be transformed as in Eq. (1 1-127), and so Eq. (11-128) applies; hence the net 
contribution for region 1 is 

— 2 0P dv — — [i<^.|-(+^) + 20-( “■^)] ^ (</>f 

In this expression 

c - ■ ^ ■ '' (11-134) 

9 + - 0 - 

is the usual definition for electrostatic capacitance, and q is the magnitude of 
the total charge deposited by the sources on the surface of each conductor. 
Needless to say, conservation of charge is assumed throughout this discussion. 

Next we turn our attention to region 2. Here the field is generated by a 
current / - q, where q ^ ciqlc/t, flowing through a perfectly conducting helix. 
For relatively slow time variations, the magnetic field predominates, so that 
in this region the variational principle is, essentially, Eq. (11-130). The 
transformation (11-131) may again be applied because of the localized nature 
of the field, giving 

\\- i dv - d\ (11-135) 

In replacing the volume integral by a line integral we tacitly assume that the 
current / - q, flowing through the helical path in region 2, is distributed with 
equal density over a filament of infinitesimal cross section. The closed con- 
tour, of course, is formed by the helix, together with a return path along the 
region boundary joining the two end points. 

The closed-contour integral in Eq. (11-135) may now be transformed, 
with the aid of Stokes’ theorem, into a surface integral, giving for the con- 
tribution of the region 2 field 

Iql fiL-dX - \q[ (V X A)-nc/fl - iq{ ^ • n da (11-136) 

jc Jh Js 

In this expression 

L ( B • nda (11-137) 

9 is 




See 11.8 FIELD THEORY AND THE CIRCUIT CONCEPT 539 

is the usual definition of the self-inductance of the configuration. The 
integration in Eq. (11-137) extends over any two-sided surface bounded by 
the contour of the circuit, and n is a unit vector normal to that surface, 
directed according to the right-hand-screw rule. Hence Eq. (11-135) becomes 

(11-138) 

The field in region 3 exhibits some unusual properties; it does not behave 
like a pure resistance, as we might suspect. Since the body contained in this 
region is assumed to have finite conductivity, the field within the conductor is 
clectromagnetostatic. Accordingly, the structure in region 3 must exhibit 
capacitive as well as resistive characteristics, which can be completely 
identified by a capacitance Cj^ and a resistance R such that 

- (11-139) 

^ ~ (11-140) 

Inductive effects, although present, are neglected in a circuit approximation. 

In view of the foregoing discussion, the contribution from the region 3 
held is given by 

- ( (11-141) 

Jr „ 

In region 4 we have a source whose performance, by definition, is un- 
affected by the responses and reactions it causes. It is a region such that the 
charge q undergoes a change in energy level 

(r^_ - y_)q - Vq (11-142) 

in passing through the source. That is, the contribution to the integral of 
Eq. (1 1-123) is equal to Vq for region 4. 

The contributions to the volume integral from all four regions of interest 
IS now complete. The integral to be extremized is obtained by a simple 
algebraic addition of the results expressed by Eqs. (11-133), (11-138), 
(11-141), and (11-142), giving 

The Euler equation of the variational problem, Eq. (11-143), is 


(11-143) 
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Using Eqs. (11-139) and (11-140) to express Cj^ in terms of R transforms 
Eq. (11-144) to 

Lq + Rq ^ Iq ^ V (11-145) 

This is just KirchhofT’s voltage \a.w. It was derived strictly from electro- 
magnetic considerations in a manner which clearly shows that a circuit is a 
special type of electromagnetic structure in which particular types of fields 
are localized within particular regions of space. 

Certain other interesting relaxation properties of circuits may likewise be 
studied using the variational principle. We first consider another steady- 
state property of circuits, and follow this discussion with a par^jicular prop- 
erty of circuits operating under transient conditions. \ 

Consider the complex Poynting theorem, Eq. (11-91), in\connection 
with a circuit consisting of sources and lumped elements, all locajted a finite 
distance from some arbitrary origin. If again we postulate loc^ization of 
fields, the left-hand member of Eq. (11-91) is identically equal to zero. Also, 
by virtue of Eqs. (11-127) and (11-131), the second integral on the right of 
Eq. (11-91) is exactly equal to the volume integral in Eq. (11-125). It 
follows that the latter reduces to 


JE-J^/r- 0 (11-146) 

r 

which is the general expression for what has been called the least power 
theorem.^ It states that the distribution of currents in a network is such as to 
minimize the power transformation. 

In simple illustration, consider a parallel combination of two resistors 
R^ and /?2 fed by a current source /, and let and h denote the currents 
flowing through R^ and /? 2 , respectively. The principle of conservation of 
charge constrains and in such a way that / — /^ + /g. If we now use 
this relation to eliminate one of the currents, for example /g, from the 
expression for the power consumed by the circuit, we obtain 




JE • J civ 


I{^R, 4 “ I,^R, I (I hYR2 


(11-147) 


By taking the derivative of the quantity on the right with respect to and 
setting it equal to zero, we obtain 




Ri + Rz 


(11-148) 


t Sir James Jeans, “The Mathematical Theory of Electricity and Magnetism,” Cambridge 
University Press, New York, 1963. 
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This is just the familiar current division rule. Note, however, that it was 
derived without recourse to KirchhofF’s voltage law. 

Now let us consider the principle of conservation of flux linkages. We 
wish to derive this principle from Eq. (11-123). To this end we note that, by 
integrating the Euler equation of the variational problem, Eq. (1 1-143), that 
is, 

over a time interval (^ 0 , 0 , we obtain 

Unless the integrand on the right is an impulse in the interval the 

integral itself vanishes in the limit as /(,. It follows that 

lim (Lcj)l - 0 (11-151) 

t 

which expresses mathematically the principle of conservation of flux linkages. 
If, on the other hand, the source voltage is an impulse, Eq. (1 1-150) can still 
be used to determine the initial conditions. Suppose, for example, that an 
initially relaxed scries RLC circuit is excited by a unit voltage impulse in the 
interval From Eq. (11-150) it is clear that Lr/(0) - 1, which simply 

means that the initial current through the circuit will have a magnitude of l/L. 

No discussion of the field basis of circuit theory is complete without a 
look at Kirchhoff’s current law and its relation to Maxwell’s equations. We 
saw in Chap. 2 that 

j>3-nda - jJ pdv (11-152) 


is an expression (in integral form) for the principle of conservation of charge. 
Let us apply this equation to a closed surface completely surrounding an 
arbitrary A^-terminal network. Let I„ denote the current carried out of the 
volume V by the /7th conducting lead. Then 


If we let 



(11-153) 



(11-154) 


denote the net charge accumulation in F, we can write at once, in place of 
Eq. (11-152), the simpler relation 


I 



= 0 


(11-155) 
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Evidently, the second term on the left represents a current whose presence is 
dependent upon the net charge in V. If, in particular, Q — 0, then 

i/n = 0 (11-156) 


which is the more familiar form of Kirchhoff’s current law. 

To sum up, we have shown that in a lumped electric circuit the actual 
distribution of voltages as predicted by the lowest possible state in the energy 
sense results in ICirchhofT’s voltage law. Moreover, we have given a general 
proof of the theorem of constant flux linkages. Finally, we have derived 
Kirchhoff's current law from Maxwell’s equations. 


11.9 Time Rate of Change of the Flux Linked by a Moving Contour. 

We now switch our attention from electric circuits to electrical and electro- 
mechanical devices, the main objective being to develop the theory under- 
lying energy transformations taking place in all such devices. 

To this end, let us compute the time rate of change of the flux, V, of a 
vector A through a surface S spanning a moving closed contour C (Fig. 11-7). 
We assume that A is a divergenccless, but otherwise arbitrary, function of the 
space coordinates and time. Then, if the surface is at rest, 

f aA , 

— - —-ncJa (11-157) 

dt Js dt 

is the time rate of change of T that is caused by the time rate of change of A 
itself. If, on the other hand, d\/dt — 0 everywhere on S but the contour C 


Displaced conlour 



Figure 1 1-7. The displacement of a contour. 
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is moving, W will still change because of the change in the orientation of A 
relative to S. 

Let us suppose that every element of the surface is moving with a 
velocity v, and that the displacement occurs during a short time interval At. 
During this interval, every element of S is given a displacement dr — v A/, 
which can be made as small as desired with the proper choice of At. We 
recall that 

A-nda==0 (11-158) 

by assumption. Hence the change of the flux of A through S is just the 
amount crossing the side face of the pillbox formed in the course of an 
infinitesimal displacement r/r, which is 

AT - r A-(jTxdl) (11-159) 

JsT 

By a well-known identity, 

A • (Jt X d\) — • (A X dr) 

Since dr --- v At, the surface integral 

AT =- f (A X V At) • d\ 

JsK 

may be written in the form of a contour integral 


From this we obtain 



dW AT 

— - = lim — 
At 


O (A X v) • ^/I 


(11-160) 

(11-161) 


for the time rate of change of T due to the motion of the surface. 

If A is time-dependent and the surface S is in motion, then obviously, 
the time rate of change of is the sum 


JT 



• nda \ 
dt 



(11-162) 


This is the desired result. 

Equation (11-162) applies equally well when, instead of moving, the 
contour is deforming. For, in this case, dr x d\ is the vector element of 
area which in time Ar is spanned by a moving element d\ of the contour C, 
and therefore {dr x ^/l) • A is the change of the flux of A due to this infinitesi- 
mal displacement. The net change can be calculated as the sum of all such 
infinitesimal changes around the complete contour C. Once again this leads 
to Eq. (1 1-160), and the proof of our assertion is now complete. 
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To sum up, there are two causes for the time rate of change of the flux 
through a surface: one is the time rate of change of the vector itself; the 
other is the motion of the contour bounding the surface. Equation (11-162) 
is an exact expression for both of them, when A is divergenceless. 


11.10 The emf and Blv Concepts. From the Lorentz force density law 
we can define 


E' = E f V X B 
P 


(11-163) 


as the force per unit charge acting on a body which is moving wit|i a velocity 
V relative to B. We assume that E, B, v, and E' are all measured ip the same 
frame of reference. \ 

Let a and h denote the terminal points of a contour C. We^how pre- 
sently that voltage, defined through 

K , - E' • ^/I - (E -f V X B) . d\ (11-164) 

Jr Jr 

is consistent with Faraday’s law of induction, and that this expression leads to 
the more conventional definition of potential dijjerence for the electrostatic 
case when djdt ^ 0. 

We begin by noting that, in terms of the potentials of the field, the 
electric field intensity vector is given by 



E - 

dA 

(11-165) 

so that 

1 

> 

ll 

1 V X B j • d\ 

(11-166) 


If C is closed, this expression becomes 


(11-167) 


and V is called the induced emf. By StokejvLtheorem, the first two terms 
transform to 




n da (11-168) 


where the surface integration extends over any regular surface bounded by 
the contour C. Since the curl of the gradient of a scalar function vanishes 
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identically, and since, by definition, B -= V x A, 

£ ( _ + y X b£ d\^- - £ £(v X B) w/1 (1 1-169) 

By Eq. (11-162), the sum on the right is just the negative of d^jdt, where 
is the flux of B through S’. Thus the induced emf is 


K -- 4) (E -j V X B) . J1 


d<i> 

~di 


d 

J( 


I B • nda 

'.S' 


-I 


ae 

— • n Ja 
dt 



B) ■ cl\ 


(11-170) 


The sign of V is completely determined by the vector symbolism. A positive 
direction for C is chosen arbitrarily (usually counterclockwise). The 
direction of the unit vector n is that of advance of a right-hand screw as it 
turns in the direction in which C is traversed. Then Eq. (11-170) gives the 
increase in potential (sometimes called voltage rise) in the chosen direction. 
Thus the induced current will flow, if permitted, through the loop in such a 
direction as to oppose the primary field. This is Lenz's law. 

A few common cases must be singled out for special consideration. 

Let LIS consider an ordinary transformer. We know that for such a 
device v - 0. Hence the second term on the right of Eq. (11-170) is zero, 
and thus 

— n da 4- B- nr/a (11-171) 

V dt dtJs 


The interchange of the order of differentiation and integration is permissible 
only when C is fixed in space for all times. 

Another simplification results when B is independent of time. Then 

K-:^(vxB)-rfl (11-172) 

If it happens that C is deforming and only a straight-lme segment, of length /, 
IS actually moving in such a way that v, B, and r/1 are mutually orthogonal, 
then Eq. (1 1-172) reduces to the familiar flux-cutting relation 

E -- B/r (11-173) 

This is the expression normally used to calculate the induced emfs in rotating 
machines. Although this approach is perfectly correct, the reasons for 
doing it are generally not well understood. At power frequencies, ordinary 
lengths of wires do not carry currents unless they are a part of a completely 
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closed circuit. This is precisely the case for the conductors which “cut flux” 
in a rotating machine. They are actually a part of a complete winding kept in 
relative motion with respect to a spatially variable magnetic field. So it is the 
completely closed loops of rotating conductors which are in effect responsible 
for the induced emfs predicted by Eq. (11-173). In fact, Eq. (11-170) 
provides the basis for explaining why the motional emf may be calculated 
either from the flux-cutting relation or from the c/O/cfr relation when B is 
independent of time. For, in this case. 


dt 



(11-174) 


It should be clear by now that, in general, the measurement bf induced 
emfs is always affected by the physical arrangement of the measuring ap- 
paratus. This is so because the instrument itself, together withahe leads 
which connect it to the generator, close the loop which deterrifines the 
contour C. Such effects are more pronounced at higher frequencies. \ Shorter 
leads are normally required for that reason. 

A most important conclusion to be drawn from the foregoing discussion 
is that, generally speaking, voltage is not equal to the line integral of E, but, 
as shown by Eq. (11-170), 


K (f) (E + V X B) • ^/l - - 4 f B • n Ja 

dt Js 

(11-175) 

When V X B -- 0, 


(11-176) 

for an open contour with terminal points a and h. 

From the definition of 

gradient, 

f (- Vc^) . d\ - cf,{a) - ct>(h) 
Jr 

on the basis of which Eq. (1 1-176) becomes 

1 

[ A-c^l 

r 

(11-177) 


In the static case the last term is obviously zero, and the voltage is simply 
the difference in potential. (If we let b recede to infinity, we obtain the 
potential at a?) But as can be seen easily from inspection of Eq. (11-177), 
voltage is not synonymous with potential difference for time-varying fields. 
In general, depends upon the path of integration. 

An apparent question that might well be asked at this point concerns 
the case of a very thin, infinitely conducting dipole antenna. We know that 
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the tangential component of E is zero along the antenna, so that E • c/1 ^ 0. 
If the antenna is fixed in space, v = 0, and therefore, for any two points 
along the antenna, 

^ -f V X B) - c/1 0 (1 1-178) 

This states that the voltage induced in the antenna is zero. At first glance we 
have a glaring contradiction. Everybody knows that dipole antennas “work.” 
Is it true, then, that our theory suffers from serious limitations? Fortu- 
nately, the answer is no! In our example of the dipole antenna we merely 
failed to formulate the problem correctly. What really happens is that, 
when a wave impinges upon a perfectly conducting structure, it causes 
charges to be induced and currents to flow on the surface of the structure 
which give rise to a secondary field. This field combines with the primary 
field of the wave to give a zero tangential E field at every point on the surface 
of the structure. Thus, while the net tangential E field is zero on the sur- 
face, sources are induced in the structure, which, in turn, make the antenna 
“work.” 


Example 11-5 Induced emf. A conducting bar is rolled down a 60" incline (Fig. 11-8) 
with a velocity v — ijr(a, — \ 3aJ in the presence of a lime-varymg magnetic field 



I 


Figure 1 1-8. Induced emf in a deforming contour. 
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B = B^y sin /as, where flo is a positive constant. What is the instantaneous reading 
of the voltmeter when the bar is passing the plane x ~ al 
From Fq. (11-170), we have 


r 38 , r 

K — J • n i ^ (v X B) ■ 


d\ 


The first term represents transformer emf, the second motional emf, V^. Thus 


and 


r ^ 1 \ 

"" ^ (fioj sin Oa, • I — a, I - a J 

- IT 


da 


2^0 V COS / dx dy i cos / 


V X B ^ 


\ 3 

* 2 V 0 X 

2 


(« ixE^y sm 


\ 


0 0 Bo3'Sin/| 

The only moving portion of the contour is the bar itself. Since d\— dy^y, 

(p (v X B) • ^/l ^ I (' 2 .v^o.v sin t)dy - ! sin / 

Jc a^O 


Therefore, at x — a. 


Adding Vt and we find 

F — — * i5o«/;“(sin t \ cos / ) 


r,„ ^ ' \Bi^ah^ sm / 

1 


— ByyUh- sm (/ i 45 ) 
2^'2 


The minus sign simply indicates that the voltmeter terminal farthest away from the 
xz plane will be negative relative to the nearest terminal if 0 (/ ; 45) 180°. 


In summary, voltage can be induced in a circuit cither as a result of time 
variations or as a result of motion. The two causes are distinct, and 
neither of them can be deduced from the other. The emf of a device is the 
open-circuit potential difference across the output terminals. 


11.11 Summary. The integers from 1 to 10 form a discrete set of numbers. 
In contrast, all the real numbers from 1 to 10 form a continuous set of 
numbers. In a similar sense, an electric circuit is a discrete structure while a 
transmission line is a continuous structure. This chapter has been devoted 
mainly to a study of discrete electromagnetic systems. 

We saw that the character of the electromagnetic field in lumped circuit 
elements is such that only the zero-order and the first-order fields are needed 
to define it completely. However, as soon as the frequency becomes high 
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enough so that the wavelength is comparable with the dimensions of the 
device, the quasistatic approximation to the actual field is no longer adequate 
to predict the terminal behavior of normal circuit components. “Stray” 
effects are actually the result of waves set up in the regions of space occupied 
by the circuit elements themselves, and can be taken into account by equiv- 
alent networks. 

We saw, furthermore, that the time-honored laws of circuit theory can 
be traced to Maxwell's equations. Specifically, KirchhoflT's current law is a 
statement of the principle of conservation of charge, and fCirchhoff’s voltage 
law is a special form of a variational principle which stems directly from the 
field laws and states that any electromagnetic system is in the lowest energy 
state consistent with the system constraints. The discussion was completed 
with some remarks on least-power-circuit theorems, as well as on the prin- 
ciple of conservation of flux, both of which were shown to be specialized 
expressions of the variational principle. 

Finally, the emf and Blv concepts were discussed from the field theory 
point of view. We saw that 

V — •ncia h ^ (v x B) • 

is the most general expression for voltage induced in a closed circuit, where 
the first term accounts for transformer action, and the last term accounts for 
relative motion. 


Problems 

11-1 Quasistatics of the Inductor. An ideal inductor is formed by winding N turns 
of a perfectly conducting wire on a cylinder. Show that, for this structure, 

K, E' dl= -jioLh 

where is the quasistatic electric field, and h the zero-order current. 

11-2 Variations of an Inductor with Frequency. The perfectly conducting sheets 
shown in Fig. ll-l are connected at z - 0 by a perfectly conducting sheet. Find the 
eouivalent circuits for the structure in succession through third order, assuming that the 
current per unit length in the shorting plate is maintained constant at an amplitude Ko y 
the sources at z — - a. 

11-3 Qiusistatic Field. The accompanying figure shows three thin, perfectly conduct- 
ing sheets, all of which extend to infinity in both the positive and negative ^ directions. A 
system of sources at z = -/ maintains a current 

Re (K„) = Re {K„a,) - Re (ATo™?""'®.) 

in the shorting plate at z = 0. Assuming that the resulting electric field is y-directed, 
determine the quasistatic field at all points within the structure. 
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a =00 (out) 
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Problem 11-3 

11-4 Quasistatics of a Coaxial Cable. The accompanying figure shows a lossless 
coaxial cable terminated by a resistive sheet of rr, n/square and driven by sinusoidal sources 
at z ^ — /, which maintain the load (z — 0) voltage across the cable constant at K,. 
Calculate (a) the quasistatic field in the region between the conductors, and (fh the equiva- 
lent circuit at the input terminals correct up to first order. ^ 



11-5 Quasistatic Approximation. A unique method of forming, to rather close 
tolerances, the inside diameter of a long conducting nonmagnetic tube is depicted in the 
accompanying figure. A nonmagnetic mandrel is placed inside the tube, and a current 



Problem 11-5 
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impulse is allowed to flow through a coil placed outside the long tube. To form the long 
tube along its entire length, the sizing mandrel is moved to other positions along the tube, 
where the procedure is repeated again. The outside diameter of the mandrel is almost 
equal to the original inside diameter of the tube. 

Describe the forces generated in the process, and justify their directions. Then, by 
making reasonable assumptions, calculate an order of magnitude for the pressure exerted 
on the long tube. 

11-6 Circuit Concept of Complex Power. Based on the field concept of complex 
power, prove that V/*I2 is the expression for complex power in the circuit sense. A 
rigorous mathematical development is required. 

11-7 Induced emf. A uniform magnetic field B is directed normal to the plane of a 
flat metal plate which is moving at a constant rate v normal to B. Deterniine the reading 
of the voltmeter, and state the polarity of the induced emf. 


Slalionary 

vollmeter 


© 


© 


'] 

I 

1 


Sliding contacts 


Plot metal piote 


Problem 11-7 

11-8 Induced emf. A rectangular conducting loop is rotating about the y axis of a 
coordinate system with a constant angular velocity o). A uniform static magnetic held 
B =- where is a scalar constant, exists everywhere in the immediate space about 

the loop. Calculate the instantaneous value of the emf induced in the loop as a function of 
the angle 0 ^ (ot. 



11-9 Induced emf. A uniform magnetic field 



Wb/m’ 
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Problem Jl-9 


exists in the free space between the pole faces of an electromagnet. The construction is 
such as to allow the north pole to rotate about the z axis (looking down) in the clockwise 
direction at 600 rpm, while a 2-m length of rigid conductor is rotating at 600 rpm in the 
counterclockwise direction. The conductor is moving in the xy plane with one end 
fastened at the origin. If fringing is neglected, what voltage is induced in the conductor 
at the very instant when the conductor coincides with the x axis? 

11-10 Faraday disk. Faraday found, experimentally, that a metal disk [see part (a) of 
the figure] functions as a generator as it rotates in the field of a magnet. P^or this 
problem, consider that a thin brass disk is rotating at w, rad/sec with its plane normal to a 
magnetic field B — (5„ cos oj. 2 r)a-. Find the cmf, F, developed at the terminals of a 

pair of brushes, one at jc ^ 0, j — a, the other at x ^ 0, y = h. 




Problem 11-10 
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11-11 Changing Flux and the Lorentz Force. For the magnetic flux density vector B, 
Eq. (11-162) can be transformed by Stokes’ theorem to give 


dd) 

It 


d 

It 


ft 

B • n c/a 
• S 




• n da 


Since dHjdt — - V x E, the integral on the right obviously reduces to the contour integral 
of E' — E h V X B, the total force per unit charge in a moving body. Prove that the 
total derivative of B is 


r/B dB 

Vi ~Tt 


(vVlB 


and that Faraday’s law for a moving medium is 


V X E- 


dE 

Vi 


11-12 Electromagnetic Transients. A thin conducting disk is suspended m the middle 
of a narrow gap cut out of a toroid of circular cross section. Determine the time required 
for the flux to reach 36.8 percent of its final value after a current step has been applied to the 
coil. Fringing, though present, may be neglected 


Condijclma disk 



Problem 11-12 
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1. THE INTERNATIONAL SYSTEM OF UNITS 


{Abbreviated SI, for Systenie Internationale d' Unites) 
Multiplied units: symbols plus center dot 
Divided units: symbols plus shilling bar 


Abbreviation of 


Term 

Unit 

unit 

Electric current, magnetomotive force 

ampere 

A 

Magnetic held strength 

ampere per meter 

A/m 

Luminous intensity 

candela 

cd 

Luminance 

candela per square meter 

cd/m** 

Electric charge 

coulomb 

C (A ■ s) 

Volume 

cubic meter 

m^ 

Thermodynamic temperature 

degree Kelvin 

"K 

Capacitance 

farad 

F (A ■ s/V) 

Inductance 

henry 

H (V • s/A) 

Frequency 

hertz 

Hz (s "') 

Work, energy, quantity of heat 

joule 

J (N ■ m) 

Mass 

kilogram 

H 

Density 

kilogram per cubic meter 

kg/m= 

Luminous flux 

lumen 

Im (cd ■ sr) 

Illumination 

lux 

lx (lm/m'“) 

Length 

meter 

m 

Velocity 

meter per second 

m/s 

Acceleration 

meter per second squared 

m/s“ 

Force 

newton 

N (kg ■ mjs^) 

Pressure (stress) 

newton per square meter 

N/m*^ 

Dynamic viscosity 

newton-second per square meter 

N • s/m^* 

Electric resistance 

ohm 

12 (VIA) 

Plane angle 

radian 

rad 

Angular velocity 

radian per second 

rad/s 

Angular acceleration 

radian per second squared 

rad/s^ 

Time 

second 

s 

Area 

square meter 

m'^ 

Kinematic viscosity 

square meter per second 

m^/s 

Solid angle 

stcradian 

sr 

Magnetic flux density 

tesla 

T (Wb/m') 

Voltage, potential dilTerence, 
electromotive force 

volt 

V (W/A) 
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Term 

Eleclric field strength 
Power 

Magnetic flux 

Unit 

volt per meter 
watt 

weber 

Abbreviation of 
unit 

V/m 

W (J/s) 

Wb (V ■ s) 

Prefixes 

tera- 

T 

10^2 

g*ga- 

G 

10® 

mega- 

M 

10« , 

kilo- 

k 

10“ j 

hecto- 

h 

10“ \ 

deka- 

da 

10 \ 

deci- 

d 

10 ^ \ 

centi- 

c 

10 “ \ 

milli- 

m 

10“ 

micro- 


10-« 

nano- 

n 

10 “ 

pico- 

P 

10 

femto- 

f 

10 15 

atlo- 

a 

10-"“ 

2. 

UNIT CONVERSION TABLES 


To convert 

Into 

Multiply by 


Electromagnetic quantities 


abamperes 

amperes 

10 

abfarads 

farads 

10“ 

abhenrys 

henrys 

10 " 

abohms 

ohms 

10 “ 

abvolts 

volts 

10 “ 

gammas 

teslas 

10 “ 

gauss 

teslas 

10 * 

gilberts 

amperes 

0.79577 

maxwells (lines) 

webers 

10 “ 

oersteds 

amperes per meter 

79.577 

statamperes 

amperes 

3.3356 X 10 ^ 

statfarads 

farads 

1.1126 X 10-^ 

stathenrys 

henrys 

8.9876 X 10"" 

statohms 

ohms 

8.9876 X 10"" 

statvolts 

volts 

299.79 


Length 


angstroms 

meters 

10-10 

feet 

meters 

0.3048 



appendix 


557 


To convert 


inches 

miles 

nautical miles 


acres 

barns 

circular mils 
hectares 
square feet 
square inches 


acre feet 
barrels (US.) 
cubic feet 
cubic inches 
fluid ounces (U.K.) 
fluid ounces (U.S.) 
gallons (U.K.) 
gallons (U.S.) 
liters 


feet per minute 
kilometers per hour 
knots 

miles per hour 


long tons 

ounces (avoirdupois) 

pounds 

short tons 

slugs 

tonnes 


pounds per cubic foot 
pounds per cubic inch 


Multiply by 

Length 


centimeters 

2.54 

meters 

1609.3 

meters 

1852 

Area 


square meters 

4046.9 

square meters 

JO 2H 

square millimeters 

5 0671 X 10-* 

square meters 

10" 

square meters 

0.092903 

square centimeters 

6.4516 

Volume 


cubic meters 

1233.5 

cubic meters 

0.15899 

cubic meters 

0.028317 

cubic centimeters 

16.387 

cubic centimeters 

28.413 

cubic centimeters 

29.574 

cubic centimeters 

4546.1 

cubic centimeters 

3785.4 

cubic centimeters 

1000 


Speed 


millimeters per second 

5.08 

meters per second 

0.27778 

meters per second 

0.51444 

meters per second 

0.44704 

Mass 


kilograms 

1016.0 

grams 

28.350 

kilograms 

0.45359 

kilograms 

907.18 

kilograms 

14.594 

kilograms 

1000 


Density 

kilograms per cubic meter 16.018 
kilograms per cubic meter 27,680 
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Force 

dynes 

newtons 

lo-*^ 

kilograms-force 

newtons 

9.80665 

ounces-force 

newtons 

0.27801 

poundals 

newtons 

0.13825 

pounds-force 

newtons 

4.4482 


Pressure 


bars 

conventional feet of water 
conventional millimeters of mercury 
normal atmospheres (760 torrs) 
poundals per square foot 
pounds-force per square foot 
pounds-force per square inch 
technical atmospheres (1 kg ■ f/cm'-^) 
torrs 


newtons per square meter 
newtons per square meter 
newtons per square meter 
newtons per square meter 
newtons per square meter 
newtons per square meter 
newtons per square meter 
newtons per square meter 
newtons per square meter 


10 ^ 

2989.1 j 
133.32 \ 
101,325\ 
1.4882 \ 
47.880 \ 
6894.8 \ 

98,066.5 
133.32 


Energy, work 


British thermal units 


(International Table) 

joules 

1055 

British thermal units 



(thermochemical) 

Joules 

1054 

calories (I.T ) 

joules 

4.1868 

calories (thermochemical) 

joules 

4.184 

electron volts 

joules 

1.6021 > 10 

ergs 

joules 

10 ’ 

foot poundals 

joules 

0.042140 

foot pounds-force 

joules 

1.3558 

Power 

British thermal units (I.T.) per 

hour watts 

0.2931 

ergs per second 

watts 

10 ’ 

foot pounds-force per second 

watts 

1.3558 

horsepower (British) 

watts 

745.70 

horsepower (electrical) 

watts 

746 

horsepower (metric) 

watts 

735.50 


Quantities of light 


foot-candles 

lux (lumens per square 



meter) 

10.764 

foot-lamberts 

candelas per square meter 

3.4263 
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3. ELECTROMAGNETIC PROPERTIES OF MATERIALS 


Fundamental constants 


^0 — permittivity of free space 

- 8.854 10 ^ ^ 10 “ K/ni 

iOTT 

/(q permeability of free space 

- 477 / 10 1.257 < 10 « H/m 

c ^ velocity of light in free space 

2.997925 ^ 10«m/s 
m - electron mass 

9.1091 < 10 kg 
e electronic charge 

- 1.6021 ^ 10 '"C 

ejm specific electronic charge 
1.7588 X 10“ C/k 
h ^ Planck’s constant 

-- 6.6256 X 10 J s 


Properties of dielectrics 


Material 


Low-frequency 

dielectric constants Conductivity, H/ni at ZOX 


Glass 

4-7 

Liicite 

3.4 

Marble 

8.3 

Mica 

4.5-7-5 

Paraffin 

2.1 2 5 

Porcelain 

5.7 

Rubber, hard 

2.3-4 0 

Shellac 

2.3-4.0 

Water, distilled 

81 

Wood 

2.5 -7.7 


10 

10 

10 ^- 10 * 
10 “- 10 - 1 =^ 
10 “-10 ^® 
3 X 10 *=* 
10-"*-10 
10-'* 

2 X 10 * 
10 "- 10 -“ 


Typical variations of dielectric constants with frequency 


Frequency 


Material 


100 MHz 

10 GHz 

Bakclite 


4.40 

3.52 

Formica 


3.77 

3.36 

Micarta 


3.98 

3.62 

Neoprene 


4.50 

4.00 

Polystyrene 


3.83 

3.46 
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Properties of 

conductors 



Conductivity, 

Material 

ll/m at 20°C 

Aluminum 

3.54 X 

lO’ 

firass 

1.50 X 

10’ 

Copper, annealed 

5.80 X 

10’ 

Gold 

4.10 X 

lO’ 

Iron, pure 

1.00 X 

lO’ 

Cead 

0.48 X 

lO’ 

Mercury 

0.104 X 

lO’ 

Nickel 

1.28 X 

lO’ 

Silver, pure 

6.14 

lO’ 

Tin 

0.869 > 

lO’ 

T Lings ten 

1.81 > 

lO’ 

Zinc 

1.74 X 

lO’ 

(Conduction properties aj the eoi 

th 


Conductivity, 

Substance 

Tl/m 


Ground, dry 

10 1C 


Ground, wet 

O 

1 

6 

3 

Water, fresh 

10 ^ 


Water, sea 

4 




ANSWERS TO PROBLEMS 

CHAPTER 1 


1-1 

(fl) 

A -= ~| + I2a^ B -- 2a, 

f 4a, 

t 12a, 


(h) 

3a, -I 8a„ 




(c) 

A-v -f v' 4 




(</) 

27 




(c) 

A-j + j' 4 9/2 




U’) 
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(av* - 

/)a. 


(h) 

- 4a, 




(/) 

(4z/ - 12/)a, !- (6r - .vzOa, + (4 a- - 8)a 

1, 

1-2 

(«) 

3(a'2 4 3 ) A (4 ; y) r 4v -- 45 




(6) 

A • (B X C’) - 48 4a-3 ’ V(-Y^ - 

4i) - 

-A (Cx B) 



C • (A X B) -- -4\’2 f xMy - 4) 

48 - 

(B X A) ■ C 



B* (C X A) - x\y - 4) 4 4(12 - 

■ .V*) -- 

A ‘(Cx B) 


(<■) 

(4a- — 4y — A-v)a, r (x^Y 4 v’* — 

12)a, t 

(12 T 3 a - A= 

1-3 

(«) 

A Bn with n undehned 




(A) 

0 




1-4 (a) A = Kcos’ 7 i rsin’ ' rsin 7) cos (f{r s,m (p - l)a^ I 

B ^ r sin 7>(cos 7 -h r sin* 7 )3, -1 r sin* (p(r cos 7 1)a^ |- zJa, 

2 ,, 

(h) A - —a, ; — =a -I 12a, 

V5 \^5 

•0 

B - — =a, i 12a, 

V5 

1-5 (a) A • B = r* sin 7 cos 7 -|- r* sin^ 7 + 

(J>) 27 

1-6 (fl) [(z - 3)Jr* sin* 7 cos <p - tr sin 7(z cos 7 - 3 sin 7)]a, 

+ [(3 - z)/r’ sin* 7 -I- fr cos 7(3 sin 7 — z cos 7)18^ 

+ r’ sin* 7(cos 7 - sin 7)8, 

6 3 
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1-7 10.03 

*-* ^ “ ->'*)“" + (^^T* ■*' ^ 

1-9 (a) B = rsir (h) 5a^ 

1-10 Answers are given by Eqs. (1-13) and (1-14). 

1-11 25. r 

1-12 A I a, or A = a^ — 'Haav + liaSLz 

1-13 (a) r = constant; circles 

(h) ( 1 , 0 , 0 ), ( 0 , 1 , 0 ), (- 1 , 0 , 0 ), ( 0 , 1 . 0 ) 

1-14 (a) f b^y’^ ^ constant; ellipses 

{b) jc® -j- v’* — constant; circles 
1-15 = 2?. B, = -5*2 Cy == -9 

1-16 - 
4 

1-17 («) *2-}i {h) -24 1^; 

1-18 ?2 
1-19 *2%5 

1-20 9 

1-21 *93 
1-22 -9 

1-23 -*i 

1 2 

1-24 - 8 in the direction of n ^ a^ — — = a, 

^/5 Vs 

1-25 

1-26 18 in the direction of n = — ^ a^ I — = a^ 

V2 v'2 

1-27 27 - jn the direction of n a^ 


1-28 

1-29 

1-30 

1-31 


1677 in the direction of n ^ a- 

2jc 2y 

M in the direction of n = — ^ aj^ ] ^ a^ + 


Vs - 4z Vs - 4z Vs - 4z 


a< 


in the direction of the outward radial vector 


1-32 -(5\5-l) 

6 

1-33 

1-34 477 
1-35 ±23 12a, 
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1-37 - 3 ^ 

1-39 VA = 0 VB = 2x V.C = 0 

VxA = a» + a. VxB = 0 VxC = 0 

1-40 (fl) 2jva* 4 2za^ 

(b) 2rsLr 4- 2za2 

(c) 2ra, 

1-41 (a) a^. 4- a^ f 2za, 

(h) (cos (p 4 sin (p)^r + (cos (p - sin 97)3,^ 4- 2za, 

(f) [sin 0(cos (p 4 sin (p) + 2/'cos=* OK f cos e(cos tp -\- sin 97 - 2r sin 0)an 
4 (cos 97 — sin 97)3 


CHAPTER 2 


2-2 No 
2-3 180,000 C 

2-4 J == - 4 1 ^ 0 ) 4 p-(i’o - i^-)]ax 

2-5 No 

2-6 On the same plate, 3.94 m away 
2-8 10 eV 

2-9 Surrounding medium has zero electric conductivity but nonzero thermal con- 
ductivity. 

2-10 (a) No ih) Yes (c) Yes 


2-12 H - 0 D ar, Q total charge, R > r, 4 r„ 

AttR^ 


2-13 J- SlAjm^ 
2-14 (a) D 


ib) <!> = 


-I 




47rr“ ' " 47Tf\ 

2-17 (fl) J- 11.3e A/m=' 

(/}) Zero 

2-19 0o-16.r’ T, = 18V/m 

2-21 [F] - fTl^L ' [01-/7' [m]^/rFL~‘ [IV] ^ /TF [e] = 

2-22 B - 1.63 > 10 Wb/m® /ir ^ 13 Xm = 0 3 
2-23 11.79 percent 

2-24 Blood would be subject to both types of effects. 
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2-25 Aluminum paramagnetic 

Copper diamagnetic 

Gold diamagnetic 

Magnesium paramagnetic 

Mercury diamagnetic 

Silver diamagnetic 

Tungsten paramagnetic 

2-27 J, = — 


3c2 


D ^ — -r “r r 
3 


CHAPTER 3 


3-2 (a) 2.5 fiC in ay direction 

ih) 2V 
3-3 100 V 

3-4 6 V 

3-5 (a) 11.1 pF ib) 3.33 //C 

_ _ 677^0 «“\ 




^ \ ■ I \ ^ ■ U \ \ 

Sin I — .V I sinh I — y I — smh | — x I sin I — y I 

/ WJ a\ \b ) W) 

smh I TT - I 

\ f’J 


3-8 (ft ^ (dielectric) 

d I (e/co)(/ — d) 


[£/(t„/c — 1) 4 x\V 
- 1) -f / 


(air space) 


3-10 

Ka\n- 

a 

V 

[a^ \ 

3-11 

(a) (f ^ 

i 

£ 0(7 '■jc 

( c — to 

3-12 

ll 

S' 

r 4 

\ r € eo 


9o — 

Ir Sin ^ 

u -f- *./ 


cos q) (b) 1^ ^ Eq^j. 


(cavity) 



3-13 

3-15 


O - 
(a) if> 


3-22 


3-23 
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aV (b \ 


<f> = 0 


® ^ 0 0<rc a 
p, _ abV 

Uh - ^ 

E - 0 b r 


r <b 


(b) pa 



(inner sphere) 
(outer sphere) 


3-16 

3-17 


C - 


^7r€o€ab(a -f b) 


(h - a)(a€ ] 


sphere. The potential a. ;lnnteVo;;o:nt?sVl■^,^“;;X“ 
points above the nintp 


3-18 For points above the plate 
Pi 


In 


l(b -! by J 

' TT. TTo ] n 


(/1 - hY f a® 

7i^ra * ' r“'‘' if ^ distance from the line 

charge F-or all points on the flat plane, or below, <l> = 0. 

3-19 0, 1.69, 8.16, 11 cm 

3-20 Maps the entire upper half of the Z plane into the interior of a sem, -infinite hori- 
zontal trough bounded by the lines v - 0, // = 0, y ^jn. 

~'\n(r/a) 


4> =- — {a - r) 


V -I - (6 - a) 


Xnibfa) 


- €(/? sin y? I COST?) 

Ps “ 

q ^7T€ at origin 
3-24 (b) Two-dimensional dipole 
3-26 42 pF/m 

3-30 Continuous charge distribution 

nr 

p ~a^e 

r 

throughout space and a point charge^ ^ 47re at the origin. The system as a whole 
is neutral. 
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3-33 (fl) 

(b) 


Qt — Qi 

Qa ~ Qa 


Ri(.Ra - R,) 

- Ri) 

RaiRi ~ R,) 
RaiR, - Ra) 


Qa {Ra - RaMRa - Ra) 

4,re„ R^{R, - R,) 

^ P a — c(cos qa) (b — c) cos qa — a 

ccrh-^^' - - 2 a“[ \ - 2 af(cos (f) {h - c)^ + 2a{h ^ c) cos 7 ? 


3-38 

where c = {b — d)j2, and 9? is a 
conductor on the left in Fig. 3-1 9c 

cylindrical angle centered about the ^ 

ixis of the 



L 

= lOOfl 




N 

- 10 



N --- 

20 

\ 

K 

Y 


K 

Y 

K 

Y 

1 

0.1451 


1 

0.1762 

11 

0 105; 

2 

0.1150 


2 

0.1241 

12 

0.105: 

3 

0.1094 


3 

0 1177 

13 

0.106 

4 

0.1067 


4 

0.1131 

14 

0.1 07( 

5 

0 1056 


5 

0.1102 

15 

0.108 

6 

0.1056 


6 

0.1082 

16 

0.110; 

7 

0.1067 


7 

0.1070 

17 

0.113 

8 

0.1094 


8 

0.1062 

18 

0.1171 

9 

0.1150 


9 

0.1055 

19 

0.124 

10 

0.1451 


10 

0.1053 

20 

0.176 


yv - 50 


K 

y 

K 

y 

K 

y 

K 

y 

K 

Y 

1 

0.2686 

11 

0.1108 

21 

0.1054 

31 

0.1057 

41 

0.1117 

2 

0.1263 

12 

0.1098 

22 

0.1053 

32 

0.1059 

42 

0.1131 

3 

0.1366 

13 

0.1087 

23 

0.1053 

33 

0 1064 

43 

0.1145 

4 

0.1258 

14 

0.1082 

24 

0.1050 

34 

0 1065 

44 

0.1165 

5 

0.1224 

15 

0.1079 

25 

0.1051 

"35 

0.1071 

45 

0.1189 

6 

0.1187 

16 

0.1067 

26 

0.1050 

36 

0.1077 

46 

0.1222 

7 

0.1165 

17 

0.1068 

27 

0.1051 

37 

0.1081 

47 

0.1258 

8 

0.1148 

18 

0.1065 

28 

0.1051 

38 

0.1088 

48 

0.1363 

9 

0.1128 

19 

0.1057 

29 

0.1054 

39 

0.1097 

49 

0.1268 

10 

0.1117 

20 

0.1058 

30 

0.1055 

40 

0.1107 

50 

0.2683 


K = interval number along wire axis 
y = relative charge density 
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CHAPTER 4 


4-1 

4-3 

4-4 

4-5 

4-6 

4-7 

4-8 

4-9 

4-10 

4-11 

4-12 

4-14 

4-15 

4-16 

4-17 

4-20 


B = 


fiad 


=/- 


- ^^4) 


47rV^M £/=)/4V*" "V4 ^ f 

0.101 A; yes 

H 

H "" 6 \7/ ^ 

where js the surface current density. 

A second ,nfin,lely long wire located in the :ry plane at ;■ 2 and carrying a 

current of 10 A in the positive x direction. ^ ° 

H ™ I J„Day-, center of hole at jr - Z); current flow in the positive 2 direction- 
conductor axis coincident with the z axis 

Integration of Poisson’s equation is contingent upon a bounded distribution of 
Static sources 


( ,v\1 

F -= _ In 1 -I _ 

7 T L/? \ R) 


attractive 


1 * 

^ — /^./ln - 

2.7T a 

2.78 cos 400r 

Downward 

(a) 0.054 H 

605 kilolines 

1.656 A 

97 kilolines 

Hi = -0.0I03/L(,a 

H-i - -0.0515/fo 


mV/m 

(/?) 0.0202 H 


/, 25 V 10 A / 25 X 10-A "I 

y I j sin gn a, 1^1 + j cos (p a J 

„ r 26.01 X 10-* 1 

H5 =- -//o a„ H (sin (par — cos (p a^) 


4-21 If // is infinite, Hg = 0, and 


= - T^[[^ - + (' + ?) ’"‘J 



568 


ANSWERS TO PROBLEMS 


If fn is large but finite: 

^ cA . ^ , a A 1 

tt^LI I 

„ 4(fiol/i)Ho 

^ 1 - a~lb^ 

4-22 Inside the sphere 

^ ^ (2/1, i 1)(//, -i 2) - 2(/«, - malbY 

4-24 H — K„e i— jc^ cosh i— y'ia, co 


sin or) cosh cos sinh 


4-25 H, = 

M, 

H, - 

H, 

M. = 

(- 


\/^o 


cr //q - n 
r- 1(q \ fi 


\ / fl* flQ ~ fj\ 

jsin^a, I- i -_Jcos^a, 


/ g\ / g\ 

4-27 AirgapiHo— — M — lcos<par: I /f r — I sin 9? 

Rotor: H = C( - cos (p a^ : sin (f a^) 

—fiK^a} 

where A ^ 

- /O + (a -i OH/^ci ^ /O 

^ + r)^ 

- /O i (« f OH/^o -i- /i) 

- /O + ia -I 0^(/^a ^ /^) 

2 COS ® 

4-28 K a, 

4-29 The residual magnetism m the substance corresponds to a point, such as P, on the 
magnetization curve, where it intersects the straight line 

^ _ _ PQ H^p.TTr t) 
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CHAPTER 5 


5-3 ps = 


(€V 

b 

-eV 


5-4 

5-6 

5-8 

5-9 

5-11 

5-12 

5-14 


\ h 
22.12 s 

“ ~r^{b^ - a^) 


(top) 

(bottom) 


Acos^^l 


J — /o sin (y^l 

Anax -•/() at r ^ a and (p 0°, 180” 
yo 

(T, In {hjaj 


21 


^ /^V-« I 1 ^2fi .f_ I) 5,P, 

(2//-i l)Ay; i 


(2// I l)y 


TratR (In -\ n Am (2/z 4- \) 

where t is the thickness, and a is the conductivity of the coin. 


E 

271 

E - 0 


^ , j - _ /( 1 1 cos 0) 

■ ‘dr II — — a 

'rran Znr Sin 0 ^ 


(in metal) 




(in air) 


With a 2, b - 1.5, jfo 0.4«, v„ — 0 3b, a tolerance limit of 0.1, and for a grid 
size of 20 by 15, Ra, - 1 234, where R is the resistance from point P to the silver- 
painted electrode. 


6^1 


87r6\a bj 


CHAPTER 6 


uP 

6-2 


6-8 F = 

47re L (d^ - 
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, _ /^o(i“ - /h)l^ , . . 

6-9 ; toward the iron slab 

Anhiiii + fio) 

6-10 Away from the source 

6-11 €oE^AI2, where E is the strength of the field, and A is the area of the plates. 
6-13 r , X J pulls dielectric in. 

lb IX{€ - €o) + L 6 o]=“ ^ 

6-15 17.708 X 10-1° j 


6-16 


t 

AK 2d\ld~VT) 


K = spring constant 


c, - i V 

4 Vr^ 2 ) 


(attractive) 


CHAPTER 7 


7-2 f = H8 MHz, / = 3.41 m, elliptical polarization, cw rotation 
7-3 (a) Ej; = 3 cos (oja — ^z) 




Equation of ellipse: 





1 

2 


7-7 1^, = -= 

y — (ttIu)^ 


1 Vaj2//e - {'rrjci)^ 
fic 


7-8 (a) a - 6.28 10^ Np/m ft - 6.28 - 10=* rad/m = 10^ m/s 

2 = 10 3 m 

(b) a = 1.167 X 10-» Np/m ^ = 3.37 rad/m i;, = 1.86 x 10“ m/s 
2 - 1.86 m 


7-10 0.053 mW/m^* 


7-11 (fl) 2 -3m = 2.093 rad/m 

{b) (IV,) = - 2.22 X 10-1“ 

(c) 1.325 X 10 “ W/m^ 2.65 x 10 “ W/nP (peak) 



7-14 Orthogonality in the time domain always implies orthogonality in the frequency 
domain. If either G, or Ga is linearly polarized, orthogonality in the time domain 
implies orthogonality in the frequency domain, and conversely. The same is true 
if Gj and Ga are out of phase by an odd multiple of 7r/2; this includes circular 
polarization as a special case. 




CHAPTER 8 

^ _ VT- sin» Q, - 2 V 1 - (sin^ 0,)/4 

' Vl - siri“ 0, 4 2 C 1 - (sin=0,)/4 

_ 2 V 1 - sin* 0, - V\ - (sin‘e,)/4 
" 2^1 - sin“0, ■! Vl -(sin"0,)/4 

8-2 //V/m 

8-3 



Dielectric constant 


572 


ANSWERS TO PROBLEMS 


8-4 



tan (5 = 


A„ln 

TrdV Cf 


where A is the measured phase shift caused by sample insertion, and P and Pq are 
the amounts of power transmitted with and without the sample; also, po is the 
usual phase-shift constant in free space. It is assumed that the dielectric constant 
of the sample is not significantly larger than 1. 

8-6 Both slabs must be integral multiples of a half wavelength thick. 

8-9 Sun pressure = 9.33 x 10 ® N/m“ 


8-12 

8-14 

8-18 




tan d = ~ 


^0 In — sin* 01 

rrdcy j 


where the symbolism is the same as in Prob. 8-4; 0j^ is the angle of incidence. 
No particles in vacuum to scatter light in our direction. ’ 


^ 0 , deg 

Tj * 

7?,* 

T * 


0 

0.926 

0.00440 

0.926 

0.00440 

10 

0.925 

0.00457 

0.927 

0.00442 

20 

0.921 

0.00668 

0.928 

0.00643 

30 

0.908 

0.0164 

0.926 

0.0126 

40 

0.875 

0.0459 

0.926 

0.0183 

50 

0.799 

0.118 

0.935 

0.0130 , 

60 

0.650 

0.268 

0.951 

0 000259 

70 

0.410 

0.518 

0.898 

0.060 

80 

0.134 

0.821 

0.512 

0.460 

88 

0.006 

0.984 

0.032 

0.962 


For 0„ 

- 30 ^ 

yO, the angles of refraction are 

0, 

- 14.0 

: yo.i06 

0. 

= 28.0 

-h y0.073 

03 

- 14.0 

1 yo.io6 

04 

- 16.4 

i /0.292 

O 3 

- 10.4 

. yo.i39 

0. 

= 30.0 

i /o 

(fl) 2f 

1.73 m 

(ft) 68.3 kHz 


CHAPTER 9 


9-1 50 n 

9-2 50 / - 53.2" Q 
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9-3 Z = 7.36 /33" Q. 

3.6 cos (a>/ — 73.9°) A 
9-4 1.64 

9-5 Distance = 0.091 A Z, = 38 +y92.5 il 

9-7 Distance to stub point = 0.095A Length of shorted stub = 0.1 53 A 
9-8 (a) Zi = 30 - /40 

(b) Stub length = 4.56 cm at 1 .68 cm from load 

9-9 d = 0.042A /, = 0.446A /, = 0.375A 

9-10 /i = 6.04 cm /.^ = 14 64 cm 
9-11 r/ = 0.363A / = 0.161A 

9-12 1.59 U 


9-13 133Q (inductive), 298 Q (capacitive) 

9-14 R = 8.66 n/m G = 8.66 x 10 “ U/m 

C = !a -MO 1" F/m L x 10 ' H/m 

9-15 (a) 37 5 /-20° fi 

(h) 2.94 10’ m/s 

(c) 85 percent 

9-16 (d) a = 0.866 Np/in (i — 0.5 rad/m 


(A) 

(c) 

(rf) 

(c) 

(/) 

9-17 


1 3.6 sin ( to/ — — -t- 

\ 6 V3/ 

0.05 / 60’ 

50 sin (III - 2.5 sin (to/ — 60“) 

7? - 1 il AT = 1.732 11 (7 = 0.5 0 .5 = 00 

4.69 /63.7° 11 



9-18 (ti) Voltage maximum 

(6) 0.25A least distance; 0.28 12A greatest distance 
(c) 0.082A 

9-19 Viz, s) = F(.v) -[e + r„(i)e'-’'"v'*> + r,(.)r„(s)e-'‘«''>=''’' + • ■ ■] 

Zo(.s) + Z^Cv) 

where F{s) is the Laplace transform of /(O- 
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9-23 



0-27 

IT-AT 

4T-6T 

CX) 

^'(O, /) 

0.1 

0.28 

0.424 

1 

/(0,0 

0.1 

0.08 

0.064 

Z„ 

0 


T time required for a wave to travel length of line 



9-27 

9-28 

9-29 

9-30 



0.485 /-63^ 
452.4 m 


max Ey = 60 x 10^ V/m 
max // — 1 27 A/m 


^ y 


at X — fl/2 

at X = 0 and x = fl 



9 - 3 ^ 
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10-9 

10-10 

10-11 


10-12 

10-13 

10-14 

10-17 

10-18 


11-2 


(а) 83.6° for main beam 

(б) 141° for main beam 

(a) 34.8° (A) 91° 

In either plane 

Ooji = sin-1 = 2°52' 

002 = sin-1 Ko = 5°44' 

003 = sin-1 = 8°38' 

004 = sin-1 1.£ = 11°32' 


-Tr 


Pa 

sin — (sin 0o + sin 0 cos (p) 


. (Pb ^ \ 

► sin I — sin 0 sin <p I 


Pa 

— (sin Oo 1- sin 0 cos 


Pb . . . 

— Sin 0 sin w 
2 ^ 


je Eo 

TS-'-'-'T 


{2^laY 


■ ■ flV 

sin I — Sin 0 I 


(27r/«)“ - Z?-* sin= 0 

— sin 0 
2 


sin 03 DU ^ 0.7 16 — 
a 


(a) /==120MHz 
Fourier coefficients: 
ao= M 

=7^* t* - ^ = 1,2. 3,... 

KTT 

b^=0 

{a) In general, no. 

(0) In general, no. 

(c) Must consider coupling effects. 

{d) In general, no. 

(£’) Yes. 

(f) Reduced area of loop, and hence Rrad. 

(^) To some extent, yes. 

(h) Doppler radar. 

(/) Ionospheric backscatter; airborne repeater. 


CHAPTER 11 


= 0, short circuit 

fiad 

= jayL where L = — — 
b 


a pure inductance 
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J — , €ao 

1 - ■ (u'lC ^ combination 


70 

I - to*IC ^ parallel with a series combination of — and - 

3 2 


11-3 Media 1 and 2: E„ = 0 H,. = 


■Re(A(i)a;j 


Medium 1 : E, = -Re(//i„zA„)a„ H. = - Rc(/^’ K, 


Medium 2: E, - Re(///„z/r„)a, H, - Re^y^ 

11-4 (n) E„^ »»- — " a 

rln(6/«) 

„ _ /eK„ z 

•nW")r ' ‘ ln(ft/a)r®«’ 

(b) It rr, ^ V(//r y -- L /(oC (parallel combination of R and O 

where and 

277 ^ In (/)/«) 

If rr, -• i? -f j(oL (senes combination of R and L) 


where L 


In (bja) 




If rr, = ~ = R (pure resistance) 

\//^ 


11-5 H//o/V^/- 
11-7 Blv 

11-8 ahcoBuCOsO 


11-9 lOTTsinlojr — 


11-10 V = (i)J(h — a)B„ sin roj/ - • (o, B„ cos coit 


fili„aa^T 
S{/tD + litfioR) 




INDEX 


AdaptinL^ a known solution, 141, 
169-172 

Adler, R. B., 425, 516 
Admittance concept, 418 
Air pap, 237 
Amort, D L., 266 
Ampere, Andie, 45 
Ampere’s circuital law, 39, 51 
generali7ed form of, 37 
Anechoic chamber, 376, 377 
Anple of incidence, 349, 351 
Angle of reflection, 351 
Angle of ref I action, 349, 351-352 
Anisotropic medium, 64, 333-339 
Antenna, 458-506 
aperture, 485-496 

illumination function of, 488 
rectangular, 494-496 
synthesis, 497-501 

Fourier method, 497-501 
arrays, 478-485 
broadside, 485 
end-fire, 485 

first secondary maximum, 484 
isotropic in-phase point sources, 
481-483 

principle maximum, 484 
uniform linear, 483-485 
bcamwidth of, 467 
directivity of, 469-471 
driving-point impedance of, 477-478 
for transmitting, 505 
efficiency of, 470 
far field of, 465-467 
gain of, 469-471 
in decibels, 470 


Antenna; 

Hertzian dipole, 460-465 
field of, 460-463 
electrostatic, 463 
induction, 463 
radiation, 463-464 
power radiated by, 463-465 
isotropic, 469 

linear- curient distribution, 473-474 
sinusoidal, 474 
dipole, 471-478 
monopole. 471 
loop, 507 
lossless, 469 
lossless isotropic, 469 
patterns of, 467-469 
E-field, 467 
normalized, 467, 468 
power, 467 

radiation intensity, 467^68 
receiving, 505 
top-loaded, 511 
transmitting, 505 
Aperiodic wave, 330 
Aperture antenna, 485-496 
illumination function of, 488 
rectangular, 494-496 
synthesis, 497-501 

Fourier method, 497-501 
Aperture field, 486 
Aperture field method, 486 
Aperture illumination function, 488 
Apparent radio horizon, 386 
Arc length, 1 1 
Array: 

antenna, 478-485 
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INDEX 


Array : 

broadside, 485 
end-fire, 485 
factor, 480 

first secondary maximum, 484 
of isotropic in-phase point sources, 
481-483 
pattern, 480 

principle maximum, 484 
uniform linear, 483-485 
Aspect angle, 379 
Atmospheric refraction, 396-397 
Attenuation constant, 321 

in rectangular waveguide, 446 
Average-value theorem, 160 

Backscattering; 

from an antenna, 510 
isotropic, 379 
Band-limited signal, 331 
Bcamwidth of antenna, 467 
Bessel function, 152 

of the first kind, 380, 447 
Bessel’s equation, 152 
Binns, K .1., 177 
Biomedical electronics, 111 
Biot-Savart law, 202, 208-212 
BIv concept, 544-548 
Boast, W. B., 181 

Boundary conditions, 42, 71-76, 200 
Diriehlct. 148 
mixed, 148 
Neumann, 148 

Boundary-value problem, 114 

in electromagnctostatics, 267-268 
in electrostatics, 140 
equivalence of magnetostatic to elec- 
trostatic, 248 

in magnetostatics, 244-249 
Breland, G. W., 497 
Brewster angle, 359-362 
Broadside array antenna, 485 

Calcile crystal, 333 
Calculus of variations, 529-534 
fundamental lemma of, 532 
Capacitance, 138-140 
distributed, 398 

frequency variations of, 522-527, 529 
meaningless use of, 186 


Capacitance: 

of parallel plates, 515 
per unit length, 406 
units of, 139 
Capacitor, 138-139 
leaky, 259-261 
paper, 523-527 

parallel-plate, 139, 259, 281, 513-522 
Cavendish, Henry, 45 
Cavity resonator, 450-451 
frequency calibration of, 457 
Center-fed dipole antenna, 471 
cgs emu units, 96 j 

cgs esu units, 95 

cgs units, 94 \ 

Characteristic impedance, 304 \ 

of lossy line, 426 \ 

of medium. 444 \ 

of transmission line, 404 \ 

Characterization of medium, 63, 65 
Charge, 34-36 

conservation of, 76 
density: equivalent, 112 
line, 35 

surface, 35, 75, 183 
volume, 34-35, 127 
distribution of, 78 
manifestation of, 104 
natural distribution of, 181-184 
point, 61 

possessed by electron, 34 
Child-T.angmuir law, 296 
Chu.L. J., 425, 516 
Circuit concept, 537-542 

Kirchhoff’s current law, 541, 542 
Kirchhoff’s voltage law, 540 
Circular polarization, 319 
Circulation, 13, 21 
Cleavage: 
face, 333 

parallelogram, 333 
plane, 33^ 

Closed contour, 10 
Closed-contour integration, 13 
Clutter, 511 
Coaxial line, 152, 550 
Coercive force, 233 
Collin, R. E., 451 
Commutative law, 6 
Complex angle, 352 
Complex conjugate, 305 
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Complex variables, 177 
Conducting media, 367-372 
Conduction current, 68 
Conductivity, 50, 60 
of free space, 60 
Conductors, 66, 69 
good, 323, 324 

Conformal transformations, 141, 177-181 
Conservation of charge, 76 
Conservation of energy, 274, 292 
Conservation of flux linkages, 541, 549 
Conservative field, 49, 84, 118, 199 
Constant of separation, 144 
Constitutive relations, 42, 64 
derivation of, 97-103 
Continuum, 59 
Contour, 10 
closed, 10 

Convection current, 68, 69 
Conversion tables for units, 556-558 
Coordinate systems; 
of Fisenhart, 141 
orthogonal; cylindrical, 3 
rectangular, 3 
sphciical, 3 
transformation, 7-10 
Coulomb, Charles de, 45 
Coulomb’s law, 61, 122 
Coupled fields, 85, 98, 518 
Critical angle, 362-367, 389 
Critical frequency, 389 
Cross product, 6 
Cross section: 
optical, 380 
radar, 378, 379 
Curl operator, 20 
Current, 35, 67-71 
conduction, 68 
convection, 68. 69 
induced, 545 
polarization, 68,70 
Current density, 35-36 
equivalent, 112 
linear, 72 

Current distribution on linear antenna, 
473-474 
sinusoidal, 474 

Current element {see Hertzian dipole) 
Current filaments (streamlines), 261 
Cutoff frequency, 399 

of rectangular waveguide, 439 


Cutoff wavelength, 441 
Cylindrical coordinates, useful formulas, 
23-24 

Cylindrical wave, 339-340 
Cylindrical waveguide {see Waveguides) 


Del operator, 18 
Delay line, 456 
Depth of penetration. 324 
Determinant, 20 
Diamagnetism, 111 
Dielectric. 66 

breakdown of, 446 
good, 323-325 
perfect. 70 

Dielectric constant, 50, 62 
complex, 306 
of less than unity, 388 
measurement of, 392-394 
Dielectric strength, 154 
Differential vector operations {see 
Operator) 

Diffracted field, 378 
Diffraction field of aperture antennas, 
492 

far-field zone, 492-494 
Fraunhofer zone, 492-494 
Fresnel zone, 492-493 
near-field zone, 492 
Dipole alignment, 298 
Dipole antenna: 

gain with respect to, 470 
half-wave, 475 
directivity of, 478 
driving-point impedance of, 478 
radiation resistance of, 477 
time-average power radiated by, 
476-477 

Hertzian, 460-465 
field of, 460-463 
electrostatic, 463 
induction, 463 
radiation, 463 

power radiated by, 463-465 
linear, 471-478 
longer, 474-^78 
short, 471 
Dipole energy, 298 
Dipole layer, 142, 187, 272 
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Dipole moment: 
electric, 66, 126 
magnetic, 66 
Directional derivative, 18 
Directivity, 469-471 
of half-wave dipole, 478 
of quarter-wave monopole, 478 
Dirichlet boundary conditions, 148 
Dispersion, 329 
Dissipation of energy, 69 
Distortion, 329 

Distortionless transmission line, 427 
Distributed capacitance, 398 
Distributed network, 527 
Distributive law, 6 
Divergence operator, 20 
Divergence theorem, 21 
Dolph,C. L., 501 
Dominant mode: 

in cylindrical waveguide, 449 
in rectangular waveguide, 443 
Doppler effect, 393 
Doppler frequency shift. 393 
Doppler radars, 393 
Dot product, 6 

Double-stub matching, 422-424 
Drift velocity of electrons, 69 
Driving-point impedance: 
of half-wavc dipole, 478 
of quarter-wave monopole, 478 
Duality, 264-267 

Dynamic equilibrium equation, 68 
Dynamic field, 33, 84 


Earth: 

atmosphere of, 382 
effective C4/3) radius of, 385 
parameters of surface of, 371-372 
Eddy currents, 237 
Effective length of short dipole, 473 
Effective (4/3) radius of earth, 385 
Efficiency of antenna, 470 
Eigenfunction, 145 
Eigenvalue, 145 
Eikonal equation, 384 
Eleclret, 1 1 1 
Electric dipole, 123-128 
Electric dipole moment, 66, 126 
Electric energy density, 83 


Electric field: 

of antennas, 458-506 
conservative, 49, 1 1 8 
coupled, 85, 98, 518 
quasistatic, 33, 84, 86, 512-549 
of static charges, 34, 114-188, 258 
on transmission lines, 398-451 
in waveguides, 440-448 
in waves, 299-391 
Electric flux, 40, 41 
Electric polarization, 65, 70 
Electric susceptibility, 65 / 

Eleclrodynamic similitude, 508 | 

Electrolytic battery, 187 \ 

Electrolytic tank method, 14l,266\ 
Electromagnetic characterization, o^3 
of a medium, 97-103 
Electromagnetic field, 34, 36 \ 

source of, 34, 104 
variational principle for, 534-536 
Flectiomagnetic field equations, 35-44 
differential form of, 42-44 
complete formulation of, 43 
dciivation from integral laws, 43-44 
reference designation. 42 
integral form of, 37-42 
reference designation, 37 
Electromagnetic field vectors, 36-44 
Electromagnetic potential (see Potential) 
Elect romagnetic transients, 553 
hlectromagnctiL units (sec Efnits) 
Electromagnetostatic field, 85, 258-272 
field equations of, 258-261 
Electromechanical force, 298 
Electromotive force, 229 
Electron charge possessed, 34 
Electrostatic deflection. 295 
Electrostatic field, 84, 1 14-188,258 
energy in, 276-281 
equations of, 115 
of Hertzian dipole, 463 
synthesis of, 186 
Electrostatic potential, 116-122 
Electrostatic shielding, 165 
Elliptical polarization, 317,319 
emf, 229, 544-548 

induced, 544, 547-548 
motional, 548 
transformer, 548 
End-firc array antenna, 485 
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Energy, 80-83, 372-387 
density; distribution of, 83 
electric, 83 
magnetic, 83 
of dipole, 298 
of magnetized sphere, 287 
Equation of continuity, 77, 200 
Equations of motion, 336 
Eqiiipotential, 84, 119 
Equivalent charge density, 112 
Equivalent current density, 112 
Ei|ier’s equation, 532 
Evanescent mode, 441 


Fano, R. M., 425, 516 
Far field: 

general nature of, 465-467 
of Hertzian dipole, 464 
zone of diffraction field, 492—494 
Faraday, Michael, 47 
Faraday disk, 552 
Faraday’s law, 37, 52, 215 
for a moving medium, 553 
Fermat’s principle, 386 
Ferrite. 65 
Ferromagnetic, 63 
circuits, 230-244 
Ferromagnetism, 1 1 1 
Field, 1-2, 33-34, 83-89^ 
about charged disk, 134-135 
about charged sphere, 121, 135-137 
of circular loop, 206-208 
conservative, 49, 84, 118, 199 
coupled, 95, 98, 518 
in a current-carrying wire, 248-249 
in cylindrical waveguide: TE mode, 
448-45 1 

TM mode, 447-448 
diffracted, 378 
of dipole, 127 
dynamic, 33, 84 

qiiasistatic, 33, 84,86, 512-549 
time-varying, 33, 84, 85 
electric (xec Electric field) 
electromagnetic, 34 
source of, 34, 104 
variational principle for, 534-536 
electrostatic (see Electrostatic field) 
first-order, 518 


Field . 

frozen magnetic, 256 
of Hertzian dipole, 460-463 
electrostatic, 463 
induction, 463 
radiation, 463 

infinite scries expansion of, 514 
iterative solution for time-varying, 
516-522 

about a line charge, 131-134 
magnetic (see Magnetic field) 
magnetostatic (see Magnetostatic 
field) 

nth-order, 519 
orthogonality of, 108 
of parallel-wire line, 204-206 
primary, 377 
quantity, 2 

in rectangular waveguide, 440 
TE mode, 440-444 
TM mode, 438-440 
resultant, 34 
scalar, 1, 2, 33 
scattered, 378 
secondary, 377 
solenoidal, 85, 199 
source, 34 

of sphere in uniform field, 244-247 
static, 33, 84, 114 

electromagnetostatic, 85, 258-272 
field equations of, 258-261 
electrostatic, 84, 114-188, 258 
magnetostatic, 85, 198-258 
synthesis of, 249 

of straight-line segment, 202-204, 
211-212 

superposition of, 126 
within a toroid, 199 
vector, 1, 2, 33 
zero-order, 518 

Field equations (see Electromagnetic 
field equations) 

Field theory, 34, 36 

and the circuit concept, 537-542 
First-order field, 518 
First-order singularity, 124 
Flux: 

cutting, 545 
electric, 40, 41 
linkages. 215-216 

conservation of, 541, 549 
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Flux: 

linked by a moving contour, 542-544 
magnetic, 39, 41 
plotting, 181 
through a surface, 16 
Force : 

coercive, 233 
on dielectric slab, 292 
electromagnetic, 34 
electromotive, 229 
electrostatic, 49 
magnetic, 51 

magnetomotive, 229, 235 
magnetostatic, 212-215 
of magnets, 291 
Fraunhofer region, 492-494 
Free space, 64 

conductivity of, 60 
permeability of, 60, 62 
permittivity of, 50, 60, 61 
Frequency, 310 
cutoff, 399 

Frequency calibration of cavity 
resonator, 457 
Frequency meter, 451 
Fresnel equations, 356, 358 
Fresnel region, 492-493 
Friis, H T., 488 
Frozen magnetic field, 256 
Functional, 530 

Fundamental lemma of the calculus of 
variations, 532 


Gain, 469-471 

Gauss’ law for the electric field, 37, 40 
Gauss’ law for the magnetic field, 37, 39 
Gauss’ theorem, 21 
Gaussian units, 96 

Generalized voltage reflection coefficient, 
410 

Geometrical optics. 382-386 
Gradient operator, 18 
Graphical method, 141, 181 
Green’s first identity, 22 
Green’s function, 129 
Green’s theorem, 22 
Ground, 94, 263 
Group, 331 

Group velocity, 329-333 

in rectangular waveguide, 441 


Group velocity: 

of a simple wave packet, 332-333 
Guard ring, 87, 89 
Gyro frequency, 337 

Hall effect, 297 
Hankel function, 381 
Harmonic waves, 326, 343 
Harrington, R. F., 181 
Helmholtz equation, 307, 435 
Helmholtz’ theorem, 23 
Henry, Joseph, 47 
Hertz, Heinrich, 54 
Hertz potential, 506 
Hertzian dipole, 342, 460-465 
complex field of. 506 
field of, 460-463 
electiostatic, 463 
induction. 463 
radiation, 463, 464 
power radiated by, 463-465 
radiation resistance of, 464 
Hildebrand, F B., 534 
Homogeneous medium, 63, 64 
Hop. 390 
Hurd, F K , 534 
Huygens’ principle, 485-488 
Huygens’ source, 488 
Hysteiesis, 230 
loop, 233 

Image, 173, 175 

Immittance from power considerations. 

527-529 

Impedance- 

antenna. 477-478, 505 
characteiistic, 304, 404 
lumped, 398 
normalized, 409 
Imperfect dielectric, 259 
Imperfect insulator. 260 
Incident wave, 349 
Incremental inductance, 242-244 
Incremental permeability, 63 
Index of refraction, 352, 383 
of less than unity, 388 
Induced voltage, 215 
Inductance, 216-228 

of coaxial cable. 223-227 
external, 226 



Inductance: 
incremental, 242-244 
internal, 226 
lead, 398 
mutual, 218, 226 
self-,218, 283, 284 
of solenoid, 218-222 
of toroid, 218 

of two coaxial loops, 227-228 
of two-wire line, 222-223 
per unit length, 406 
Induction field of Hertzian dipole, 463 
Inhomogeneous medium, 64, 382-386 
Integral vector theorems, 21-23 
divergence theorem. 21 
Gauss’ theorem, 21 
Green’s first identity theorem, 22 
Green’s theorem. 22 
Helmholtz’ theorem, 23 
Stokes’ theorem, 21 
Interaction, 61 

Internal resistance of battery, 272 
International system of units, 555-556 
Intrinsic impedance, 323 
Ionized medium, 68 

propagation in, 344, 345 
Ionosphere, 68, 108, 335, 387 
layers of, 387 

Ionospheric absorption, 390 
Isotropic antenna, 469 
gain with respect to, 470 
Isotropic backscattering, 379 
Isotropic medium, 63, 64 
Iteration, 166 


Jasik, H., 485 
leans. Sir James, 540 

Kernel, 182 
King, R. W. P., 474 
Kirchhoff’s current law, 541, 542 
Kirchhoff’s voltage law, 540 
Kraus, J. D., 481 

Lamellar, 49 
Laminations, 237 
Laplace transform, 455 
Laplace’s equation, 92, 116 
properties, 159 


Laplace’s equation: 

solutions of: in cylindrical coordinates 
150 

in rectangular coordinates, 142, 148 
in spherical coordinates, 155 
Laplacian operator, 21 
Lawrenson, P. J., 177 
Layers of the ionosphere, 387 
Lead inductance, 398 
Leaky capacitor, 259-261 
Least power theorem, 540 
Lecher line, 169 
Legendre polynomials: 
of the first kind, 156 
of the second kind, 156 
I.enz’s law, 545 
Line, 10 
delay, 456 
Lecher, 169 

transmission (,9C£> Transmission line) 
Line charge, 35, 131 
l.ine integrals, 10-15 
of tangential component, 12 
Linear current density, 72 
1 inear medium, 63, 64 
Linear polarization, 315-316, 317, 320 
Loop antenna, 507 
Lorentz condition, 91 
Lorentz force law, 40 
differential form of, 42 
integral form of, 37 
Lorentz gauge, 91 
Lorentz reciprocity theorem, 502 
Lossless transmission line, 398-399 
Low-loss transmission line, 427 
Lumped electric circuits, 512 
fields in, 513-522 
Lumped impedance, 398 


McQuistan, R. B., 21 
Macroscopic, 35, 39 
Magnetic charge, 198 
Magnetic dipole, 207 

three-dimensional, 206, 208 
two-dimensional, 206, 209 
Magnetic dipole moment, 66, 207 
Magnetic energy density, 83 
Magnetic field: 
of antennas, 458-506 
of circular loop, 206-208 
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Magnetic field: 

within a current-carrying wire, 
248-249 
frozen, 256 

of parallel-wire line, 204-206 
solenoidal, 85 

of sphere in uniform field, 244-247 
of stationary current distribution, 
201-208 

of straight-line segment, 202-204, 
211-212 

on a transmission line, 398—451 
in a wave, 299-391 
in a waveguide, 440—448 
Magnetic flux, 39, 41 
linkages, 215-216 

conservation of, 541, 549 
linked by a moving conductor, 
542-544 

Magnetic materials, 66 
Magnetic polarization, 65 
Magnetic potential, 244 
Magnetic shield, 247-248 
Magnetic susceptibility, 65 
Magnetization curve, 63 
mean, 63 

Magnetization vector, 287 
Magnetomotive force, 229, 235 
Magnetostatic deflection, 296 
Magnetostatic field, 85, 198-257, 258 
energy in, 281-284 
equations of, 198-201 
synthesis of, 249 
Magnetostatic force, 212-215 
between parallel wires, 214—215 
Magnetostatic pressure, 295 
Mapping ( \cc Conformal transforma- 
tions ) 

Matched lines. 414-418 
double-stub, 422-424 
single-stub, 420-422 
Matching circle, 42^ 

Matrix. 64 

Maximum usable frequency, 390 
Maxwell, James C lerk. 37, 47 
Maxwell stress. 290 
Maxwell’s equations, 37 
differential form of, 42 
independence of, 98 
integral form of, 37 
linearity of, 84 


Maxwell’s equations: 

uniqueness of, 84 
Mean magnetization curve, 63 
Medium : 

anisotropic, 64 
homogeneous, 63, 64 
inhomogeneous, 64 
ionized, 68 
isotropic, 63, 64 
linear, 63, 64 
polarizability of, 70 
Method of images, 141, 172-177 
Method of separation of variables 
Separation of variables) 

Method of subsections, 181 

Microfarad, 139 

Micromici ofaratl, 139 

Microscopic, 59 

Microwave dark room, 377 

Mie region, 380 

Mismatched lines, 414 

Mixed boundary conditions, 148 

mks units. 94 

mksa units. 94 

mksc units. 95 

mmf. 229. 235 

Mobility of electrons, 69 

Mode. 299 

dominant' in cylindrical w'avcguide, 
449 

in rectangular waveguide, 443 
evanescent, 441 
surface-wave. 390 
TH, 438 

in cylindiical waveguide, 448-451 
in rectangiilai waveguide. 440-444 
TFM in waveguide. 438 
TM, 438 

in e>lintlrical waveguide, 447-448 
in lectangulai waveguide, 438-440 
of transmission line. 398, 399 
Momentum, 289-292 
Monopolc ■ 

three-dimensional, 208 
Iwo-dimcnsional, 209 
Monopolc antenna: 

linear: longer, 474 478 
short, 471 
quarter-wave, 475 

chaigc distribution in, 506 
directivity of, 478 



INDEX 


587 


Monopolc antenna: 

quarler-wave: driving-point impedance 
of, 478 

radiation resistance of, 477 
time-average power radiated by, 
476-477 
Moon, P., 143 
Motional emf, 548, 549 
Multiple interfaces, 372-377 
Multiply connected surface, 39 
Multipoles, 124 


Near-fickl, 492 

Neumann boundary conditions, 148 
Neumann formula, 227 
Neumann function, 152 
Nondispersion, 332 
Nonlinear analysis, 239 
Nonunifoim wave, 340--34I, 365, 369 
chai'acterislic features of, 341 
Numerical method, 141, 166-169 


Oersted, H C , 45 

Olimic losses in conducting medium, 321 
Ohm's law, 50. 262 
Operator, 18-21, 23 24 
curl, 20, 21, 24 
del, 18 

divergence, 20, 23, 24 
gradient, 18, 19, 23, 24 
Laplaeian, 21, 23, 24 
vector Laplaeian. 23, 24 
Optic axis, 333 
Optical cross section, 380 
Optical region. 380 
Oithogonal: 

coordinate systems: cylindrical, 3, 5 
rectangular, 3. 5 
spheiical, 3, 5 
property, 147 
set, 147 

vector components, 3 


Page, C. H , 95 

Parallcl-plate capacitor, 139, 259, 281, 
513-522 

capacitance of, 515 


Parallel-plate waveguide, 519-522 

Parallel-wire line, 204-206 

Paramagnetism, 111 

Par is, D. T., 66, 97, 162, 534 

Pattern: 

antenna, 467-469 
beam width of, 467 
/I'-field of, 467 
normalized, 467, 468 
powei of, 467 

radiation intensity of, 467-468 
array, 480 
multiplication, 480 
receiving, 505 
transmitting, 505 
Perfect dielectric, 70 
Period, 319 

Permanent magnet, 198 
Permanent magnetization, 255 
Permeability, 52, 60 

in ferromagnetic materials, 230 
of free space, 60, 62 
incremental, 63 
relative, 62 
Permillivity, 60 
complex, 306 
equivalent, 388 
of free space 50, 60, 61 
iclalivo. 50, 62 
tensor, 338 

Perturbation method, 255 
Phase center of antenna, 465 
Phase delay, 461 
Pha.se propagation constant, 308 
Phase-shift constant, 321 

foi rectangular waveguide, 439 
Phase velocity, 310 

in rectangular waveguide, 441 
Phasor, 177 
Phillips, H. B., 21 
Physical optics, 386 
Picofaiad, 139 
Plane: 

of constant amplitude, 340-341 
of constant phase, 340-341 
of incidence, 355 
of polarization, 3 1 5 
Plane wave. 299, 303 
Plasma frequency, 338, 388 
Point charge, 60-61, 122-123 
Point source, 480 
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Poisson’s equation, 92, 116 
integration of, 128 
solution of, 184 
Polarizability, 70 
Polarization; 
electric, 65, 70 
magnetic, 65 
of a wave, 315-321 
circular, 319 
elliptical, 317, 319 
linear, 315-317, 320 
plane of, 315 
Polarizalion current, 70 
Polarization ellipse, 317 
Polarizalion vector, 286 
Polarizing angle, 359-362 
Polaroid glasses, 372 
Potential : 

difference, 544 

in transmission line, 401 
elecliomagnctic, 89-94 
ground, 94 
Heitz, 506 
reference level, 93 
retarded, 460 
scalar, 92. 279 
distribution, 92 
scalar magnetic, 228-230, 244 
vector, 92 

Power, 80-83, 287-289 

time-average flow density of, 313 
Poynting's theorem, 80-83, 274, 293 
complex, 312-315 
differential form of, 80 
integral form of, 80 
Poynting’s vector, complex, 313 
Pressure: 

magnetostatic, 295 
radiation, 375-377 
Primary field, 377 
Primary sources, 140 
Principle of virtual work, 292-294 
Product solution, 436—437 
Propagation constant, 62, 399 
Properties of materials, 559-560 
Proximity effect, 172 
Pyramidal horn, 488-490 


Quasistatic field, 33, 84, 86, 512-549 


Radar, 378, 394-396 
altimeter, 378 
bistatic, 379 
cross section, 378, 379 
Doppler, 393 
monostalic, 379 
weather, 379 
Radiation, 458-506 

Radiation field of Hertzian dipole, 463, 
464 

Radiation intensity, 467 
Radiation pressure, 375-377 , 

Radiation resistance: | 

of half-wave dipole, 477 
of Hertzian dipole. 464 
of quarter-wave monopole, 477 
of short dipole, 473 
of short monopole, 473 ^ 

Radiator (atc Antenna) 

Radio wave, 68 
Radome, 373, 394-396 
Rationalized units, 95 
Raleigh region, 379 
Ray, D C..267 
Receiving antenna, 378 
Receiving antenna pattern, 505 
Reciprocity, 195, 502-505 
in circuit theory, 503-505 
in field theoiy, 503, 505 
Reciprocity theorem, 195, 502-505 
Rectangular coordinates useful formulas, 
23 

Rectangular waveguide (see Waveguides) 
Reference antenna, 470 
Reference level, 93 
Reflected wave. 349 
Reflection of plane wave, 346-397 
in conducting media, 367-372 
by ionized gas, 387, 390 
multiple interfaces, 372-377 
at plane dielectric boundaries, 352-359 
Reflection coefficient, 354, 371, 414-418 
generalized, 410 
voltage, 408 
Reflectivity, 510 
Refracted wave, 350 
Refraction of plane wave, 346-397 
atmospheric, 396-397 
in conducting media, 367-372 
by ionized gas, 387-390 
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Refraction of plane wave: 
multiple interfaces, 372-377 
at plane dielectric boundaries, 352-359 
Refraction coefficient, 354 
Refractive index (see Index of refraction) 
Region, 1 

unbounded, 2 
Relative extremum, 531 
Relative permeability, 62 
Relative permittivity, 62 
Relaxation lime constant, 78 
Reluctance, 236 
Residual flux density, 233 
Resistance, 261-264 
Resistivity, 109, 262 
surface, 270 

Resolution of linearly polarized wave, 
320 

Resonance region, 380 
Resonant cavity, 450-451 
frequency calibration of, 457 
Resultant field, 34 
Retardation, 85, 460 
Retarded potential, 460 
Retentivity, 233 
Right-hand rule, 57, 203 
rmksc units, 95 


Saunders, W. K., 470 
Scalar, 1 

Scalar field. 1, 2, 33 
Scalar magnetic potential, 228-230, 244 
Scalar potential, 116 
Scalar product, 6 
Scalar wave equation, 301 
Scattered field, 378 
Scattering, 377-382 
from an antenna, 510 
by a cylinder, 380-382 
matrix, 394 
by a sphere, 379-380 
Schclkunoff, S. A., 488, 497 
Schwarlz-ChristolTel transformation, 179 
Secondary field, 377 
Secondary sources, 140 
Separation of variables, 141, 144, 
436-437 

Separation constant, 436 
Shielding electrostatic, 165 


Shortest distance between two points, 
532-533 

Side lobes, 484, 496 
Silver, S., 486 

Simply connected surface, 39 

Simply orthogonal, 147 

Single-stub matching, 420-422 

Sinusoidal steady state, 304—307 

Skilling, H H , 48 

Skin depth, 324 

Skip distance, 390 

Sky wave, 390 

Slagh, T. D., 1 84 

Slotted line, 414 

Smith, P. H , 410 

Smith chan, 410 

calculations for lossy line, 429—431 
use of, 412-414 
Snell’s law, 349-352 
of reflection, 352 
of lefraction, 352, 356 
Solenoidal field, 52, 85, 199 
Sourccless magnetostatic field, 52 
Sou ices; 

of electromagnetic field, 34-36, 104 
of electrostatic field, 85, 114 
field, 34 
piimary, 140 
secondary, 140 
vSpencer, D. E., 143 

Spherical coordinates, useful formulas, 24 
Spherical wave, 340 
Stacking factor, 237 
Static field, 33, 84 

Stationary in the variational sense, 530, 
534 

Stationary static field, 33, 84 
Stevenson, A. F., 516 
Stokes’ theorem, 21 
Stratton, 1. A , 187, 276, 290, 459 
Stray effects, 549 
Streamline, 162, 261 
Stress, 289-292 
Stub input admittance, 420 
Surface charge distribution, 75 
of flat conducting disk, 183 
Surface integrals, 15-18 
Surface resistance, 445 
Surface resistivity, 270 
Surface-wave mode, 390 
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Susceptibility: 
electric, 65 
magnetic, 65 

Taylor, T. T., 501 
Taylor series, 516 
TE mode, 438 

in cylindrical waveguide, 448—451 
in rectangular waveguide, 440-444 
equations for TE^^, 442 
Teledeltos paper, 266 
Temperature coefficient, 110 
Tensor, 63 

permittivity, 338 

Thomson's theorem, 279-281, 536 
Time average, 314 
Time constant, relaxation, 78 
Time-varying field, 33, 84, 85 
TM mode, 438 

in cylindrical waveguide, 447-448 
in rectangular waveguide, 438-440 
Top-loaded antenna, 511 
Total internal reflection, 362-367 
Total transmission through a dielectric 
slab, 375 

Transformation of coordinates, 347-348 
rotational, 347-348 
Transformer emf, 548, 549 
Transmission lines, 398-451 
analysis of. 407-414 
characteristic impedance of, 404 
characteristics of, 399—404 
coaxial, 404-407 
distortionless. 427 
equations, 404 
lossless, 398-399 

circuit characterization of, 431 
transients on, 431-435 
lossy, 399, 425^31 
low-loss, 427 
matching, 418-424 
double-stub, 422-424 
single-stub, 420-422 
pulses on, 432-433 
reactive termination on, 433—435 
slotted, 414 

Transmitted wave, 349 
Transmitting antenna pattern, 505 
Transport of information, 333 
Transverse electric mode (see TE mode) 


Transverse electromagnetic wave, 
299-345 

characteristic features of, 328-329 
Transverse fields, 402 
Transverse magnetic mode (sec TM 
mode) 

Truncation error, 168 
Two-dimensional dipole, 194 


Unbounded region, 2 
Uniform plane wave, 300, 302-303, 
307-312 1 

in conducting media, 321-325 \ 

propagation, 325-329 \ 

Uniform transmission lines, 398 \ 

Uniqueness: ' 

of electrostatic potential, 118 \ 

theorem, 148-150 
Unit circle, 423 
l^nit vector: 
normal, 16, 32 
tangent, 12 

Units, electromagnetic, 55-59, 94-97 
cgs, 94 
cgs emu, 96 
cgs esu, 95 

conversion tables. 556-558 
Gaussian, 96 

international system of, 555-556 

mks, 94 

mksa, 94 

mksc. 95 

lalionalized, 95 

rmksc, 95 


Vacuum diode, 296 
Variation, 533 

first variation, 534 

Variational principle for electromagnetic 
fields, 534-536 
Vector addition, 3 
Vector analysis, 3 

Vector coordinate transformation, 7 
Vector field, 1, 2, 33 
Vector Helmholtz equation (see Helm- 
holtz equation) 

Vector identities, 25 
Vector product, 6, 7 
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Vector unit: 
normal, 16 
tangent, 12 

Velocity of propagation, 62 
of constant phase point, 309 
Virtual displacement, 292 
Virtual work, 292-294 
Vitkovitch, D., 266 
Volta, Alessandro, 45 
Voltage, 544 
rise, 545 

Voltage reflection coefficient, 408 
Voltage standing wave ratio, 414—418 
VSWK, 414-418 

Wave- 

aperiodic, 330 
cylindrical, 339-340 
harmonic, 326 
incident, 349 
noniiniform, 340-341 
noimal incidence of, 354 
oblicjiic incidence of, 355-359 
polari/ation parallel to interface, 
355-^357 

polarization parallel to plane of 
incidence, 358-359 
period of, 319 
plane, 299-303 

refleclion and refraction of, 346-397 
polari/ation of, 315-321 
propagation; direction of, 346-349 
in an ionized atmosphere, 335-339 
in linear anisotropic media, 333-339 
radio, 68 
reflected, 349 
refracted, 349 
.scattering of, 377-382 
spherical, 339, 340 
transmitted. 349 

transverse electromagnetic, 299-345 


Wave: 

uniform cylindrical, 340 
uniform plane, 300, 302-303 
Wave equation, 92, 299-302 
scalar, 301 
solution of, 302 
interpretation of, 302-304 
for source-free region, 400 
Wave impedance, 444 
Wave number, 308 
Wave packet, 331 
Waveguides, 435-451 
cylindrical, 447-451 
dominant mode for, 449 
field equations for: TE mode, 448 
TM mode, 447 
TE mode in, 448-451 
TM mode in, 447-448 
parallel-plate, 519-522 
rectangular, 435-447 
attenuation constant in, 446 
cutoff frequency of, 439 
design of, 443-444 
dominant mode for, 443 
feeding a pyramidal horn antenna, 
488-489 

field equations for, 440 
phase-shift constant for, 439 
power calculations in, 444-447 
loss power unit length, 445 
lime average, 445 
power transmission, 446-447 
TE mode in, 440-444 
TM mode in, 438-440 
wavelength in, 441 
Wavelength, 310 
Woodward, P. M., 501 


Zero-order field, 518 
Zero-order singularity, 124 



